) wummwulﬂ“
1% T
1 - P . L] 1
t 4 ]
. 13 1
e ]
S et 29
i 15 iS5 =
1 : ‘r:-:’ !,-lif.'.i,o
o [V sg [15 49,
M L]

31 20" « 215 30" )2 P
= 30 30" « k , where s some postive constant
11" - 29" = 30" <k
> n"

5 = (6-1)
M.y (7 (i (7
- 8- e 8- 16
0. 1) 2/ 3

o) s “lef )

-6 -7 6 +216"-356+356"+216"+7 6-1

Semularty 7= 1)

[ A I.r" Io‘ Ilf'
- ".6'-.’60..'56|.’
o, '1 2] \3

(5., (5

6'e &

“Le) “Us,

“h' «56" 106" «10 6 +5 641

By adding, we get

5 a7 =8 T 6 o (2141) 6" +(-35+5) 6" +(35+10) 6" «(-21+10)-6" +(7+5)6
“ 6 -7 6"+226°-306"456"-11 626
(677622630 6" +456-1142)

5 7" « Yk where ke Z
Menge, 5 « 7" s divasible by 36

Wy (17)" «(13)" is divisible by 6
Solution
“7]:‘ - (lﬂ - l}!l

(ke 0 (W) o [15) ., (15 _ape o B e
o}m; (-1 f”mn'( :)‘.‘ z’m) (-1F = = 14.“’” n .5

- (amy” - 158+ 7 gy -
Y ‘

‘15

! 18-
. 14 g

18 <12k where b b o
~ b3k + 2k )

.- nn

e «(13) =» Svmibie v 6

& (21)" <(19)"" s divisible by 20
igtar®
(21)" = (20-1)"

",
20°-("20°. 20°. . 200. 20
2 8 9
N
~20°.920. 120"+ +9 201
Sy (19) = (20-1)"
m._.. . M 1\ . n
- 20° - 20"« 20" . 20 20
0 1 2 10 1
. s M\
- 20" -11 20" 1 20" «1120-1
B adding, we gt

@11 « (195" = 20/(20" + 9 20" + 36 20" »
217+ (19)" = 20k where ke Z
Semee (21)" < (19) s divisibic by 20

®(31)* «(29)" i divisible by 30
arra

(31)* = (30.1)"
AL A R e N
0, &) 2) 3) 4

- 30‘30".‘ w.‘ ”.‘}ol

fZ?f-(m.]f
6 (6. o (Vs (O, [®
- - . - 30’ - w
o,w 3 z,w o 5
- 30(30° -6 30" + 15 30" +6)-1
N e29F « 30/(200 + 4 307 +6 20+4)+(30° -6 30" 15 30 - .6)
=30k where kel

ez, 311 + (297 1s drvisivie by 30

+9)«(20" - 11 20° . 55 20°

« 115
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. T —
(v) (101)° +(99) Is divisible by 100
Solulion:
(101)" = (100 + 1)’

5\. . (5) 5 5
100° «| 100"+ 00"+ 00' « [ 00"
(o100 3 100" +( o0 -(3) )17
= 100" +5.100* +10 100" + - +5.100+1
“100(100* +5-100" +10-100° + - - +5)+1
Similarly, (99)" = (100-1)’

(G-

= 100" -7 100" +21-100° -
= 100(100* -7-100" + 21-100* -
By adding, we get
(101)" +(99)" = 100/(100* +5-100" +10-100* + - +5) + (100" ~7-100" +21-100"
= 100k, where ke Z
Hence (101)° +(99) is divisible by 100

. T .
(GJ“'O [7)")0
<-«7.100-1
'-07)-1

_.,.,1"

scH
— 4((30" +6-30° 2+

40k, + 4 2°

+6:30:2° )+ 2%) = 4(10k, +2*), where by « Z

Last it 10 24 = Lastdigit in 4 2
« Last digat in 256
6H
neelrt last digit in (32)%F =6

siag the binomial theorem, show that 7° - 6n leaves remainder 1 when divided by 6 for all positive integers n.

g U
Solation:

70 =(1+6)

(M .s 0 [Plins 4 "'" ol id (™ us 2 ‘n "
em| 11" 6% N6 (16| 1?6 +..+] N1°:¥
=10, '1; 2, 3) n)?

7..1.nm{6].. 6‘.| .. o8
3

ﬂ r"!l -

ge-Gn=1+ 6+ 16"+ . +6
- 2 3)

r
I'n |’ﬂ 1
Te-6n=1+6|_ 6+ 6'« 46"
LZ,’ '3x .'

7o bn =1+ 6k whereke Z

6. Using the binomial theorem, find the remainder when 3194 Iy divided by 8.

e | o5 20w that 77 - 6 Jeaves a remainder 1, when divided by 6.

Solutlon:
3"] -3 JIM
= 3(3")" =3(9)" =3(1+8)"

- 3{(5:Jaa [5'0] [so', " [::;B“}
- 3{1 (so\ [sojss s"}- 3'31[1"}-8'[?)3& ”‘ag}
. 3.8{3[510].3[520) s.---.a.a“}. P —

= fk+3
Hence, 2 1s the remainder, when 37°% is divided by § .

—— 49 By wing Binomial Theorem show that for each ne N,5" -1 is divisible by 4.
Glanon:

Sn=(1+4)

r -] -’ | - n‘ -
N g o .-[njl“-4

o l17.4% + -
\2) \3) \n)

o)

e —— J7)
5= 1-n(1)(4) 2

(:Jlml 4.

- n
-"Q( r". e
\3)

Se-1= 4‘n-[" i4-'{" 142 .. o0 |
L \2) \3/ J
5*-1=4k whercke Z
= Multiples of 4
Hence 5* - 1 is divisible by 4 foralln e N.

7. Using the binomial theorem, find the last digit of the number (32)",

Solution:
(o

(32)" = (30 + 2)7
= [?Jao" 2 -[?jw" 2'e
= (1):32".(1)+32.30" . 2+...+32(30) 2" +(1)(1)- 2"
= (30" +64.30" +...+32.30.2" )+ 2%
= 10k, +2" where ky e Z

= Lastdigtin (32)" = Last digit in (2)?

Now, 22 = 202" w4 (2°) =4(32)
= 4(30+2)

s -2 (o2

IL By wsing Binomial Theorem show that for each ne N,5% -2" is divisible by 3 .
S0 = (2+3)

(e (e e

5 = 2 on.2 -3‘(:]-2” F .[z]z*’-s* e

]z’r

$0-20 = 3n.2% .[;]-r* 7 ¢[:}z*' P o3

. 3[11-2"‘ .[:]-zﬂ .3,[:).73 3 ‘___43-1]

=3k, wherek e Z
= Multiples of 3
Hece, 52 20 s divisible by3forallne N.
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mng a sports competition with 8 teams. Every team plays against every other team exactly once.
T Jiow many matches will be played in total? Use Pascal's triangle (o solve this.

11. Show that a® +(a+2)? +(a+4)* +1 isdivisible by 12 , whenever “a™ is an odd integer. T

Solution: _‘-\

Since ‘a’ 1s an odd integer, soa =2n + 1,wherene 2

Consider @ +(a+2) +(a+4) +1 = (2n+1) +(2n+142) +(2n+1+4) +1
(2n+1) +(2n+3) +(2n+5)° +1

4n? +1+4n+4n? +9+12n+4n’ +25+20n+1
12n* +36n+36

= 12(n® +3n+3)

Caation!
s Total no. of terms = 8

“asy,
| :
gince cach team plays against every other team exactly once, therefore

8
Number of matches played = (2] =28

Lang pascal’s Triangle

. Row 0: 1
= @’ +(a+2)* +(a+4)* +1 =12k, wherek € Z Row L 1 1
= Multiples of 12 Row 2 &3
Hence, a* +(a+2)? +(a+4)* +1 is divisible by 12. haw i: 1 ! 4 N 6 » 4 h 1
W g

12. A company expects its annual revenue to grow at a fixed rate of 6% per year. The revenue In yeay) bl ::“ 5: 1 5 10 10 & 1

Rs. 10,000,000. Estimate the company's revenue after 4 years using the binomial theorem for mnm Row 6 1 6 15 20 15 6 1
— 'l;ntcs. Row 7 1 7 21 35 35 21 7 1

olution:
8 1 8 56 70
Initial revenue = P = 10,000,000 e ST

6 Required value is at row 8, 3" element
Annual growth rate = r= 6% = —=0.06 8
00 wumber of matches played = 2 )= 28

Formula Sheet

|. Binomial Theorem: For any positive integer n,
(a+x)" =(:)a" +[:]a""x - (;]a"’x’ + ---1{:}1".':' +-~+(nf lJa x"+ [:)x" == ﬁ:)a"’x’

Where the general term is T,,,, =[n]a"'b'
r

Numberofyearss=n=4

Revenuc after n years = P(1 + r)»

Revenue after 4 years = 10,000,000(1 + 0.06)* A1)
Using Binomial theorem

(1+r)  =1+nr+ Neglecting r? & higher powers due to small growth rates.

n(n-1)
e
(1+0.06)" = 1+4[0.06)+%[0.06}‘

=1+0.24+0.0216
=12616 Putin(l)

Revenue afler 4 years = 10,000,000 + 1.2616
= 12616000
13. A bank offers a compound interest rate of 10% per year. Zafar Invests Rs. 2,000,000 for 4 years. How
will his investment be worth at the end of 4 years?
Solution:
Initial investment = P = Rs. 2,000,000

[

The Middle Term in the Expansion of (a+b)":

th
Case I: If n is even, then middle term is: (%i' 1) term

™ &,
Case II: If n is odd, then middle terms are: (P—;—I] and (-’%2) terms

IOOADT | GOO0eL

Annual interest rate = 10% = 11—00 =01

Numberof years=n=4

Investment worth after n years = P(1 + r)"

Investment worth after 4 years = 2,000,000(1 + 0.1)*
Using Binor “al theorem

5. Binomial Theorem: (When n negative integer or a fraction)

(14X)° = 1+nx+ "("_l)xl¢“("_2!(""2)x’+...._ n(n-l}(n-Z)..‘[n—n-l)x,+___‘ provided I"'I“"l

= L] PR PRORO N "I (o PRECPRC I ) P 4) 0 i] 21 rl
zononuo[[o]u] (0.1) +[1)(1)’(0.1) +[2][1} (0.1) +[3](1) (0.1) +[4)(1] (0.1) o gt i n(n=1)n=2) - (n-re1) ,
= 2900000[(1)(1)(1) + (4)(1)(0.1) + 6(1)(0.01) + 4(1)(0.001) + (1)(1)(0.0001)] = i :
=2000000(1.4641) 5. "]= nl oo (M)_(n-1) (n-1
=Rs. 2928200 [r ————rl{n_r)!.whereOsrsn. 7 PmlsRule.[k]-[k_.‘]-ﬁ[ P forO<k<n




scHDLAR 7Z MAIHENIAs s - aa
—_—

310 Unit 8 »» Mathematical Inductions and Binom|
anhﬁ"t 17. The expansion of (8 —2x)™ is valid if - ----
Multiple Choice Questions (MCQs) (A x|>4 (B)|x|<4 ©1x|=4 (D)|x]=0
-
. A i hich fails (b o I tis called n: 8. In Pascal's triangle: For n = 4, the binomlal cocfficicnts are - - - - -
.+ A case or exception which fails the mathematical formula or sliatemen s called a; W13431 (B)1 4641 (€)15651 (D)2 46 42
(A) factonal (B) permutation (C) combination (D) counter example ,
2. n'-=n+41 representa prime number forn € N where ----- 19, The 5% row of Pascal's triangle corresponds to cocfficients of which expansion?
(A)ns10 (B)n<20 (C)n<40 Dyn<s (A) (x+y) (B) (x+y)* (©) (x+y)* (D) (x+y)’
3. There is no natural number n for which 3" is - -~ -- 20. The last two digits of the number 112 are - - - - -
(A) rational (B) odd (C) even (D) none of these M 12 (B)2,1 (C) 1,3 (D) 3,1
4. G)«t(;)+(i)+...+(“;z)cqualm ----- ANSWER KEY
n+3 +4 3 o 7+ Tolz [c]3 [cl& Tcls [oJe [cl7 [AJe [DJls [A B
n n+ n 12. | A |13 A | 14. D | 15. B | 16. D . 8. f
(,\)( 2 ) (u)( 2 J (C)( 4 ) (D) ( 4 ) 1. | B i7. 1 B |1 B |19. | B B

S.  Theincquality n! > 2"+ 1 is valid if - - --- —o-*.—
(A)n<4 (B)yn<3 (C)n=13 (D)nz24

6. "Co,"Ci,"C1,.ec "Conrecalled -==--

(A) factors (B) roots (C) binomial coeflicients (D) none of these
7. Ifnlis an even positive integer then ( ';) + (;)4- (2)4- asaiihh (n2 1 ) =7

(A)2°-! (B)2" (C)y2»*! (D) 2"
8. The sum of even cocfTicients in expansion (a + b)'is -=---

(A) 16 (B) 12 . (©)10 (D)8

9. The coclficients of the terms equidistant from beginning and end of the binomial expansion of (a+yp;
n € N are equal as:

(A}(',')=(,,'1,) @(M-=(,") ©()=(2) “”(:)=c::)

10. The number of terms in the expansion of (a + x)"Pis - -- - -

(A)10 (B) 11 €12 (D)9
11. Gencral term of the expansion (a + b)*is -----

n el o=t n =t ot n o far n LR N, .

(r\)(r)a b (B)(r)a b (C)(r)n b (D)(r)ab
12. Middle terms in the expansion of (a + b)'' are:

(A) To. T (B) -rh T» (C) T?. TI (D) Tn. T’
13. The symhnls(g).(?).(:).... .(:)nrc meaning lessifnisa-----

(A) ncgative integer (B3) +ive integer (C) 7" term (D) none of these
14, Ifn g Z* and |x| < 1, then the expansion 1 + nx +I£H;_'—_llx1+ e IS8

(A) arithmetic serics (B) geomelric series (C) harmonic serics (D) binomial series
15. In the expansion of (1 + x) =3 the 4th term ls:

(A)-3x (B) -10x’ (C) 6x? (D) 10x’

1

16. Number of terms in expansion of (1 + 2x)! are -----

(A)n (B) n! ©1 (D) w
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Division of Polynomials

P

Introduction

Wals play a fundamental role in algebra and have wide-ranging applications in various ficlds, including
enginecring, data scicnce and digital communication. This unit explores polynomial division to determine the
gotient and remainder. The remainder theorem is introduced as a powerful tool for evaluating polynomials
cfficicntly, while the factor theorem is applied to factorize cubic polynomials, These concepts chlcntl bcynlnd
iheorctical mathematics, finding practical applications in polynomial regression, s_ign:ll processing and uu.llu_p:

heory. By mastering these techniques, students will develop a deeper understanding of polynomials and their

' gignificance in solving real-world problems

Polynomial Function

A polynomial in X is an expression of the form:
a,x"+a, ,x" "V va, x" v rayxt rayx+a,

where n is a non-negative integer and the cocllicients ay,, @, ., -2, ...,dy and aq are real numbers. It can be

considered as a polynomial function of x. If @, # O then it is a polynomial of degree n.

Degree ol'illcrn!ynumlnlz The highest power of x in a polynomial is called the degree of the polynomial. c.g., the

polynomials x* — 2x + 3, 3x% + 2x? — 5x + 4 are of depree 2 and 3 respectively.

2

\Example 1: Divide the cubic polynomial 3x* — 10x? + 13x — 6 by the lincar polynomial x — 2, Also find
quoticnt and remainder.

Solution: )
Jv_dx +5
X-2) 3 10 + 13- 6
J.l’l i {l.'\"b
-4x¢ + 13x
740+ By
5v -6

; 4
Hence, we can write: 3x% = 10x2 4+ 13x =6 = (x = 2)(3x2 — 4x + 5) + 4
S0, quoticnt = 3xZ — 4x + 5 and remainder = 4.
{ Example 2: Divide the polynomial x* — 3x3 + 5x? — 7x 4+ 2 by x — x + 1. Also find quotient and remainder.
Solution:

¥ -2x+2
Xox+1) X' =3 +5¢-Tx +2
__.\"; .\"1 X

~2¢ + 44X - Tx
'_Z'r' :2\" A
?_\J‘ -5v+2
s 242
- 3x
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So, quotient = x? = 2x -+ 2 nnd remainder = = 3x

Remninder Theorem:

Statement: I a polynomial £(x) of degree n = 1 is divided by x — a till no x-term exists in the reni, g Uy
[ (a) is the remainder

Proof: Suppose we divide the polynomial f(x) by (x = a). Then there exists a unique quotient g(x) ang o
remainder 1 such that ) Qe

f(x) = (x—a)g(x)+ R () q(x
Substituting x = a in equation (i), we get _aj f(x)

f(x) = (a=a)q(a) + R

fla) =R R
Hence remainder = f(a)

4
Example 3: Find the remainder without performing division when f(x) = x* + x? 4+ x% + 1 is divided *"T
Solution: Here f(x) = x* 4+ x* 4 x* 4+ landx—a=x+1=2a= -1
Remninder = f(=1) (By remainder theorem)
=(=D'" 10 (1)L
=14(=D41+1=2
Example 4: Find the value of k if the polynomial x* -+ kx? — 7x -+ 6 has a remainder = 4, when divided by x 41
Solutlon: Let f(x) = x? + kx? = 7x+ 6andx —a = x 4 2, we have, a = =2 -
Remainder = f(-2) (By remainder theorem)
= (=2 4+ k(=22 =7(=2)+6 .
==DB+44k 41146
=4+ 12 [
Qiven that remainder = -4

dk "‘12 =4 -
= 4k =-16
=5 k=-4
Factor Theorem:
Statementt The polynomial x — « is a factor of the polynuminl f(x) il f(al=0.
Or -
In other words x — a is a factor of f(x) |l'nnd only if x = a is the root of the polynomial equation
f(x)=0
Proul: Suppose (x) Is the quotient and R is the remainder when the polynomial f(x) is divided by x - a, llu
x-term exists in the remainder, then:
[(x) = (x - a)q(x) + R .
flaA)=0=R=10
[(x) = (x = a)q(x)
(x = a) is n fnctor of f(x)
Conversely, I (x = a) is a Tactor of f(x), then f(x) = (x = a)g(x) for some polynomial q(x)

[(@)=0

Suppose

which proves the theorem.

Example 5: Show that x — 2 is a factor of f(x) = x* — 7x + 6 without faclosizing.
Solutlon: Here, f(x) =x*=7x+6anda=2 -
fR)=22-72)+6
= B = 14 4 6 = 0 (Remninder)
So, by Inctor theorem x = 2 is a factor of f(x).

Nole ! p
(]’u deteninine i o given linear polynomiinl x — a is a factor of £(x), we need to check whether f(a) = 0.

OLAR 2 MATHEMATICS - 11 315
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Fxample 6: 17 x + 1 and x — 2 are factors of x* + px? 4 gx + 2. Find the values of p and g
" 2
solution: Let (x) = x7 4+ px© 4 qx + 2,

x+1=0>x=-1 ond x-2=0>x=2
since, x -+ 1 and x = 2 are factors of f(x), therefore remainder = 0

S0, J/(-1)=0 and [(2)=0
> (-1 4 p(-1) +q(-1)+2=0 = (2 +p(2)' +q(2)+2=0
-l+p-q+2=0 B+4p+2q+2 =0

p-q+1 =0 ) 2p+q+5=0 ()

By adding (1) and (1), we have
3p+6=0 =3p=-6

= Put this in eq (1), we have
q=p+1 =q=-2+1 =

Synthetic Division:

There is a nice shortcut method for long division of a polynomial f(x) by a polynomial of the form x — a. This
process of division is called Synthetic Division

Todivide the polynomial px® + qx? + cx +d by x —a

r ¢ d <+— firstline

EE O O <— Sccondline
/ /' l/'

OO < thirdline

CoefTicients of
quotient

Remander

Qutline of the Method:

(i) Write down the coefficicnts of the dividend f(x) from lefl to right in decreasing order of powers of x. Insert
0 for any missing term.

(i) To the len of the first line, wrile a of the divisor (x — a).

(iti) Use the following palterns to write the second and third lines:
Vertical pattern ( 1 ) Add terms
Diagonal pattem ( 2~ ) Multiply by a.

’E_anple 7: If (x — 2) and (x + 2) are factors of x* — 13x? + 36. Using synthetic division, find the other two
aclors,

Solution:
Let f(x) =x*-13x? 436

=x*+0x*-13x2-0x+36
Herex—a=x=-2=2a=2andx—-a=x+2=x-(-2)=2a==2
By synthetic Division:

211 0-130 36
2 4 -I8 -36
=211 2 -9 -18{0
=2 0 IR't— Remainder
1 0-9 I

Quotient = x? + 0x =9 =x2=9 = (x + 3)(x = 3)
Therefore, other two factors are (x 4 3) and (x — 3).
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Exercise 9.1
1. ¥ind remalnder and quotient iy simplfylng the following: | So, quotient = 5x” ~3x 16 and remainder = 12x 47y
I (Bx*-~x42)+(x~1) —— P—
Solution: (v) (3 =5x'+4x-6)~(x* -3x+5)
_ dxe2 Solutlon:
xe1) W a2 38 +4x-3
_’_"_’:";‘ x-3x4+5) 3x* -6x"+ Ox'+4x-6
il 'i +3x* 39x° £ 15x%
t
--—""-1-— 4x' 150 + 4x-6

So, quotient = 3x + 2 and remainder = 4

() (x* +12x* = 3x+4) + (x = 2)
Solutlon:

x* +14x+25

1—2) ' 412x <3x 44
tx'% 2x?
14x" = 3x44
$14x* 320x
25x +

+25x%50

54

S0, quotient = x* +14x + 25 and remainder = 54

() (x* - 5x* = 82 4 13x + 12) + (x - 6)
Solation:

x4 x?-2x+1

t4x’ 312x* £20x
- 3x*-16x- 6
F 3x'+ 9x315
-25x+ 9
So, quotient = 3x* + 4x~3 and remainder = —25x 4 9

2. Use the remainder theorem to find the remainder
when the first polynomlal Is divided by the secopg

_polynomial

xuﬁ) X =50 -0 +13x 412
1x* z6x°
X -Bx? +13x+12
' 36x°
=2x* ¥13x+12
32x* 112x

x+1
txF 6

So, quotient = x” 4% ~2x+1 and remainder = 18

(iv) (528 =3x7 +2x3=1)+«(x* +4)
Solution:
5x% ~3x =10
e +4) S5x' -3+ 2% +0x-1
45x* +20x
-3x' -<1Bx* + 0x-1
73x° Fl12x
~18x° +12x~1
+18x° 372
12x +

—

) x*+5x+6x-2

Solution:

Let f(x)=x" +5x+6 and x-2=0 =x=0

By remainder theorem, we have

Remainder = f{2)

=(2)2+5(2)+6
=4+10+6
=20

() 2+5x*+6,x+1
Solutlon:
Letf{x)=x?+5x*+6andx+1=0
By remainder theorem, we have
Remainder = f{-1)
=(-1)2+5(-1)2+6
==145+6
=10

o> x=-1

) A+ +2+x+1,x-1

Solutlon:

Letfx)=xt+x?+x2+x+1landx=1=0 =x=1

By remainder thecorem, we have

Remainder = [1)

=(1)+ (1) +(1)2+1+1
=1+1+1+1+1
= 5 ’

(v) ?*+x*+1,x+3
Solution:
Letf{x)=x*+x2+1landx+3=0 > x=-3

§CHOLAR 2 MATHEMATICS - 11
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(emainder theorem, we have
Remainder = f{-3)
=(-3)'+(-3)' +1
=B1+9+1
=91

o) PHE+2x+2

Solution:

tfl)=xt+x+2andx+2=0 = x=-2

By remainder theorem, we have

Remainder = f{-2)

=(-2)'+ (-2 2
=16-8+2
=10

Use the faclor theorem to determine If the first
lynomlal is a factor of the second polynomial.

m x+ 1,x*-1
Solation:
Lafix) =23 -1 andx+1=0=x=-1
Remainder = fT-1)
' T=(-1)2-1
=1-1=0
Hence by factor theorem (x+ 1) is a factorof x2 - 1,

) x-2x*-5x+6
Solation:
Letf(x)=x}=5x+6andx-2=0 = x=2
Remainder = f{2)
=(2)2-5(2)+6
=4-10+6=0
Hence by factor theorem (x - 2) is a factor of x* =Sx+6.

i x+1,+x*+x-3

Solutlon:

Laflx)=x*+x2+x-3andx+1=0 =x=-1

Remainder = f{-1)

=(-1)P+(-1)2+(-1)-3
==1+4+1-1-3=-420

Hence by factor theorem (x + 1) is not a factor of

Pextex-3. '

(V) =2, +x2 - 7x+2

Solution:

Lefix)=x?+x1-7x+2andx-2=0 =>x=2

Remainder = f{2) ’

=(2)+(2):-7(2)+ 2
=8+4-144+2
=14-14=0

Hence by factor theorem (x - 2) is a factor of

N4xl-Tx+2,

v) x=-3,2-3+x3-x4+1

Solution:

Latflx)sx*=-30+yl-x+1andx-3=0 =x=3

Remainder = f{3) |
=(3)*-3(3) +(3)' -2 +1
=81-81+49-3+1
=7»0

Henee by factor theorem (2 - 3) 15 not a factor of

-3+ xl—xsl,

4. Use synthetic division to show that x is the zero of
the polynomial and use the result to factorize the
polynomlial completely.

(h 2-7x+6,x=2

Solution:

Let P(x)=x) +0x-Tx+6, x=2

By using synthetic division

2|1 0 -7 6
Z il
|1 2 -3 0=remainder

As remainder=0

Sox=2isazeroof P(x)=0
or

x =2 is a factor of P(x)

Quotient = x? +2x-3

= x* +3x-x-3
= x(x+3)=-1(x+3)
= (x+3)(x-1)

Hence, x* -7x+6=(x-2)(x+3)(x-1)

(i) 2 -28x—48,x=—4
Solution:
Let P(x)= x*+0x* -28x-48=0 : x=—4
By using synthetic division
-4 |1 0 -28 -48

-4 16 48

|1 -4 -12 0= remainder

As remainder =0 :
Sox=-4isazeroof P(x)=0

or
x+4 is a factor of P(x)

Quotient = x* —-4x-12
= x* -6x+2x-12
= x(x=6)+2(x-6)
= (x-6)(x+2)
Hence, x* -28x+48=(x+4)(x+2)(x~6)
(i) 2x*+7x3 —4x?~27x-18,x=2,x=-3

Solation:
Let P(x)=2*+7x?—4x1-27x~-18;x=2 andx=-3
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In signal provessing, findimg the roots of the numerator pohbynomial B(2) provides the zetos of thg ey
Blzy) = 0.then (2 — 2, Visa factor of B(2) 11z = L this conresponds toa frequency that the sy sten blod
Sy, fading the roots of the denominator polyoomual A(2) provides the poles of the system, If :I.[p.] “
e (2= g Vs a tactor of A(2) The kwations of these poles i the complex z-plane are crucial Tog dﬂﬂlum
the stabiliny of the svstem For a stable system, all poles must hie isade the umit carele ( Irol < 1)

Example 10: A signal processing system has a transfer function with a denoninator A(z) = 2% = Uw
thevrem to find the poles of the svstem and determine 1f the system s stable

Ky,

Solution
Denounmator Pohynomial: A(2) = 28 =025
The poles ovcur when A(2) = 0
z' =025=0
2 =(0s5)Y=0
(2=05)(z+05)=0

2=05=00rz+05=0

z=05
orz= 05§
Thus, the system has polesatz = 0Sand z = =05,

—

Here, |05 = 05 < 1and | = 05| = 0.5 < 1. Since both poles are inside the unit circle, the system s stable

Exercise 9.2

L Cousider a data set at monthly sales figures. A
pohnomial regression model P{x) =80 ¢+ 2x3 ¢ x =3
is fitted to this data. 17 the observed sales in the 5™
muenth are 240 units, find the percentage error.

Sohation:
Polynomial regression model:
Px) =x?+2xi+x-3
Observad sale = 240 units
Month number = x =5
Predictad sale = A(5)
“(5)+2(5):+5-3
“125+50+5-3=177
As we know
Error = Observed - Predicted
=240 - P(5)
=240-177=63

Sa, percentage error =

53 | 100 = 26.25%
240

Week number: w = 3

Predicted demand = D(3)
“(3)'- 2(3)" + 5(3) -4
-27-18+15-4
“~ 42 -22 =20 unis

As we know
Prediction ervor = Observed = Predicted

=22 - 20 = 2 units

3. A digital signal processing system has & tranyfy
function with u numerator B(z) = 2% = 22,1,
the factor theorem to find the zeros of the sysm.

2. A retailer company has developed a polynomial
regression  model 1o predict weekly product
demand: D(w) = w® = 2w* + S5w—4, where
D(w) represents predicted demand(in units) and
w is the week number. Use the remainder theorem
to predict demand for 3™ week. If the observe
demand is 22 units, calculate the prediction error.

Solution:
Numerator polynomial: B(z)=2°-z-2
Blz)=zt-z-2
=g -22+2-2
= z(z-2)+1(2-2)
= (2=2)(z+1)

Put B(2) = 0, we have
(2-2)(z+1) =0
= z2-2=0 and z+1=0
z=2 and z=-]

Hencg 2 = 2 and z = -1 are the zeros of the system

Solution:
Polynomial regression model:
D(w) = w' =2w? +5w-4

where D(w) = Predicted demand (in units)
and w = Week number
Observed demand = 22 units

4. A signal process system has a transfer fusctes
z
H(z)= ': +3z+2
" -0.2z+409

transfer function by using factor theorem.
Solution:

. Find the zero(s) of te

2843242

Transfer function: H(z)=
22 -02z+09

'cﬂou" ol
R e dz+ 2 A(2)=2-0224+ 08

"“K“‘ (he transler function are the values of 2 for which

1 oh

‘nﬂ'“ Ble) - edza2
=gt elrenel
- 2(z+2)+1(2+2)
= (z+2)(z41)
e 0, we have
Moz =0
£42=0 and z+1=0
2 z=-2 and z=-1
l-'zﬂd’__]mﬂg mnulll'lcﬁllmlmdﬂﬁnm

mru:nc system has n transfer function

=

' +1

ransfer function by using factor theorem.

Find the zero(s) of the

gﬁmll :
' -05z2-05
|mruiunc|lun lf[:l_._T

e B(7)=2* ~052-0 5,A(z)=2+1
Jervs of the transfer Tunction are the values of z for which
1)=0
3 Bz) = £*-052-05
1.1
P -
2 2
" 228 -2-1
2

- %{2:’-::“:-1)
E -;-(Zz[r-l]-»l{z-l)}

. %(:- 1)(22+1)
MB(r) = 0, we have
;[1-11{2241) -0

2 z-1=0 and 2z+1=0
-1
=1 = —==05
2 and z 7

The poles vecur when A(z)=0

=2

22 -032-04 =0

Multiply by “10°

1078 -32-4 =0
102" ~-Bz+52-4 =0

22(Sz-4)+1(52-4) =0

(Sz-4)(2z+1) =0

Sz-4=0 and 2z+1 =0
4 -1
z E and z-?
z=080 and z2=-05

Thus, the system has poles at z= 0.0 and 2 = -0.5
Here [0.8]=08<1 and |-05]=05<1

Since both the poles are inside the unit circle, so the system

lhu-luﬂ:*-ﬁ.Smhmmeufm

& Aslignal processing system has a transfler function
with a denominator A(z) = 22 — 0.3z — 0.4. Use
faclor theorem to find the poles of the system and
determine If the system fs stable.

Solutlon:
Dememinator polynomial: A(z)=2* -03z-0.4

Is stable.

7. The denominator of signal processing system's
transfer function equal to A(z) =27+ 1.2z +
0.35 Use factor theorem to determine the location
of the corresponding poles and assess the stability
of the system,

Solution:

Denominator polynomial: A(z)=2* +1.2z+0.35

The poles occur when A(z) =0

= 2 +1.22+4035 =0

Poi2gedS oo
10 100
6 7
2 e—z+— =0
+ sz + 20
Multiply by *20°

202! +24z+7 =0
202 +14z+10247 =0

2z(10z+7)+1(10z47) =0

(102+47)(2z+41) =0

10z+47 =0 ond 2z+41 =0
-7 -1
z 10 and z=—
z=-07 and z=-05

Thus, the system has polesatz=-0.7 and z=-05
Here |-0.7]=0.7<1 and |[-05]=05<1

Since both the poles are inside the unit clrcle, so the system
Is stable.
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Multiple Choice Questions (MCQs) )

1. Leading cocMicient of the equation W + 23+ 3x + 4 =018 - ===~
(A 1 (B2 (©)3 (D) 4
2. Whatis the degrec of 3 = 230 s Tyt oo
(A3 (M4 s e
3, Ifa polynomial P(x) = x* + dx? = 2x + Sis divided by x — 1, then the remainder Is:
(Al (B)-2 (SR (D)8
4. Ifx=-aisafactor of a polynomial f(x) then f(a) =-----
(A (B)o (©2 (D)1
5. I =-2"isa factor of polynomial v' + 2x* + kx + 4 then k equals = = = = -
(A1 (B)=10 (©)2 (D)4
6. Synthetic division is a process of =~ -« -«
(A) addition (B) multiplication (C) subtraction (D) division
7. x*=3x*+ 2x -6 has factor:
(AIx-4d (Byx-3 (Cyn 1 (Dyx+2

8. A statistical method uscd to model the relationship hetween a dependent variable and one or Mo
independent variables is ealled - - - - -
(A) regression analysis — (B) correlation analysis (€ analyvsis (D) real analysis

9. Polynomial regression is a type of regression analysis where the relationship between the independen
and dependent variables is modeled nsan-«--- degree polynomial.
(AY(n=ith (B)Y mh (C)(n +1)th (D) (n=2)th

10. Supposc a polynomial regression model P(x) = 3x® — 4x? + 2x— 5. If a data point at x=-1
missing. What should be its predicted value?

(A)-12 (B) 13 (©) 14 (D)-14
ANSWER KEY
[ TAT2 ToJa [oJa [B]5 [ BJ6 [ DJ7. [ B8 | Ao |BIJ0]D]
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([1)] Trigonometric Identities
S

T
|,,||-oduct|ou
this unil, We shall first establish the fundamental law of trigonometry before discussing the Trigonometnic
¢s For this we should know the formula to find the distance between two points in a planc,,

In
Identilt

mrmula: (Recall)
m and Q(xz.¥2) be two points. If “d™ denotes the distance between them,

dia d=]P_Q-l = 'J(’fl‘x:)z"’{)ﬁ _yz)l
of = J[X: '31]x+[)'z‘y|]z

Whnd distance between the following points:
(i A(3.8).8(5.6) (i1) P(cos x,cos y),Q(sin x,sin y)

Solution: e
Distance = | AB| = (3-5) +(8-6) =va+4=2V2

n
Distance = | PQ| = J[COSX—S'I‘IJ(]z+[t0$y"siny]z

(n

= Jcosx +sin®x—2cosx sinx +cos>y +sin’y - 2cos y sin y

= J1-2cosxsinx+1-2cosysiny -+ sin*0+cos’0=1

=/2-2cosx sinx—2cos ysin y

= J2-2(cosxsinx+cos ysin y)
Fundamental Law of Trigonometry:
Leta and P be any two angles (real numbers), then
cos(a-P) = cosacosP+sinasinp
which is called the Fundamental Law of Trigonometry.

I B L sin fi)
Proofl: For our convenicnce, let us assume thata > B> 0. cos A, sin

Consider a unit circle with centre at origin 0.

Letterminal sides of angles a and f cut the unit circle at
Aand B respectively, such that

mZAOB=a-p =S
Take a point C on the unit circle such that
mZDOC=mZAOB=a-f
JinA,Band C, D.
Now angles a, B and @ - P are in standard position.
The coordinates of A are(cosa, sinat) .
The coordinates of B are (cosp, sinf)

The coordinates of C are (cosa~p, sina—p)
ad the coordinates of D are (1,0).




