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Introduction:

mrum!lm (1494-1575) devised the method of induction and applied this device first to prove that the
qum of the firstn t_uld positive inftegers cquals n?. He presented many properties of integers and proved some of
hese propertics using the method of mathematical induction. In theoretical compulter science, it bears the pivotal
role of developng the appropriate cognitive skills necessary for the effective design and implementation of
slgonthms, assessing for both their correciness and complexity.

Counter Example: We are aware of the fact that even one exception or case to a mathematical formula is enough
oprove it to be false. Such a case or exception which fails the mathematical formula or statement is called a counter
mple
- ',p The validity of a formula or statement depending on a variable belonging to a cenain set is established if it
1s true for cach element of the set under consideration
For example,
We consider the statement S(n) =n? —n+41isa prime number for every natural number n.
The values of the expression n? — n 4 41 for some first natural numbers are given in the table as shown below:
n 1 2 3 4 5 6 7 8 9 10 11
§(n) 41 43 47 53 61 71 83 97 113 131 151
From the table, it appears that the statement §(n) has cnough chance of being true. If we go on trying for the next
natural numbers, we find n = 41 as a counter example which fails the claim of the above statement. So we conclude

that to derive a general formula without proof from some special cases is not a wisc step. This example was
discovered by Euler (1707-1783).

Another Example,

In this example we will try to formulate the result. Our task is to find the sum of the first n odd natural
pumbers We write first few sums to see the pattern of sums.

n (The number of terms) Sum
1 1=1%*
2 1+3=4=22
3 1+3+5=9=32
4 1+3+5+7=16=42
5 1+3+4+5+7+9=25=52
6 1+3+5+7+9+11 =36 =62

The sequence of sums is (1)%,(2)%, (3)%, (4)%, ...
We see that cach sum is the square of the number of terms in the sum. So the following statement scems o be true.

" Foreach natural number n,

143+5++@n=1)=n..(G) = n"tem =g +(n=1)d=1+2(n-1)
But it is not possible to verify the statement (i) for each positive integer n, because it involves infinitely many
alculations which never end.
The method of mathematical induction is used to avoid such situations, Usually it is used to prove the statements
ot formulae relating to the set (1,2, 3,...) but in some cases, il is also used to prove the statements relating to the

1(0,1,2,3,...).
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Mypothesis A hypothesis s an edin atesd guess of proposed explanation for a statement based on limined ¥ ideng,
B 1 serves as n starting poant Tor Tunther investigation and can be tesied through experiments lldﬂl\'nh
In sorentific research, & by pothesss s usually Framed as & statement that can be tested and cither VPTagy
o repected by data
Induction of Hypothesis: 1refers 1o the prosess of formulating a gencral statement o hypothesis based on specafe
examples or pattems obhsen ol i par ular cases
B Dhas techmigue s often emplovesd in mathematioal reasoning 10 propose conjectures that can later bc“
ngoroushy uving dedin tive methods

Principle of Mathematical Induction:
The principle of mathematcal mduction s stated as follows

11 & proposion o statement S(n) for each positive integer n s such that
1. Mase Case: S(1) wrue 1o, S(n) s true forn = 1

2 Induction of Mypothesis: S(k + 1) 1s true whenever S(k) is true for any positive integer k
A Conclusion: S(n) s true for all positive integers
Procedore for Induction of Hypothesis:

Substituting n = 1, show that the statement s true forn = 1.

Assuming that the statement is true for any positive integer k, then show that it is true for the next higher
micger

= Forthe second condition, one of the following two methods can be used
o S(k+ 1) mproved using S(k)

= S(k + 1) westablished by performing algebraic operations on S(k).

—

Fxample 1: Use mathematical induction to prove that 3464+ 94+ 3n -3—"%;1! for every positive integer n

Solution: Let S(n) be the given statement, that is, D
S(n): 346494 _.3n..ﬂ"2’_11
Rase Case: When n o« 1

s(1). 3 ﬁllli'_‘l «3(True)

The base case 1s satisfied.
Induction of Hypothesis: Let us assume that S(n) is true for any n = k € N, that is,

S(k): 34649+ . +3k -ﬂ?! o (A)
The statement forn = k 4+ 1 becomes

S(k+1): 34649+ +3ke3(ke1) = k21 (z'““"

" 3!k+lz!!k+2] . (B)
Adding 3(k + 1) on both the sides of (A) gives

34649+ . +3k+3(k+1) = wéﬁl{kél)

- 3(k n)(%. 1]
- w {As required in eq. (B))

Thus S(k + 1) 1s true 1f $(k) s truc.
Conclusion: Since both the conditions are satisfied, therefore, $(n) is true for cach positive integer n.
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";;;::._IT'_‘UU be the given statement, that is,
nins1)(2ns1)
h

S(nm) Va2 o
M(‘m:\\hﬂlﬂ--l
L) 2
sy (1 ( H2Z=141)
6
The base case 1s satislied

[sduction of Hypothesis: Let us assume that S(k) is true for any n = k € N_ that is,
S(h):1 0203y opp o M2 DK T)
6
(ket)(ketonj(2keten)
6
L (ke )(k+2)(2K +3)
6

1«2+3
-1(T
n (True)
(A)

$l"’“ [lo,‘,"‘t.]zc ok‘olk&l)}-

")
Adding (k +1)" 10 both the sides of (A) gives

112843 ..Oklolk}])' .Hk_“ltzk_;ﬂ,[k.nl
o ke D)[k(2k s 1) v 6(k 1)) _ (ko 1)( 26" + kv 6k v 6)

6 6

L (ke ))(2KT 4 TK+6) (ko 1)(ko2)(2K+3)
6 o

[As required in eq (1))
Thus, formula holds for k + 1.

Conclusion’ Since both the conditions are satisfied, therefore, by mathematical induction, the given statement holds
for all posiive integers.

Example 31 Show that 2222

represents an integer Vn € N.

L]
Solution: Let $(n) =%s z vne N

Base Case: Whenn=1.

l’#Z(l)_:l
3

S(1)= =16z (True)

The base case is satisfied.
Induction of Hypothesis: Let us assume that S(n) is true for any n = k € N, that i,

k' + 2k
S(k)=
(k) 3

represents an integer.

Now we wanl 1o show that S(k + 1) is also an integer. For n = k + 1, the statement becomes

S(ke1) = (k+1) ;2!!{91)

K a3k 43k e 1022 (K k) o (3K 43k 4 3)
3 3
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k* v 2k)+3(K* vk v 1) 3(k* v ko)

slk,l)c( +2k) +3( ):k 2k, ( )
3 3 3
]
= k—;—z’i (K" v ko 1) [Asrequired ineq. (B))
I 22k s ani : is an integer as k € N.§

As is an integer by assumption (A) and we know that (k? + k + 1) is an integeras k € N.S(k + 1) being

sum of integers is an integer. Thus statements holds for k + 1.

: ! )
Conclusion: Since both the conditions are satisfied, therefore, we conclude by mathematical induction thay f...‘__z_ﬂ_
3

represents an integer for all positive integral values of n.

—_

» whenevern js non.

- 3 sﬂl'l -1
Example 4: Use mathematical induction to prove that3+43:5+ 3.574.--43:5 ='-[—4——]

negalive inlcger.
———

Solution: Let S(n) be the given statement, that is, The dot (.) between two numbey,
S(n): 3+3.5+3.5%4...43.5" =——3[5”: o [ Cormaiple o

Base Case: For n=0

s©): 3.50=36" -1 _36-1)
r 4
or 3=3(Truc)

The base case is satisfied. .
Induction of Hypothesis: Let us assume that S(k) is true for any n = k € W, that s,
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plase Case: When n=1
S(1)=4" +6(1)~1=446-1<9 (which is divisible by 9)
Hence it as true for n = 1, The base case is satisfied

fnduction ufllypulhul!: Supplmc.il.ac. statementistrue forn =k € N. ie.,
S(k) = 4% + 6k — 1 is divisible by 9

S S(k)=4" +6k - 1=9k, , where ky € Z . AA)
[he statement forn =k + 1 becomes
S(k+1) = 4" 4 6(k+1)-1=4.4* v 6k+6-1
= 4(9k, =6k +1)+6k +6-1 v 4" =9k, ~6k+1  Using (A)

= 36k, 24k +4+6k +5
= 36k, - 18k +9
= 9(4k, -2k +1)

Which is divisible by 9.,

Thus S(k) 1s true forn=k+1.

Conclusion: Since both the conditions arc satisfied, therefore, by the principle of mathematical induction, the given

qatement is true for all integers n > 1.
—

. . . 2 1 n
le 6: Use mathematical induction to prove that =
Examp . ,,Z,(Zk—l)(an) Znel’

whenever n is a positive

integer.
solution: Let S(n) be the given statement, that is,

A 1 N
stn): 3, (2k-1)(2k+1) 2n+1

A . 3[51"1_1) ka1
5(k):3+43:5+3.5%+.-.43.5 s e (A) Base Case: When n=1,
e 1 1
Here S(k + 1) becomes 5(1): =
) S(s M 2 GrnEkD 21+
S(k+1):343.54+3.5% 4...43.5" +3.5%"1 = —— 1 s
2(1)-1)(2(1)+1) 2:1+1
S(se) @@
T —— (B) -1—=l=$--=—-(TI"LIl‘.‘)
4 13 3 3 3
Adding 3.5 on both sides of (A), we gel The base case is satisfied.
3[5*" -1) it e Ieduction of Hypothesis: Let us assume that $(n) is true for n = m, that is,
343.5+3:5% 4. +3.5 +3.5M = ———_Z435% »
g S(m): Y = 0 (A
3(5*'-1)+128*" 3(5*'-1+45"") in(2k-1)(2k+1) 2m+1
— 4 o P The statement for n = k + 1 becomes
*l
3[5k1 (1+4)-1] 3(552-1 ey S(m+1): S 1 = ¥l
= [ ” ]~_- ( = ) [As required in eq. (B)) ( ) .Z_;(Zk-])(qu.]) 2(m+1)+1 (B)
This shows that S(k + 1) is true when S(k) is true. Adfing 1 to:both the sidesofi(A)igives
Conclusion: Since both the conditions are satisficd, therefore, by the principle of mathematical induction, $(n) (Am+1)-1)(2(m+1)+1)
truc foreachn € W. i 1 | m 1
Example 5: Prove that 4" +6n-1 is divisible by 9 foralln € N (2k-1)(2k+1) ¥ (2(m+1)-1)(2(m+1)+1) “2mel (2(m+1)-1)(2(m+1)+1)

Solution: Let S(n) be the given statement,
S(n)=4"+6n-1is divisible by 9 foralln € N

Tl PR,
(k=-1)(2k+1) 2m+1 (2m+1)(2m+3)
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_ m@m+3)+1 _ 2mi+3mel  (me1)(2m+1) HOLAR 2 MATHE
(Zm+1)(2m+3) (2m+1)(2m+3) (2m+1)(2m+ 3) L loply 08 both sides of inequality (A) by 4, we get
_msl  msl  med 44" >4(3" o 4)

= - = [As required in eq (13)]
Zm+3 2Zm+2+1 2m+1)+1

This shows that S(k + 1) is truc when S(k) 1s true.

Conclusion: Since both the conditions are satisfied, therefore, by the prninciple of mathematical induction, Stay
true for cachn € N. '
Principle of Extended Mathematical Induction:

Let i be an integer. A formula or identity or statement S(n) for n 2 { is such that

1. Base Case: S(i) 1s truc and

2. Induction of Hypothesis: S(k + 1) 1s true whenever S(k) is true for any integern 2 ¢
3. Conclusion: S(n) 1s tmue for all integers n 2 .

415(341)3" 416
#1153 5443412
4153 w4 (231 41250)  (Asrequired ineq. (B))

e formula holds fork + 1.
clusion: Since both the conditions are satisfied, therefore, by the principle of extended mathematical mduction,
' ”S*“" inequality is true for all integers n > 2.

mple 9: Ifay = 22" + 1, then for n > 1, show that last dignofa, is 7.

Crotion: We will prove the statement by mathematical induction.

e case: Whenn = 2

a; = 22" +1=2%+1 = 17. Clearly unit digit is 7.

{juctive Hypothesis: Assume that a, = 2 +1=10m+7 o (A)
where k > 1 and m is some positive integer.

Ggay =28 +1=22"24

= (2" F+1=(10m+6)'+1 (- 2* =10m+6)  From(A)
=100m* +120m+36+1

Example 7: Show that 1+3+5+-.+(2n+5) = (n+3)° for integral values of n = =2
Solution: Let §(n) be the given statement, that s,
S(n): 143+5+.-.+(2n+5)=(n+3)}
Base Case: Whenn = =2
S(=2): 1=(-2+3)
1=(1)* (True)

The base casc 1s satisfied. _ 2 5 .
Induction of Hypothesis: Let us assume that S(n) is true for any n = k(= —2) € Z, so that s o 120m+30+7
S(k}:lv3+5+-“+(2k+5)_~[k¢3]! (A) - 10(10111 +12m+3)+7

The suatement forn = k + 1 becomes
S(k-1}:1+3+5+._.+(zk+5)+(zk+1+s)=[k+1+3]‘

s, lastdigtof @, is 7 foralln > 1.

Conclusion: Since both the conditions are satisfied, therefore, by the principle of mathematical induction, the given
guement 1s true for all integers n > 1. ¢

Ral Life Application of Mathematical Induction:

thematical induction is a powerful method used to prove statements that are formulated for natural numbers. It

@ ofien used in mathematics to justify conclusions about sequences, series, and other constructs that involve integer
a m .

=(k+4) ..(B)
Adding (21(71*-5)'—' (Zk+7) on both sides of cquation (A) we get,
14345+ +(2k +5)+(2k+7) = (k+3)* +(2k+7)

=k +6k+9+2k+7
= k? +8k+16=(k+4)" [As required in eq. (B))

umple 10: Feris starts a savings plan where he deposits 1,000 rupees into his bank account every month. Using
imithematical induction, prove that the total amount saved after n months is given by:
! §(n) = 1000 X n rupees
itive i .
The formula bolds fork+1. here 1 is a positive integer representing the number of months.

Conclusion: As both the conditions are satisfied, so we conclude that the S(n) is true for all integersn 2 -2

Grven statement: S(n) = 1000 X n

Base Case: For=1:

Afier the first month, Faris save 1000 rupees. Therefore, the total savings after one month is 1000 x 1 = 1000
mpees. The base case S(1) holds true.

rdoction of Hypothesis: Assume the statement is true for some positive integer k, i.c.,

| After k months, the total savings is S(k) = 1000 x k rupees.

» prove that the statement holds for k 4+ 1 months:

After k + 1 months, you would save an additional Rs. 1000, so the total savings becomes:

S(k +1) = 1000 x k + 1000 = 1000 X (k + 1) rupees.

s, if the statement holds for k, it also holds for k + 1.

Example 8: Show that the inequality 4™ > 3™ + 4 is true, for integral values of n > 2.
Solution: Let S(n) represents the given statement ic.,

5(n):4™ > 3" 4 4 for integral valuesof n = 2
Basc Case: Forn = 2

5(2):4*>3%+4

16 > 13 (True)

The base case is satisfied.

Induction of Hypothesis: Let the statement be true foranyn=k(22)e Z, that is

S(k):4* >3* +4 -(A) stfication and Communication: Using mathematical induction, we prove that saving Rs.1000 monthly forn
totals 1000 X n rupees.
tforn=k+1be
The 5“";"‘;:1 1‘;'::“ i :0"“5 ® {ebuse case (n = 1) holds, and assuming its true for k months, we show it for k + 1. Thus, the statement is valid

®tull atural numbers n, making it reliable for real-life spplications.
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Exanmple T Al starts o daily exercise routime where each day he increases the number of I‘US"'“P! he

On the st day, he does 10 pushoups. Prove that after n™ day, the total number of push-ups Ali hay done %

In

Solution: Let S(n) be the given statement, that s,
S(MmY n' 4+ 9n

Base Case: For = 12 On the fiest day, Al do 10 push-ups
Total push-ups S(1): (1D? 4+ 9(1) = 10
Ihe base case (1) holds true

Induction of Hypothesis: Assume the statement is true for some positive integer k, Le ,

The total number of push-ups afler k days is S(k) = k* + 9k.
Now, prove it tor k + 1 days: On the (k + 1)th day, you do 10 + 2k push-ups.

The total after k + 1 days becomes: k* +9k+(10+2k)=k* + 2k + 149k +9
=(k+1) +9(k+1)

The tormula holds tor S(k + 1).

Conclusion: By mathematical induction, the total number of push-ups after n days is n? + 9n,

. (‘on““'h‘“

T

Example 12t Suppose you aim to lose weight by reducing your calories intake by 50 calories cach wee) If
start at 2500 calories, prove that after n weeks, your daily intake is 2500 — 50n calories.

Solution: Let §(n) be the given statement, that is,
S(n): 2500 - 50n

Base Case: For= 1:
After 1 week, your intake is S(1) = 2500 = 50(1) = 2450 calories.
The base case (1) holds true.

Induction of Hypothesls: Assume the statement is true for some positive integer k, i.e.,

Afler k weeks, your intake is S(k): 2500 — 50k calories.
Now, prove it for k + 1 weeks:

After k + 1 weeks, your intake will be: 2500 — 50k — 50 = 2500 — 50(k + 1) calories,

The formula holds for k + 1.

Conclusion: By mathematical induction, your daily intake after nn weeks is 2500 — 50n calories,

1. Usc mathematical induction to prove the following formulae for every positive Integer n.

(1) logx" =nlogx, where x Is positive
Solution:
Let $(n):logx" =nlogx
Base case: Whenn=1

S(1):logx' =(1)logx

log x = log x (True)

The base case is satisfied.
Induction of ilypothesis:
Let us assume “at 5(n) is true forany n =k € N, that is

S(k):logx* = klogx (A
I'he statement for n = k + 1 becomes
S'k+1):logx*"" = (k+1)logx «(B)

Adding log x on both sides of (A) gives
logx* +logx = klogx +logx
log(x* -x) = (k+1)logx "+loga +logb =log(ab)

(X1
logn* ' = (K« 1)loge (As required in (1)
]
- formula holds tor k ¢+ 1
1 . .
! since both the conditions are satisfied, therefore, ${n) is true for each positive integer n

245404+, a(arl-l)ag(Bnol)

solution:
in):d e . N 1-2 ’
o S5 (@12 an )
[lase cared Whenn = 1
. X
.\Ill.‘e-z-[:;“).‘) = 2~’;(4) = 2=2(Tre)

[he hase case 1y satislied.

' [aduction of Hypothesis:

L et us assume That S(n) is true forany n = k € N, that is
S(k):2+5+8+ --i[ﬁ-l)=§(3k+l] (A

The statement for it = k + 1 becomes

S(k+1):2¢548+ 4 (3k=1)4(3(k+1)-1) = !‘-%l('.‘.(kﬂ){ 1)

k+1
2

(3k+4) ..A(B)
Adding (3(k + 1)~ 1) on both sides of (A) gives
24548+ -<l(3k-l)+(3(ktl]—l) = %(3k01)43(k+1]-—1

= 3k sk +6k+6-2 -
2

- %(k(:sh 4)+1(3k+4))

-;—(31:‘ +Tk+4) = %(3&' svake3ke4)

245484 +(3k-1)+(3(k+1)-1) = &-;-L)(Bk-» 4) (As required in (B))

" Thus, formula holds for k +1.

Concluslon: since both the conditions are satisfied, Therefore, §(n) is true for cach positive integer n,

(lif) 2+{2+5)+(2+5+8)+---+-'—;(3n+ 1)=%[n+1}'

- Solution:

Lat S(n):2+(2+5)+(2b5+B)+---+§(3n+1)—:%[;“1)’
Base case: When n=1
sm.-z=%(1+1)’ = z-=-;-(4) = 2=2(True)

The base case is satisfied.
Induction of Hypothesis:

Let us assume that S(n) is true foranyn=ke N, that is

5[*}=2+(2+5]+[2+5+8]+---+-‘-;-{3k+l)=%[k+1)’ (A
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The statement for n=K& + 1 becomes

S(he1):24(245)¢(20548) ¢ sl

.-(u: == (3(k 1 1)01) - 2

: ‘(& v1e1)
k : llk 2 (m
kel . )
Adding ——(3(k + 1)+ 1) on both sides of (A) gives

20(2+5)4(24548) 4 +-|_31. .1).—-[111..1].11 -—(kol)‘ :——(1{.&' 1)+1)

_{h”, (kal)

k+1

3k + 4)

[k[k +1)43k +4)

k* llk] k+3k+ 'n - _'(kt+4k1.4}

2+(2+5)+(2+5+8) -

Thus, formula holds for k +1
Concluslon: Since both the conditions are satisfied, therefore, S(n) is true for each positive integer n.

+§(3k 1)+ A ; 1(3(.&: +1)+1) = T (k+2)} (As required in (B))

(v) 2+6+18+.+2x3"" =3" 1 '
Solutlon:
Let S(n):2+6+18+.-+2x3""'=3"-1
Base Case: Whenn =1
S(M.2=3-1 = 2=2(True)
The base case is satisfied,

Inductlon of Hypothesis:
Let us assume that S(n)is true forn=keN , that is

5(k):2+6+18+.-+2x3""a3% -1 w(A)
The statement for n=k +1becomes
S(k+1):246+18+-+2x3" 4 2x3" "1 234 g .(B)

Adding 2x3""""" on both sides of (A) gives
2464184 42x3" 4 2x3M1 = 34 o1 (23
=3'-14(2x3") = 3" +2.3' -1
=3%(1+2)-1=3".3-1

246418+ +2x3"" 4253 = 3%V 1 (As required in (B))

Thus, formula holds for k + 1.
Conclusion: Since both the conditions are satisfied, therefore, S(n) is true for each positive integer n.

(V) 1x342x5343x7+-+nx(2n+1)= n(n+1)6(4n+5!

Solutlon:

Let 5[,-,):1,31.2,‘5...3,‘7.,....+nx(2n+1)=f.(ﬁ'_1)é4"_+52

Dase Cast: When n=1
.S'{l):ln3t='11+1 :1+5 =o3=@6£9-]- = 3 =3 (True) .
The base case is satlsfied.
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Jaduction of Hypothesis:
[:lm sosume that S(n) s true forn - ke N, that s

T k(k + 1)(4k + 5
SR 132NN 0 aken (2K 01) _LL)EK_'Z )

ihe statement for n k + | becomes

2 (ko 1)(kv 10 1)(A(Kk +1)+5)
6
. (kv 1)k + 2)(4k +9)
6

Seko 1) hx 30 2uS5 03T v k(L 1) o (kv 1)e(2(k 1 1) 0 1)

()
Adding (k # D)(2(k + 1) + 1) on both sides of (A) gives

1x342x543x7 4+ kx (2K 4 1) 4 (k+ 1)(2(k + 1) +1) = ﬂﬂéﬁlqk.mz(hn.u
2 ﬂ‘ﬂ]‘f‘"‘_'sl.[k. 1)(2k +3)

. (m;{—(—l" e

2
- {ktl]{——4k +5k;12k'18}_'_k;1 (M + 17k +18)

ol (4k‘+9koak+18]

+2(1k +9))

1x342x543xT+ 4 k(2 +1)+(k+1)(2(k+1)+1) = (k-tl}(k-r:)[dkﬁl (As required in (B))

' Thus, formula holds for k + 1

Concluslon: Since both the conditions are satisficd, therefore, S(n) is true for cach positive integer n.

; E TS I
«) uz 23 3xa T amet) | ned
Solutlon:
l 1 1 1

La § =1

|[ﬂ]ll 2'2x3 3x4 +n(n+l) n+l
Dase Case: Whenn = 1 N

1 1 1 1 ¥ 4
SQ); = = 1= L == =(T
4z = ' 1e =3I g ="

The base case is satisficd.
Induction of Iypothesis:
Let us assume that S(n) is true foranyn=ke N, that is,

11 1 1
k)t — e r o — ] - —
”1:«2‘2:3*3“ RTOTS e L4

The statement I'or n=k+1becomes

Py 1 1 1
S(k+1 ved + = ..AB
O )1 2 a I koD Dk k2 —
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1
Adding ——s——e
MR (ke 2)

BT L T | 1 PTG R
k(kv 1) (k+1)(k+2) kol (ke1)(k+2)

12 2x3 3Ixd
s 1 (l- 1 ]=l— 1 [k'l-l
kil k2 k1 ktzJ

on both sides ol (A) gives

o i kll)
k+1\k+2
11 1 1 N 1
dyon vy oy e - i 1 I,‘
Tz B InA NG ) (e d) T hwa Aereauindin)

Thus, formula holds fork + 1,
Concluslont Since both the conditlons are satisfied, therefor, $(n) is true for cach positive integer n.

i) rert ert 4ener” -L%f-:l!,(rfl)
Solutlon:
LetS(n): rert+r' v v r” =%2, (rel)
Dase Case: Whenn = 1
S(1).r= Lr‘]
1-r

The basc case is satisfied.
Induction of Hypothesls:

Let us assume that S(n) s true foranyn=K e N , that is,

=r=r(True)

S(k):r+r 47 ¢ooart =Li“;'i! (A)
The statement for n=k +1 becomes
S(k+1)ir+rt 4r 4ooar® et LL0=r) «(B)
1-r

Adding r**! on both sides of (A) gives
rertart oo M = ________r(:—r') i
-

= et (-r) e e 0

1-r 1-r 1-r

kel
rert e 4o e = rul—rr-]- (As required in (B))
Thus, formula holds fork+1.
Conclusion: Since both the conditions are satisfied, therefore, S(n) is true for each positive integer, n

(vilf) n+(a+d)+{a+2d)+a--+[a+(n-1)d]-;[zu-l-(n-l)d]
Solutlon:

Let S(n):a+(a+d)+(a+2d)++[a +(n-l]d]=§[29+(n—1)d}

.“
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ase CAvel Whenn = 1

1
s(ly a~ Elz:u(l—l]d] =u= _lz.lzd._u] > a=a (True)

Thie bas€ case is satishied
[nducilon of Hypothesis:
el us assume that S(n)ls true foranyn=ke N, that B

stk (@ d) @0 2+l (- 1)d)=f2a s -1 )
The statement for 7 = k+ 1 becomes

stk 1):a+(a+d)+(a+2d)s- flat(k-l)d]t{a»kd):k—;llbfkd] )
h“,ng(afkd)onholhsadcsof{dl)glves

ar(a+d)+(a+2d)+ -+ [a+(k+1)d]+(a+kd) -%lznﬂk-l)dl*{“*di

_ 20k +i’d-kd+20+2kd _ k'd+kd + 20k +20

2 2
= -;-[kd(k +1)+2a(k +1)]

a+(a+d)+(a+2d)+- +[a+(k+1)d])+(a+kd) = -—k;llhfkd] (As required in (B))

Thus, formula holds fork +1.
Conclusion: Since both the conditions arc satisfied, therefore, 5(n) is true for cach positive integer n

(i) a,=0;+(n=1)d when, a,,a, +d,a; +2d,... form an A.P.
Solution:
Let 5(n): @, =a, +(n-1)d
Base case: When n=1
S(1):a=a,+(1-1)d =a;=a,+0d
The base case is satisfied.
Induction of Hypothesis:
Let us assume that S(n) is truc foranyn=ke N, that is,
S(k):a, =a, +(k=1)d AA)
The statement for n=k +1 becomes
S(k+1):q,,, = g, +(k+1-1)d
=a,+kd ..(B)
Adding d on both sides of (A) gives
a, +d = a, +(k-1)d+d
=a,+(k-1+1)d
0.,y = a,+kd (As required in (B))
Thus, formula holds fork+1.
Concluslon: Since both the conditions are satisfied, therefore, 5(n) is true for each positive integer n.

= a;=ai (True)

(1) a,=a,"" when a,,a,r,0,r*,... formaG.P.

Solution:

. Let S(n):a,=a,”"

Base Case: When n=1
S(1):a, = g,
The base case is satisfied.

=a=0r =0 =0 =1
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Inducuon of Hy pothesis:
Letusassume that S(n) istruc forany n = & € N, that is,

S(k):au = g, -r*! s ~(A)

The staiement for n =& + 1 becomes

Stk+1):q,,, =gr*?

Q. =@ (B8
Multiplying both sides of (A) by & we pet 4
ra, = aor*t.r
G = 31'.-“’

Q.. =ay™ (As required in (B))
Thus, formulabholds fork +1.

Conclusion: Since both the conditions are satisfied, therefore, 5(n) is true for each positive integer n,

:: _[:J_+[:)‘[:)+~—.+[";2)=[n:3]
MG ()
G) } Llf] = ¢ = ‘¢,

The base case is sausfied
Induction of Hypothesis: ’
Let us assume that S(n)is true foranyn=ke N, that is, *

WO 0w

The statement for n=k +1 becomes
[k72)+(k+3)=(k1-4J .(®)
3 3 4

=‘1;1(Tmc)

s G

Adding [k ; 3] on both sides of (A) gives

() =%E:)+:g";3)
- ;

k+2 k+3 k+4 g
"[ 3 J‘[ 3 ) ( 4 ](A‘"""’"d'"m”

Thus, formula holds for k+1

using formula: "C, +"C,_, =""

-1"

Conclusion: Since both the conditions are satisfied, therefore, S(n) is true for each positive integern.

(xii) The sum of first n odd natural numbers is nZ.
Solution:

Let S(n): The sum of first odd natural numbers isn* ."S(n):1+3+5+...10 nterms =n?
S(n):1+3+5+---+(2n-1)=n’
Base case: Whenn =1

S(1x:1 =1
The base case is satisfied.

= ntesm = 1+(n-1)(2)=2n-1

=1=1(True) &

cr

}
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Jaduction of Hypothesis:
L et us assuine that S{n) is true forany n=ke N, that is,
S(k):1+3+5+ +(2k-1)=kK*
e statement for n= X + | becomes
S(k+1):1+3+5+ *(Zk=1)+(2(k+1)=1) = (k +1) (B)
Adding (2(% +1)=1) on both sides of (A) gives
14325+ +(Zk-1)+(2(k+1)-1)

~AA)

=k +2(k+1)-1
=Kk +2k+2-1= k' +2k+1

1+3+3+ +(2k-1)+(2(k+1)-1) = (k+1) (As required in (B))

Thus. formula holds fork +1.

Conclusion: Since both the conditions are satisfied, therefore, S(n) is true for cach positive integern .

——

2. Prove by mathematical induction that for all positive integral values of n

-;')-_:’ +n is divisible by 2
Solution:
Let S(n)=n: +nis divisible by 2 forall ne N
Base Case: Whenn=1.
s()=1"+1=2
The base case 15 satisfied.
loduction of Hypothesis:
the statement is true forn=keN . ic.,
S(k) = k* + k is divisible by 2
= S(k)=k*+k=2k,,where k, e Z ) (A)
The statement for n=k + 1 becomes
S(k+1) = (k+1)* +(k+1)

= kP +1+2k+k+1= [k’ +k)+2k+2 =2k, +2k+2

= 2(k, +k+1) which is divisible by 2.
“Thus, S(n)istrue forn=k + 1.

which is divisible by *2".

Conclusion: Since both the conditions are satisfied, therefore, $(n) is true for each positive integern .

@) S"-2" isdivisible by 3
Solution:
Let S(n)=5"-2"isdivisible by 3 forallne N .
Base case: When n=1

5(1)=5'-2'=3  which is divisible by' 3",
The base case s satisfied. ’
Induction of Hypothesis:
Suppose the statement is true forn=keN i.c.,

S(k) = 5% — 2% is divisible by 3 .
= S(k)=5"-2" =3k, ,where k, € z «(A)
The statement for n=k +1 becomes

5[’(' + 1) e slol. _zhl
=s§t.5-2%.2
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Add and suburact 5 . 2%, we have
=585-5.2' 5.2 -2" 2 = 5" -2 )2 (5-2)= 5:(3k,)+ 2" 3
= X534, +2')  whichis divisible by 3

Thus, §(n) is tree for n=k+1
Conclusion: Since both the conditions are satisfied, therefore, S{n) is true for cach positive Integer n

(iii) 8x10" -2 is divisible by 6
Solauen:
Let §(n)=8x10"-2 s divisible by o for ne N
Base Case: when n=1

S[1)=8x10"'-2=78  which 1s divisible by '8’
The base case 1s satisfied

Induoction of Hypothesis:
Suppose the statement s true forn=ke N .1e,

S(k)=8x10" -2 is divisible by 2.
= S(k)=8:10' -2=6k,, where kyeZ AA)
The statement for n=k + 1 becomes
S(k+1) = Bx10""-2

= B~10"-10-2

Add and subzact 102, we have
= 8x10"-10-10-2+10-2-2 = 10(8x 10" -2)+20-2 = 10(6%,)+18 using (A)
= 6(10%, +3)  which is divisible by 6 .

Thus, S(n) is true for n=k+1

Conclusion: Since both the conditions are sartisfied. therefore, $(n) is true for each positive integern .

3. Provethat 3r'= R venevernibe positive Integer.

A=t o

Sohation:
Let S(n): Zr”

1 r-1
Base Case: When n=1

rl-wl._r,

1 11 _ a_ :
Zr‘—r_._..:- =r"=r. r r=_r.!.t.-1-)- =’rnr('rm)
feect r-1 r-1 r-1
The base case is sausfied.
Induction of Hypothesis:
Let us asume that s(n)is true foranyn=meN .ic,
- L]
5 5t = s ~(A)
(m) § p— (
The statement for n=m+1 becomes.
"] rm! -r
S(m+1): %" = -(B)
(m+1) §. o (

Adding P on both sides of (A) gives
ir'+r"”' =""'-f mel

+r
r-1
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w— ;—-\r. ™ —per '[r 1) ' pap™ e
o r=1 r-1
. Py
r-1

s formula holds for (m+ 1)
Concloshn Sinee both the conditions are sansfied, therefore, §{n) 15 true for cach posdive integer n

-..-.-.-_ - -
4 x-yisafactor of X" - ¥* for all positive integral values of n,(x # y).

Lot §17) X -y s factor of X" = " forall n. Nix = y)
Rase case: When n=1
SN == x-y)
- x-y wsafxtorof (x1-y)
he Base case 15 sanstiad
Jaduction of Hypothesis:
m@.mwnelhd! S(rhistue foranyne N e,
S(k) x-yisafactor of &f -yt
= t-yt=(x=-y)p(x.y) (A)
Where p(x. ¥) 15 some polymial in x and ¥
e swtement for 1=K+ 1 becomes
= S(hel)ix- yisafactorof A7 -yt
1_ e _ ok .

Conuder X" =" =xt x -yt y

Ad and subtract x y‘ . we gel
]

=t xmoteot oyt oy = x(xt -yt )y (x-)
x(x=p)p(x )= ¥ (x=p) = (= @)« ¥
(x=»)Q(x.»)  where Q(x.))is some polynomial in x and y .
= (t-y)isafactorof x*' - y*!

Thas, S(n)1s true forn=k +1

Conclusion: Since both the conditions are satisfied, therefore, §(n)1s true for each positive integer n

£ n!>2"-1 forintegral values of n2>4.

Solution:
Let S{n):n!> 22~ 1 for integral values of n > 4.
Base Case: Whenn =4

S4)pAs2' -1 = 24>16-1 = 24> 15 (True)
The bass case is satisfied
Iaduction of Hypothesis: .
Let us assume that S(n)is true foranyn=k(24)e Z, that is

S(k):k!>2' -1 AN
The statement for n=k + 1 becomes

S(k+1):(k+1)1>2"" <1 ~AB)
Multiplying both sides of (A) by (k+1), we get

(k+ 1)k > (k +1)(2" ~1) .

(ke1) > k2" -ke2' -1
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—
(o) ol 2° e W)
(ko) =& 2* ) r b0
(ko) =2 2" 24k
(b 1) = 2% 0 (As required in (W)
Thass, S(n) o true torn = ko )
Condluston: Sinoe both the conditins are satisliod, therelore, S{n) o true © "_J"‘_ g 7 _‘__
6 A" 2" for integral values of 02 _ __——\\H
——
Nolation

Let  S(n) 4" = 0" o 2" ' for integral values of 2 2
Nase Cave: When n - 2
S(2) 4 =32
The base case v satisfied
Induction of Hypathesis:
Lot us assume that 5(n) is true for sy o~ k(> 2)e 7. that 1
S(h)4* =320 (A)
the statement for n - k « 1 becomes
S(hed) 4" ' 2 ()
Multiply ing both sades of (A) by 4, we gt
R T Y T
" L (3e1)e(242) 2
LaaES SRS % £ 4
LI & D of B % o
‘.oi'rol.zl {]‘03‘]-0
hus, S{n) is true for n-k+ 1
Conclusion: Since hoth the conditions are satisfied, therefore, 5(n) is true for all integers n = 2

7. lenxs(lex)" Tor nz2 and x5 -1,
Solution:
Let Sin)(dox) 2lone fornz2and -1
Base cane: When n - 2

S(2) (Vox) 21422
The hase case is satisfied
Induction of Hypothesis:
Let us assume that S(n) s true Tor any n -k 2)e Z , that is

S(k)f1ox) #14kn AA)
The statement for n =k + 1 becomes

S(ket)y(on)" 20e(kot)x
Multiplying both sides of (A) by (14 x) , we get

(ex) (Vox)e(doka)(1+x)

(ox) 210w ohos bu

(an) 200 (ks 1)nsbe

(ex)" 210 (ks1)x
thus, S(n)istrue forn=k+1.

> 169 > 16 = 1) (Tree)

(As reqquired in (13 ))

s Ae2eor’ 21022 (Irue) " R»=]

ke 20 (As required in (13))

Conclusion: Since both the conditions are satisfied, therefore, $(n)is true for all integers nz2 .
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;‘"rmn‘nnllalom'lllﬂl'lhlhm.-ﬁﬂpmm.ﬁrnm. proanded iy Prove
mathematical induction that (he amount of money sfter n years i 1 660 GOO(1 oy
pors
o Sim) A, = 1000 D0 ) 06)* wheee A, 15 ihe gt afier n jrar

T when a1

At gfier | your LOOO0G0 « 678 ( 1000000 ) = ) OGEEE) + 60 05 ) (0 sy

o M) A = 100000 ) 06 )" « )oeauns [ Tree)
g bt (00 1Y watis Mo
patetion of My pesthesis
A - - st S(n) i true for some posstive imteger & 1o
Sik) A, = 1000000() oa ) {A)
vag satemand for @ = b + | becosmes
Sike1) A, 100000001 06" N
sabng 0% [As) on bl siden of (A ) gives
A, s WA ) = 1000000(1 06 « A(A, )
A,y = 100000 06T 0060 Lo0000eg 1 66) ) = 10000001 06 ° (1 « 0 04)
100600001 06 (1 64

A, = 1000000(106)"" (As required in (B )
ot Sim)intrue forn ks ]
Canetusive’ B) mathematical induction, the smewnt of senoy sfter o yoars v 1,000 000 () 887

3 Abaskoffers an investment with an anausl interest rate £ 11 P rupees sre mvested, the smount after n years

wgnea by A(n)=P(1sr)
Prove by induction that this formula helds for slln -0

Salutins
(e S(n) Aln)=P()er)" .nz0 where, F' i the initial investrent and # i the annusl mterest rate
Base case: When n = ()
Intial investment = P
! A(D) = P(1or) = P{1)= P (True)
The base case 14 saliified
Induction of Ilypothesis:

Let an wvsume that §(n) s true for same integerk 20, 1 e

Stk) Atk)-p(1+r) , (A)
e statement for n = k + 1 becomes

Sthal). Atk s )= P(Ler)"! n)
Maltiplying (1+r) on both sides of (A) gives

(er) Atk) = P(Ler) (1 er)
Al s 1) = P(1sr)""" (As required in (B))

Thus, S(n)is true for n=k+1
Conclasion: By mathematical induction. The amount of money after n years is A(n) = P(1+r ), nz0
1. Sikander saves Rs. 500 In the Nirst month and Increases his savings by Ra. 300 every subsequent monih. Using

mathematical Induction, deermine whether his total savings will reach st least Ra. 12.000 after 24 months,
Selatinn:

Sequerce 500,1000,15000, 4, (A.P)
Hert 0, «500,d « 1000 - 500 = 500
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As we Kknovw That

—iTa - fl =
S = =128, +{n-1¥

-

- m(250+ 250n)

[2(500) « {n- 11500} = = 2(500+ 250~ 250) =

[F1E ]

Se = 250n° « 250n
Base case: (whenn = 1)
Saving afer | year = S00
and S, =250(1) - 250(1)=500 (Truc)
The base case 15 satssfied

where S, 15 saving after n months

Inducton of Hypothesis:
Let us assume that statement 1s true for some positive integer k. e,

§, =2504&° « 2504 LAA)
The statement for 1= & « 1 becomes .

5, =250(k « 1) « 250(k =1) (B)

By adding a,,, on both sides of (A) gives

S, +a,,, = 250k" +250k - q,.,
Put a,,,= a, + kd = 500+ 500k onRHS

Si.y = 250& + 250k +500+500% = (250&" - 500% + 250) + 250k + 250
= 250(k% « 2k +1)+250(k = 1) = 250(k + 1)° +250(k + 1) (As required in (B))

Thus, the statement is true forn=k+1.
Conclusion: By mathematical induction, the formula is true for all positive integers n
Therefore, S, =250n" « 2500
Calculation of total amount after 24 months:

S0 = 250(24)° + 250(24) = 144,000 + 6000 = 150,000 > 12000
Hence, the 1otal savings after 24 months will reach at least Rs. 12,000
1. Prove by mathematical induction that if Ali takes a Joan of R+.2,000,000 and pay Rs. 50,000 at the end of gy

year, the remaining balance after n years is R, = 2,000,000 - 50,000n.
Solution:

Let 5(n):R, =2.000,000-50,000n
Base case: Whenn=1.

Remaining amount after | vear =2,000,000-50,000 = 1,950,000
and 5(1):R, = 2.000,000~-50,000(1) = 1,950,000 (True)

—

where R, s the remaining halance after » years

The base case is sansfied.
Induction of Hypothesis:
Let us assume that S(n) 1s true for some positive integerk . ie, $(k): R, = 2.000,000 - 50,000k ~AA)
The statement for n=k =1 becomes.
S(k+1):R,., =2.000,000~50,000(k « 1) ..(B)

Subtracting 50,000 on both sides of (A) gives
R, -50,000 =2,000,000 - 50,000k - 50,000

= R,., =2.000,000 - 50,000(k + 1) (As required in (B))

Thus, $(n) 1s true forn=k+1.

Concluslon: By mathematical induction, the remaining balance after » years 1s R, = 2,000,000~-50,000n.

12. If Salman start savings with Rs. 5,000 and saves an additional Rs. 1,000 at the end of every month, derntd
formula S(n) for his total savings after n months. Prove the correctness of year formula using mathematial
induction.

Solution:

Given that: Imnial saving = Rs. 5000

Monthly saving = Rs. 1000
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\fier 0 months, the 1otal saving will be
§(n)=5000+ {1000 « 1000 + 1000 «
§(7)= 5000 + 1000n

Base case: (Whenn = 1)

gaving after 1 month = 5000 + 1000 = 6000

'-‘,5{1): S000 « 1000(1) = 6000 (true)

The hase case 1S satisfied

+ 1000(n - terms )|

psduction of Hypothesis:
Let s assume that $(n) is true for some positive integer &, L e,

§{k) = 5000 « 1000k (A)
The statement forn=k=+ 1 becomes

§(k+1)=5000+ 1000(k + 1) (B)

dding 1000 on both sides of (A) gives
§(k)+ 1000 = 5000 + 1000k + 1000
$(k+ 1) =5000+ 1000(k + 1) (As required in (B))
Thus, S[n)istrue forn=k+ 1.
Coaclusion: By mathematical induction, the total savings afier the n months is S(n) = 5000 + 1000n.

'i;-i;;miul Theorem:

Bisomial Expression: An algebraic expression consisting of two terms such as @ + x, x — 2y, ax + b etc., is called
2 binomial or a binomial expression.

We know by actual multiplication that
(a+x) =a" +2ax+x* (i)
(a+x) = @' +3ax+3ax* + X’ ..(iD)
The nght sides of (i) and (n) are called binomial expansions of the bmomial a + x for the indices 2 and 3

respectively
Binomial Theorem: For any positive integer n,
n
(a=x)" = [o)a' + (:]a"'x - [;)a"’f dieesid [:)a"'x' P (n:l)ax' o[:]x'
—/n
orbnefly (a+x)" = Z‘(r]a”x’ , where a and x are real numbers.
The rule of expansion given above is called the binomial theorem and it also holds if a or x is complex.
In general, the rule or formula for expansion of a binomial raised to any positive integral power n is called the
pmomial theorem for positive integral index n.

Question: State and prove the binomial theorem for any positive integer n.

Statement: For any positive integer n,

e (- o

Now we prove the binomial theorem for any positive integer n, using the principle of mathematical mduction.
Prool: Let §(n) be the statement given above as (A).
Base Case: Ifn =1,

5(1): (a+b)" =(;]a" +[:]u‘"b

a+b = a+b(True)
The base case is satisfied.
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Induction of Wypothesis: | of us asvame thal the siatamment is trwe lor amy 0 = & 0 N then — 3 & 3 15 o0 o o
M) o (8 s Y aaas h - - =" s—g by o
S(h)(o-8) =| |os N i I W o W ) ", 10/ 648 o o o
. 3\
, Tk &l (el ) [Ty PR | L =
Sk " : oY . a i AT b - J
i 1) lasb) e “ . ' b 3 a'y 841 Q »77 2 a
Multiphy g both sades of equation (1) by (@ ¢ b), we have 2.» £-" 6
( NIy e TN e () ooai b\, e 275 u
asb)asbf ‘IHObI;. 0-. B |;d' b 2-"‘ Ve o ™ b | :' "W.Jumngun")‘
' n
[ f f . d 4
lﬂlhr-l - | ﬂ'.lo ’ .‘bo .‘. 'b‘l . ﬂfl' | . ’." b
o/ 1) .21 k) J >
X (0 50 ()00 k| (002 (3Y [N
o_.c‘bw‘." ""Izr" s '{U"'l L1, 2) ") ")t l'
(& [(&) ()], [(¥) (&) b 6" 0" 6 > e
fweb)' =| 1"".' o a'be . a 'V . v o8 | 'rl - “(-1y —"[ 1y
4 o) "ll1) 'o]J 2) (1)) k. T ( /P | J J

As we bnow i.j.fioll.i",_lfl'cl|-".i|.!- [ ,.,..1 PRRP “ch“wq,l“"m.lm
0 L ® ) \k) Lhed) ) \e=3) \ »r
) N
ko) (ke kel XD | (%% =(10-01)
.."-( g . | ) 1A
(asb) > )c B a'b 3 o bod ( ¢ requirsd in o (1Y)

- (10)' 'f:}no;‘t 0 n.(;mor( 01y .[:),\(w)'(-ur .(:}uou-o 1) (-01)

“ (10) «(5)10)* (-01)« 10010 (-0.1F « 10010/ (-0.1)" «+ 10)(-01)* +(-01)
= 100000 (05)(10000) + (10000)(0.01) « 1000( -0 001) + (50)(0.0001) - 0.00001
= 100000 - 5000 + 100 - 1 + 0.00% - 0.000001

=~ 100100 00% - 5001 00001

= WL DO

We find that if the statement is true for n = &, then it s abwo true fem = & o |
Conclusion: Mence, we conclude that the satoment s true for all sitine N\ o\ ie 2
integral values of n [THTU T |]---
The fullowing points can be obmerved in the expansion of (@ + b*
(11 The number of terms in the expamssom i ome groater han i mdes
(1) The sum of exponents of @ and b i cach torm of he expances s oqual b e mdes
(i) The exponent of a decroases from sdes bo sern

(1v) The exponent of b increases froem pevo 1o indes 3 W1
| [ o) lﬁldhq—uﬂdmnhwd[-n-—J

e

v) mm‘*“wﬁ\.“—q-‘ﬂdﬁw“wnl

e wrm envohvng 1* (1) the fifth term

{vuNlrol)’m.hwuf'!f'o'ﬂ-h—-n-l‘,,,u.f.,.-.';a"t‘ B el term from the end (™) mndh“md“,-l

As all the terms of the expansion cam be found fom a by pemmg r = 0. 1.0 n s we oall 1 an Bhe gooersl o
of the eypansun

y 1
- -I
lwﬂlw[g %] and also (i @0 gemeral berm i »
L] 1
.- ‘.. -' -
{!.E -lfs [_zt" . 3‘ h' ll
2 - \2 \ea/ By wamy gereral wrm formule
syetr 27 (6Yel/ 2) [6YeYs 2V { a N n oL,
"l [:_H.L. HIEY |:...31.1_‘ 2Il=] » |, 0¥
1A2/\ o/ A2\ o) \2A2)\ \BA2/\ o d

L ]

br 2 (eYeY :*’ u‘;.*" 3!
\‘ \3 t .} \.5'\3;‘. L‘ \.3 \ o
f’c'(n o a4 Fa A ¢ -r o

BA )/ T RTET "?,«'“77" 7) P

e () (T (o

'(ll"("" et 1Y)
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Aslhutcnn|n\nhcsxs.sulhccxponcntofxlli.lhﬂih

11-2r=5 =-2r=5-11 =-2r=-6 =r=3 putthisineq.(l)
11 3"-6 . 35
(Y e cenaes S
7
r, o 165243 ;40095
256 256

(1) Forthe S"term,putr+1=5 =r=4ineq. (I) we get
- 1}‘( )z" —x""" = (1)(330)- —x

330x27 4 4455 ,
= ——) = ——)
128 64
(iii) The 6th term from the end term will have (11 4 1) = 6 that is, 6 terms before i,

Itwill be (6+1)™ term, that is the 7™ term of the expansion.

L1

11-12 =1
Thus T,= (1) ["]3 —x""12 2462, 32—::
462 177
3x32 x 16x

Alternate Method:
3 1 1
(-3)
2 Ix
1 3
Here a==—_ b==x,n=11,r+1=6 =2r=5
3x 2
By using general term formula
T;.|_- (n]ﬂ'"-rb'
r .
11 1 11-5 3 s 1]‘ 3S'x5 ( 1 ] 35.x5
Tiy™ -— Zx| = 462| — = 462| — || —=—
! (5][ 3x] (z ) ( )| 2 Ex )| 2*

e el () e () )

(iv) For the term involving x™! Lput 11-2r=-1 =-2r=-12 =r=6 incq.(l)

_ 11 sll-ﬂ gl -1 i 462 1
Ty = 0 (g Jom et = @y ta6 S =
77 X!
KT

Thus, th coefficient of the term involving x~1is 1—7: 2

The Middle Term in the Expansion of:
In the expansion of (a+b)", the total number of terms are n + 1
Case I: (n is cven)

t
If n is even then n + 1 is odd, so (%+1) term will be the only one middle term in the expansion.

CHOLAR 72 MATHEMATICS - 11

(¢ e (nis odd)

3
2

th
: ne
i isodd then i+ Tiseven so (T] and (—J terms of the expansion will be the two middle terms

A== 1

‘ x 2
puample 16: Find the following in the expansion "f[? B ;TJ :

(i) _the term ndependent of x (i) the middle term

_\dﬂlon:x , ”
0 ('z"F]

x 2
Jre u -2-, b F,H 12

By using general term formula

7;“ = (:’Jan rbr
12 x 12-r 2 r
(5 (3) R_0
= (IZJ_X::.: 2 XY :[IZJZI!AH’XIZ-Jr
r)2 s

< the term is independent of x, so exponent of x, will be zro.
Thatis, 12=3r=0=r =4,

Ton= [LZJZu-uxu-u

495 495
= 49527 x" s = m
L 2' 16

th
u) Inthis case, n = 12 which is even, so (—12—24 1) = 7% term is the middle term.
crthe T term, putr + 1 =7 = r = 6 ineq. (1), we get
12 x 12-6 2 ]
(o)) ()

xt 26
= (924)37-7=924-x°'”- 924.x7°
X

¢ Deductions from the Binomial Expansion of (a + x)"

Prove that the sum of cocfTicicnts in the binomial expansion equals to 2",
Or

e (b
(a+b)" [GJ[JN(Z);,( fl)ab“«»[:]a"
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Unit 8 ) Mathematical Inductions and Binomia|
__‘_\“'h‘

Puta = 1and b= 1w (A), then we have,

(1o1y ":}'!m‘ '[‘Um‘ 'm-(:}m‘ ay - .(nfl}mm‘ ‘ .[:]m"

n n n n n
I l ' i J -( ]a o[ 0(
0l 2 n-1) \n
Thus, the sum of coefTicients in the binomial expansion equals to 2"
(i) Prove that the sum of odd coelficients of a binomial expansion equals to the sum of its even coefMicienty
L I

Proof:
) ny . n\ ,. n pt [T en
¢ ' |( lJu lb‘[zJa 1t *[3}0 Ibl.....(n-l]ab o[n]b . (A)

As we know
Land b = =1, 1n (A), we have

01 -'\.:j}lll'*[',’)ur"(-uf[:)nr"(-lf+[;']{1)"’(—n'»---»[n'_’l)mt-:r-'.[:](_,r
o (1O Gl
(G)-() Bt Joewr()-o -

BRI AR
o R

If nis even rxnltwr integer, then eq. (1) becomes
l.::J':\|]'(z]'[s}""'(n-x]'(n]ﬂo
ol P M e Y

0
Thus, sum of odd coellicients of a binomial expansion equals to the sum of its even coelficients.

v e (] 40) o) o

(a+b)

Putting a

Solution:
= ["Vs2(™)e conl™
s = (g3 )
. n! ‘2 n! .3 n! o n!
n-1)! ~ 2(n-=2)! ~ 3(n-3) n!(n-n)!
. nin-1)! ‘zr(n—‘l][n— 2)! - n{n- 1)["‘2}("'3)"....‘.“_1
(n-1) 2(n-2)! ' 6(n-13)! 0!

=n+n(n- l}v&%ﬂl. .

- n{l .(n_n.!"_qll‘ﬂ....q]
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’.3!!2-.——_ - n=-1} (n-1) n-1)\
R
G S X P R M
= n2""=RHS (Proved)

@m ial theorem, expand the following:
(0] (5"';:')
samb.\‘ 6\ x\f 2\ (6yx\( 2\ (6Yx\'( 2V (6)xY( 2V (6yaxv( 2
-2 -(0)18) (-5) 613 (5) -GIE) (F) -GG () () (-5) -
HHIEIRWOIE)

6).2
5 1
- ]._;]—-bs—:.}—ols;—;.—‘--zo;igig.15x£11_6—6:‘_-.§_2-.4lg 64
i 16 B x 4 x 2 x'° X'
:‘3,1520609664
- — - — — ——en
A8 42 2 a0

) = (e (2 (e () -Glear(-2) -Cloot () (o (5 -
(oo (2] (e (-] -GJoor ()

= 1x1280" x1-7«64a® x§+21=32|1’ -%-:ﬁg 160" 15‘35186‘ x-;--Zl »4a* xi +7x24d" ai-hlx',
a

@ ¢ d
= 1280" -4480°x + 672d° ¢ -560ax’ .mi-mi.xﬁ-f-:-
a

-(-]

EJE )~ OB (B () () - () - (B (e B ) -
(O (L) (&)

.

‘k

- a” a_ W4
OIS0 1556 T
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2. Calculate the following by means of binomial theorem: % sCHOLAR 2 MATHEMATICS - 11 279
(i) (0.97) x m + Equation (2)
Solution: (ﬂ,bjh(g-b)‘ = a' +4C°b+6° 1 +4al’ +b* + a* -4 b+ 6L - 4ol + b
097)" = (1-003) = 24" +12a°b* +2b*
: [zJ(n’ (-0.03)° *ﬁ)in’(-o.oz}’ *[;](1)‘ (—0‘03)“[3(1)"(-0-03)’ (0420 +(a=V20)" = 20" +120* (V2x)* + 2(V2x)! * b=v2x
= 20" +24a%c* +8x*

= 1x1x1-3x1x0.03+3x1x0.0009-1x1x0.000027
=1-0.09+0.0027-0.000027 =0.91267 "
@ @+¥3)° +(2-43)

(ii) (2.02)4 o @
Solution: Ji:b
4 = 21-002)‘ Let 5 5 5 0 5 5 2 5 2 5 i 4 5 .

e (4 . 4 . . : i (DJ(Z) ® +(1)(2)‘{b)l +(2J(2)3(b) ‘[3)(2} (® {4)(2) (b) '(5J52f‘(b)'

= *(0.02)° 3(0.02)" 2(0.02)2 2'0-02’[J2°n,o4 |

(OJEZ) (0.02) 4{1](2) (0.02) +[2](2) (0.02) +[3]( ) (0.02) + , [(2)"(0.02) = 1x32x1+5x16xb+10x8xb? +10x4 x(b)’ +5x2xb* +1x1x(b)*

= 1x16x1 +4xBx0.02+6x4x0.0004+4x2x0.000008 +1x1x0.00000016 (2+b)5 = 32+80b+80b% +4U(h)3+10b‘ +(b)$ ()

f ::';:;;6:6:0,0096+0.000064+0.00000016 imilarly, G’-'bf = 32_301,_,_8%2_40(!,)3”%‘ _(b}, g
_ ’ Equation (1) + Equation (2)

@+ +@-b) = 32+480b+80b%+40(b)’ +10b* +(b)* +32-80b+80b* -40(b)’ +10b* - (b)°

iil) (9.98)%
(i) (9.98) = 64+160b*+20b*

Solution:

998)* = (10-002)" (e V3F +(2-V3)° = 64+160(¥3)* +20(~3)* v b=v3
4 . " . L () = 64+480+180=724
= (OJ(IO)*(-QO'ZJ" +(1J(1o)=(-o.oz;‘ 4(2}10}2 (-0.02)"+ [3)(10) (-0.02) +[4J(10) (-0.02)* T et the Rilowiag [n ascending pewerofx:
= 1x10000x1~4x1000x0.02+6x100x0.0004 - 4x10x0.000008 +1x1x0.00000016 0 (+x-2)"
= 10000 -80+0.24-0.00032+0.00000016 Solution:
e e B A W O B B O O B o B W O el B M O e
(Sl:l) 52.1)5 = 1x16x1+4xBx(x=x7) +6x4x(x* =2 +x*)+4x2x (1 =3x* +3x° = x®)+ 1xAx(x* =4x® + 6x° - 4x” +x°)
(z;}so:(z,, 0.1)5 = 16+32x~32x% +24x* -4‘&‘ + 2455 :Bx’ ,,zﬂ" +245° = A€ +x* ~ 4 + A —4x +x°
- i = = = 8
- (2][2)‘(0.1)%[“;‘)(2)‘ (0.1)* +@(zf (0.1)+ @(2)‘(0.1)’ +[i)(z)’ (0.1)* +[:)(z]°(o.n’ R AN RN B A
=1.32.1+5.16.(0.1)+10.8.(0.01) + 10.4.(0.001) +5.2.(0.0001) + 1. 1. (0.00001) W [1-x+x’)‘
=32+8+ 0.8 +0.04 +0.001 +0.00001 Sclatlon:
= 40,84101 A= o (4 4) 4 '
3. Expand and simplty the ollowiog: R W OUED B R B ) O O ) s B Y O O
® (a+v2x)" +(a=V2x)* = Ix1x1-4x1x(x=x* )+ 6x1x (32 =27 +x* )~ 4x1x (3 =3x* +3x° —x8) + Ix1x (x* ~4x° +6x° ~4x" +2°)
Rolutions = 1-4x+4x2 +6x2 =12 +6x* —4x° +12x* —12x° +4x5 +x* =4 +6x° —-4x" +x°
Let V2x=b =1-4x+10x* -16x° +19x* = 16x° +10x5 - 4x” + x°
(a+b)* = [:](a)‘ (b)'-w{:)(a)’(b)‘ +[:](a)‘(b)‘ +(4){a)‘ (b)’+(:)(a)"{b)‘ S_Find the term fnvolving: .
3 M x*in the expansion of (3-2x)’
= 1xa* x1+4xa® xb+6xa® xb* + 4xa’ x(b)’ +1x1xb* Solation:
(a+b)* = a* +4ca® b+6a%b? +4ab® +b* (D) Herea=3,b=-2x,n=7,r="7

Similarly, (a-b)* = a*-4d’b+6ab? —4ab® +b* () Ty = [:)ﬂ"' "y
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R — - R

For the term involving x* put r = 4

T = (G2 eor (e ey o

, r
Ts =35x33x 16 x x4 = 35 x 27 x 16 x x* = 15120x* For the term involving ¥ put §=3 =r=6
11) a6y _q48
13 g = -1
(i) x2in the expansion of (x --—2;) Tens [5 ]x D'
x . = Sy3
Solution: Ty = 462x%y
-._-__ - .
Here a=x,b=-%,n=13‘,-=? ¢ Find the :;.::mcicnl of; x5 in the expansion of:
* 3
. : 3
Tra = (n)a”-r b ® (x 2x ]
g Solution: "
- (lS)x;;-, (__2{)' =(13]x“_' [._f)' =(13)xu.,-3; [—2)' Here a= xz‘bsa-,n= 10,r=7
r X I " r "
= (1'-3) X3 =2y ) Te1 = (r]a"" b
For the term involving x2 put 13 -3r=-2 = [m](x* ) ot [__3] = [m]x“"' ["_3] L’ g(w)x“‘"'“‘ ['_3]
= 13+2=3r =15=3r =r=5 r 2x r 2] x r 2
1 _av
T =[ )22 Tor = [ 10} (_3]
5 r 2
Te = 1287xx"*x-32=-41184x"? For the term involving x¥ put 20 - 3r=5 =20-5=3r =3r=15 =r=5
e — Te = 252 -243"5 =-15309x5
? —_— E—
(ili) a*in the expansion of (—z--a) _1352309 i
X Thus coefficient of x5 = ———
Solution:
Here a=£.b=-a,n=9,r=? . 1"
o3 () x* in the expansion of [x -;)
Ten = (:)0"" b Solution:
Here a=x’,b=;—l.N=2n.r=? é

(e L)

Trd = (N)a"" b
9 Gur _=Per ¥
=[r](z) X (1Y (a

4 [2:]“: R (:l]' =(2n]x«-:r L:l);n[z:]x"""”{—l)'

For the term involving a%, put r=4 x r *"
9 2
T-h'], - [4]{2)9-‘ x%[_l}l(ar = [ :]x‘ln-'.lr (-1}’
Ts = 126x(2)° x5 (a)* =126x32x"5a* Forthe term involving x put 4n-3r=n = 4n-n=3r = 3r=3n =r=h
ot Tor = [ 2" ) (-1)° :
Ts = 40325 ol
X
2n! 2n!
e —— p— ) PR .
(iv) Y3 in the expansion of (x-y)" (2n-n)\.n! (n1)?
Solution: Thus coeMicient of x" =(~1)" 2

Here a=x,b==yy,n=11,r=1 (n1)
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" ﬁ
T Find 6™ term in the expansion of [l' 2-)
x
Solution: T e
Mere g« ' b :—ln 10 relet arab
-l
n
Teur = | ,a' b
r)
10 t‘
oo o 1 g yn| — 3
- '51'{.1 'hl
;'“" w( -3 P '
Tow| : [x ]TJ B
i
" !'w:‘.[_-b 2522243 5 215309 4
\5) ) n B
K Find the term independent of x in the following expansions: 2
e

o (-2

Solution:

Here o - l.b-—z.n- 10,r =7
L 4

Poos = |'jJ¢--y

(]

- [lu]‘l. * "_2" -[10]."‘-”{—2]'
r r
For the term independent of x put 10~ 2r =0 2 10=2r  =>r=5
Tour = { ':}x'{-zy‘
Te = 252(-32) = -DO6A

l mw
() (J;o ]
2x!
Solution:
Here a-nf;.b--z-l—‘.n- 10,77
x

Tonr = (:)o'" v

MATHEMATICS - 1)
.‘”oul ’
q—

10 r 4
__ sermn indepersdent of § pat - -0
fon e 2

10 L1

» 10 - % =0 2% <10 wr-l

o (1 ")'(l . ;17].
olatwe:
[

L] ]. > ] . F .'J'
‘...')'[:-%l -nu‘]’[",' ~a. ol (o2) (-2)

t‘. -
(=) x ('Y
I-x‘, 1 .r" e Loy ¢ ke (
(]3] 3
x’ x a7 “ /

hl

Ter =

-3
 ——
L
?
-~
~

For the term independent of x put 6-2r =0 22r =6 =r«3

-

Te=35

9. Determine the middle term in the following expansions:

7]
1«
U] (;- 2}

Sclalion:

~ Meren= 12 is even then

Midsle term = [-;oljlh term = [-l—:-ol]thmm-'lmmm

1 %
"’”'-.b-—?.n-lz,rolc'l >re=6
£

T = o v

g\

(B 4
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L] (2] rel
bx
| E 1'.
in
3 1
() { l-——;
2 Ix,
Soluion .
Here n = 11 1 odd then

‘mel meld
Midlie iorms - T th and -—2—Ulkﬂ!n

. [SRe8), _ H-lu.
2 2
Muddic teren ~ 6th and Ty terma
Ilate--j—'-,b--—l-,n-ll
2 3x
For 6™ term:
rel=6 ar=§
n

r“l- ct-b;
r)

ll .3' L1 2 I I L1
Toar = | - —_i
" sA2) Toza)
Y3113 2R AN . O
w462 —it — e —
'~s,,2)' s ¥ e e 32
o9
T 123
For ™ term:
rel=7 =or=6
‘n)
T...-."‘.c"'b’
\r)
{llq{" l|4[ 1 b
T - | — ..
“=led7) |5
’11’3: ” 243,, 0 2 s 77
— "
6a ZJ( J (729 16 16
T"l
ihx
wdmael
(i) (h-—J
Solatiun.
Here n = 2Zm « 1 15 odd then
Mﬂhm-f-ﬂ—zljth mr.l[”;:)ds terms
[h’l.llu\ [m.l.j]d}
\ 2 J 2

Middie terms = (m + 1)th and (m + 2 jth terms

T . '.(..'r-n .lE!"i

- (*7** jaur L% haar= L
(2m- 1) -

. ()" 22

miime1)
Teer = 2{-1)

m+ 2)th lerm:
'Ui’.l'".z =rem+]

1
m‘,_'_b. -2:,!!-2:"0!

|I" o v

rl

SR e CON

i’h Neanr S el (=1 (22" =

mi{imel m)

(2x)

(Im«1)

Lme I) (2xr™! (m-l)tﬂm.l -m-1)" (meip(my

v 1 ‘z""“! 1
Taet i‘( U-. [m°l_¥lm)'.l

wam e ) ()

Selstion:
Ly we rore

et (GGt G [

Pu-ln'l:-l

ooy = (D Jarar [ ]ur s )ur‘-m'o(.';)ur'nr»---o(:]nrur

()(]U() (o)

1<) G () ()

(-GG
'.1;"[2} ‘\3)' (] A
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The Binomial Theorem (When the Index 12 is a Negative Integer or a chlﬁuﬁ-}“‘"‘
When n is a negative integer or a fraction, then e
n(n-1) ; n(n-1)(n-2) 5 n(n-1)(n-2) (- =rel).,
X"+ X ek
2! 3 rt

(1+x)" = 1+nx+

provided |x] < 1.
n(n=1) » na(n-0)(n-2) ,

The series of the type 1+nx + = 31

.. is called the binomial series.

Nole:
®  The proof of this theorem is beyond the scope of this book.

=  Symbols (:)[';](;] clc. are meaningless when n is a neganive integer or a fraction.

n(n- l}{n—Z]---(n-rH)x,

e  The general term in the expansion is T},

rl
Example 18: Find the gencral term in the expansion of (1+x)™ when |x] < 1.
Solution: =
(1+x)7
By using the general term formula
T, = n(n—l)(n—f?---(n-—ra-!]{
= Z3(=3-1)(-3-2) - (-3-r+1) , N

r!

- A8 (r-2)
rt
_ (1) :3:4:5--(r+2) -
r!

(By taking =1 common from cach factor)

= (-1 12—314:.?—}——“2-)- " (Multiply and divide by 1.2)
r

[1-2-3-4-5---r]{r+1}(r+2)x,
1.2.r!
r!(r+11£r+2)x -1y (r+1)2(r+2)x,

=1
=1y

‘Some particular cases of the expansion of A+ X)"n<0.  *
(D) (A+x) =1=x+x? =X 4ot (1) X" +oe

(1) (A+x)2=1-2043x% -4x7 +...+(=1) (r+1)x" +...
(r+1)z(r+2) LF

(i) (1+x)7 =1-3x+6x*—10x* +---+(-1)

(V) (A=-x)" =14 x+22 423 4ot X" 4o
V) (1=x)2=1+2x+32 +4 4o+ (r+1)x" +-o

vi) (1=x)2 =1+3x+6x2 +10x° 404 ”’1’2’ Dr s

§CHOLAR 42 MATHEMATICS -11 287
/—-—-__

1-x
x)"

fas mple 19: Find the cocfTicient of x™ in the expansion of

— 1-x

._—-——(1 -x)(1+x)?

wllﬁﬂl‘l- (1
- (-x+l)[1 +(“h)*ﬂ(2'i}lx' +]

=(-x+ 1}[1 +(-2x)+

= ()14 (1) 204 (~1)3% et (1) (™ (1) (m+ 1)x" 4
Coefficient of X" =(=1)(=1)""n+(=1)" (n+1)

_(-1)'n+ (1) (1 + 1) =(=1)" [+ (n+ 1)] =(-1)" (2n+1)
Example 20: If x is so small that its cube and higher power can be neglected, show that 1‘1 S -x-r-z-:r’
+X

PR
’1—x 12 -1/2
v Jo——=[1=-X 1+x
Solution: " ( i | )

& l+-;-(—x)+_;_(;2'—_l)(_x)z+m 11(-—;-]x+-(:._%_](_%_—1]. g
A

(1-%:4-%:’) [—%x+lx3)-lx¢+...
(e G
sin [1+1) [3*2‘1]x’+----1—x+lx'
2 8 2
4 135
le 21: For y=
ot [ ] 2’21( ) 2‘3![ )

P <l ~
2\9/) 4.21\9 8.31\9
Adding 1 on both sides, we obtain
1(4). 1:3(4) 1-3.5(4Y)
14y = 14= ] ] i
s 2(9] % 21(9] MR [9) »
Comparing it with:

[1+X}'=1+nx* (ﬂ 1) I n(n 1)(" 2) !
31

('_z)ﬂxum]
2!

g
u it .
133

Neglecting x” cube and higher powers of x.

+---show that 5y* +10y-4=0

Solotion: y

+y=(1+x) ..(1)
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From eq. (2), we have " T
x==— Putthis ineq (3)
n(n-1)( 2y 13 n(n-1) 4 316 n-12 32
2! (9::} 42'[ ) T2 8w 881 T e Ar © el

=-2=4n ::m=—-;— put this in eq. (2)

T —
30 5

1
Put n-—z and x:-% ineq. (1), we get

o))
or J§{1+y)= 3

Squanng both the sides, we have
S(1+2y+y%)=9 or 5y°+10y—-4=0 (Proved)

1. Expand the following upto 4 terms, taking the values of x such that the expansion in each case Isvalig: —
' e —

(i (A+x)'?
Solution:

...
Fovm—
win
~—
i~
win
—
Ia
I
2=

{1+x)’ 1+

a e e R

=l-=x4=x"——x"+... isvalidif|x] <1
3 81 .

9

i) (4-3x)'7?
Solation:

S *
=

1 1 3
(4-3x) = 42 (1-:!

RO = O
-2 H(%]E_—zl]( 2 J_(E](-z:)( 23){3 i
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e Iy 3, lltl,l_}_l(ﬂ‘, } {i_J‘ 9 4.2 o
1" 8 42\16 86|64 o 8 1280 1024 )
: qx‘ 2?1 is vahd if 1 x|
3 2 - —_— —_—k 4 svahd - > |X|jec—
(4-3%) 1 6t 512

'1_‘],I
Cl (la]]:

solution:
-2

(1-x)

=2 - a-xt(en)”

" (-1)(-1-1), o (—11(-1-11(4-21{_,,:.

[ -2 -
_]1..3!1.( z)(;].(_'u

= {100 g -

= [1 +x&[-n2[-2,x’ s

= (1ex+xf+x? + ) (1-2x43x% —4x +..)

(-2 -x)"
(1 +x]
The expression (1= -x)'and (1 +x)2arevalidif |x| <1

Thus the expression {[11 x)] isvalidif x| <1
+ X

l_xbzx: —zx, +...

J1+2x
™ T-x
Solution:

Jir2x [1+2x)=(1 -x)?
1-x

11
(z]{z"\ 2['2:1]{2"): ,i[%_:)![%' J@')’* -

= (1+x+ (4x*)+ lex+

%(;'zl] Z(?’](‘a'],&,, -

1 31

= {1+x-—%x’ +—;-x‘ -1-...}x{1+x+:rz +x0+..)

(=D(-2)(-3) +_},{1_2,

1-2x+3x -4’ +x-222 437 +x* -2 + P +...

- (xf
(-2)(-2-1)(-2-2), o }
= {x) »
Y ) I 3 [ ) e }
2 6 B

ot Ly

('1]('1;:"'1 -z,(—x}’ ¢}

CEDE2) 2 (D), }
2

6

{l-l-x-i-‘—2-.(4:3)+E.-6-.(8x’)+...}x{1+x+x' + 0 +...)
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or movald if |2x)« ] :|:].§-Nlh¢nmsm{l
-

T™He exprownos v | =

o & wl-lx .
Than (e CAPTTass ——— i valsd of |2 )<=
~

w.nmwﬂmmﬂm\

-x) ' wvald if x| <}

\ ﬁ"“ﬂmmu square and higher powers can be neglected, then show that:

2 Find the cox Mcsent of x° in the expansion of:

o Q=r)
(1+x)

Soletwa
L (p— “)1ex)?
(o)

2)(=2-1) (-2)(-2- ll{-l-zlxx -
2! 3

(e N 1-2x+3x" -4x"+ )

“ (1o ){1-(-2):-

“ 1+ )(1-2x+3x° -4:'..,..{—1]‘"'{:.-1){"+[-1r‘nx"'-[—1)"[n.1]g~.,_,,

The terms involving x*
< () (e )" < (1) (n-1x”
“ (~1) (ne1e(-1) ¥ (n=1))x"
“ (-1 (nelen-1)x"
= (-1) (2n)x"
Thus the coefTicient of x* =(~1)" x(2n)

-1y =1

(1+x)
(1-x)
Solution:
(1+x)
(1-x)

-1 -2:0:’){1 +(-2)(-x)+ ("2)(2'12"):-:) =

= (1+x)1-x)"

22D

= (1+2x+x"){1+2x+3x" + 4x° +..)

= (1+2xex)1+2x+3x% +4x s+ (n-1)x" % +nx™' 4 (n+1)x" =)
The terms involving x*

= (n+1)x" +2nx" +(n-1)x"

= (n+1+2n+n-1)x" =(4n)x"
Thus the eoeflicient of x* = 4n

Mo
1-5 ul-oX
w .l" o
-
S - e (1= 2) (10 ) s
Viex
| 1) l .
a(1-x){le| -z |x Neglecting o and higher power of
| L4 |
[ | “
4 -
a ”l_ 2 )
e %1 .l', -x Neglecting x*
1-3x=RHS
2
ﬂ_‘m..ojllls-ﬂllk‘
—
) wl'z’.l..a_x
o -x
Jie2x i

LHS = 7-= (1« 2”‘“ x)

- {1 .E(Zx)Hl o{-i][-x)} Neglecting x* and higher power of x
..(ja:)[lo-él—x]-‘l#%x*x Neglecting x*

c1e3x=RHS
2
pexe Proved LHS = RIS

17

. §

() +7x)"* =(16+3x)"* -__
334

4+5x

Solabon:
1 1
{9+7x}i -(164311')3
4+ 5x

LHS =

+} . [(9.7:;5 ~(16+3x)¢ ](4.5.)"

7 i O R B

%{ 1+-1-.3-"-'- :’Z]][: (1)—] Neglecting x1 and higher power of x
-:-{ 1+—- 3"]]{1 ];{u-’;“--z-% 1-%)

]
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HOLA

G
1—\ —\——“]tl—sxlal[l-s—koh-a—x] Neglecting x? ’/’——_ 1 1 (-3
"} ST | G Y YT A -[_) p .
1| 2 M2x+9x] 1 17 = lflxog-—zx’ 1411'*#:‘ ;‘1.1,-x_} \l'lx--‘;\
’ _‘l.l'_-_—nb_] :-EX‘RH.S 2 2 i 2 2 8 2 8 |
Hence Proved LIS = RS i 3t G b
= I'Ex-rT*Eva——a— Neplecting x* and x*
o BN o 28 L
(1-x) 4 = 1,1:0-—1‘ iaiéx——-x—
Solution: 2 8 ;1 8
2 2 2
Joe ! : B m=l+x¢-—-:l{lls
Lils :4 ; 'l-hx) (1-x)" 5[1+-] (1-x)" Pegessa—a 2
; ence. proved LHS = RHS
a 11*-_;—- 11+(=3)(-x)) * Neglecting x* and higher power o ! rx s very nearly equal 1, then prove that px? —qx? m(p-q)xP*?

5
tlon:
WPIP qx? =(p- -q) xP*9

< is nearly equal to 1. So,
x-1= =, where h is very small so that its square and higher powers may be neglected

LHS = px" -qx*
= p(1+h)" -q(1+h) wx=1+h
= p(1+ph)-q(1+qh) Neglecting h? and higher power of h
= p+p*h-q-a'h=p-q+p’h-q’h
= (p-a)+h(p* -¢*)=(p-q)+h(p+q)(p-q)
=(p-9)(1+h(p+q))
RHS = (pg)x"*
= (p-q)(1+h)™? wx=1+h
= (p-q){(1+(p+q)h) Neglecting h? and higher power of h

=21 i ..{ X 2
-t 8] (1+3x)= (2+4].(103x)=2+ 6x + . Neglecting x

24 2
BN a2 02X . RHS
2 3

Hence Proved LHS =R.HS
4. Ifxis so small that its cube and higher power can be neglected, show that:

,’ 2 9
M VYi-x-2x° -1-%x__a.xl

Solution:

+

L
L&)

A
Let

Lus = [1-[x+2x=]]l=

i)

= 1+—( (x+2x‘])+ ( [x+2xz)) +.

Hence Proved L.HS=RH.S
% ldentify the following serics as binomlal expansion and find the sum.

1 -—(x +2x")+—[-—)(x +4x* +4x’)+

[

2
: U 2 3 ; 1(1 13() 135(1]
= 1-3,:..3 _E[x ) Neglecting x* and higher power of x 1-2(4 tola 318 —
el a2 adaad o 1 98 oo prr
= l_.i.x_x _8__1-Ex 8 1 zx 3 R

o, 1(1). 13(1Y)  135(1)
M Qeap=a 2(4]*'21.4[?) +3!.a[3) *

Comparing it with the series

Hence Proved LHS =R HS

(i) :—r—iﬂl*-x"'-;'!: (1+x)= 1+nx+——n("2:l)x‘+
Solution: - .
1+x nx = -E[—) )| i RS 1) (2
LHS = (1+x)z (1+x)"2 x 4 2 21.4
B Fomeg (1)
1[1 1) -1[_‘_1] 1 1] ; ‘
22 x=-=|=| .. —
1+lx +sz " t-.l.(_x)+i_2_(_x]: Nesl:clingx: mdhish“ Powﬂ'dl 2"[4 3) Put thisin cq. (2)

2 21 2 21

20 -850
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. seaifs o] ofa
2 4n* 16 24\16
- -1 : -
E—l='3 = 3n=n-1 = 3n-n=-1 = 2n=-1 :ﬂ:-? put in €q. (3)
n

1 1 1
e _"-1_[2')='3
o
=
Hence the sum of given series is

v~ (5 - -3

7. Use binomial theorem to show that 1;1 13, 135. =z
4 4.8 4812

Solution:
1 1.3 13.5
L n=1
Sl i A
Companng it with the series
PODREVORBPOIP... ... Y
2!
= R My 13,
m=2 () | = 5 @
From eq. (1)
Jc=i .(3) Put in eq. (2)
4n
n[n—l)(])’ 13 n[n—l)( 1 ) 3
—ts | e = — = —— = —
2 4n 48 2 16n*) 32
Eﬂ=3 =3n=n-1 =3n-n=-1 = 2n=-
n
.
- 2

Putting values of x and n in eq. (A)
1 1.3 1.3.5 - =(+x)

I
4 4.8 48 12
=1 -1

(3

1 13 135S
ld—te———— . "_'JE
3798 2812 tos

=n=2% putineq. ()

z 3
8. Ifyni-bﬁ(alJ +%(§] +... provethaty?* +2y—2=0.

Solution:

1 13(1)’ 1.35(1)’
Yyt = | pf = | 4
3 21(3 31 (3

OLAR 2 MATHEMATICS - 11

H
S‘;nz 1 on both sides, we have
> 1*2[) 135 1]”
et ksl aal

1 with the series
coopenE ! i
(o) = 1ome- TR0

" n(n-1) . _13(1Y
m=3 -0 | 5= ‘2‘3[3)

J‘=.3_- ...(4) put this in eq. (2)

T -56 = e)-10)

n=1_3 = 3n=n-1 = 3n-n=-1 = 2n=

put the values ofxand nineg. (3)

<3 -1

—
= 1*)‘="E

both sides, we have

| 1ey=(1-x)

-1 = ﬂ=-—21 put in eq. (4)

1+)2+2y=3 =y +2y+1-3=0 =) +2y-2=0(Proved)

A3

1,131 135 1
9. U2Zy=zg+or vt a1 2

+::e, prove that 4y° +4y—-1=0

Selmon:
1 1.3 1 135 1

N TR T T
Adding 1 on both sides, we have
1. X3 1T 235 1
=1+ e
A T I I

Comparing it with the series
[1+x)'=1+nx+-n["2-—7nx‘+.
.1 )z 13 1
mez (D | i
From eq. (1), we have
1=L -..(4) put this ineq. )
4n
n(n-1)( 1 ]’, 131 =n{n—l}( 1
2 \4n 2 2 \ler?

@ | 1e2y=(+x)

]=.3_
32

- 03)
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n-1
n

=3 =3n=n-1 =3n-n=-1 =2n=-1 =)n=:21 putineq. (4)

11
(-1} 2
4L?)
Put the values of x and n in eq. (3)
1+2y=(1+x)

-

1

(L -G (T v

2, 2) 1
Squaring both sides, we have

1+ +4y=2 Sl +edy+1-2=0 =4i+4y-1=0
S ___‘-""N-,\
10. Show that the coefficient of x” in . e, =
(1-px)(1-qx) p-q
Solution: S
- x A B

(1-px)(1-gx) = 1-px & 1-gx
Multiply each term by L.C.M. (1-px)(1-gx)

x=A(1-gx)+ B(1-px) . (2)
Put 1—px=o=.i=% in eq () Put 1-gx=0=x=2 ineq(2)
q
..1. = A[;_E) .!. = 3[1_2]
P P q q
% A[n—a] & 5(__'?“PJ
P P q q
= 4 = L = = ....L
- P4 pP-q
Purting the values of A and B in eg (1), we have
AL,
x __P-9 _p-q
(1-px)(1-gx) 1-px 1-gx

=_1.[_1__ - ]
p-q\l=-px 1-gx
1 -1 -1
= —i{]— -(1=-
P_q{( px)" -(1-qx)™"}

N . N 1=, o
el 25 ) o 2 )

- ;i_q'm*p""l’z*’*“‘*'lﬁ'x' 4= (14 R +GR 4ot g 0

The terms involving x:
e i i) =[.P;¢],r

P=q P-q
Thus, the coeflicient of x" =2 =9
P=q
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/;;iﬁ_a,efﬁcicn ts Using Pascal's Triangle:

Bin = :
Tnomial cocflicients anse in the binomial expansion of powers of a binomial expression, such as (x + y)™. These
ceeflicrents are denoted by:

(n)_ l where0<sr<n
r) Feryp '

.yI's Tnangle pm\-u_ics a combinatorial method to compute binomial coefTicients without directly using
._tonals. The construction of Pascal's tnangle follows these rules:

2 . ¥ :
’ The first row (corresponding to = 0 ) consists of a single entry: 1 .
+ Each subsequent row begins and ends with 1 ,
; Every interior entry is the sum of the two entries directly above it from the previous row.
“‘i“' Pascal’s Triangle
ﬂ " lli.“
! P T
2 | 3 |“,
3 g, e \3’ .
» 5 ONININET S
& ONENENENA
: P IR Nid
6 AN AR a"\ s NS
71 7 21 35 3§ 2 3
0 1 2 3 4 5 6 17 =+ Columns

Aathematically, this is expressed by Pascal's Rule:

n n-1 n=-1
Pascal's Rule: & 5
ascal's uc[k] (k_l]q-[ X ) forO<k<n

n
The entries in the n® row of Pascal's Triangle correspond to the binomial coefTicients [:][:)[:J

For example, the binomial cocflicients corresponding to n = 4 are:

o)+ [+ G- )+ ()

Fxample 22: Expand (x+y)* using Pascal's triangle.

Solation:
In Pascal's triangle: For n = 4, the binomial coefTicientsare 1 4 6 4 1
Thus, the binomial expansion using Pascal's triangle is

(x+y)' = Ix* + 2y +6x?y  + 407 + 1"
(x+y) = x* +ax’y+ 657y + a4 +

Example 23: Expand (x - 2)* usc the binomial theorem and using Pascal's tnangle.

Solution: Expand using Binomial Theorem:
(x=2)"= *Cox*(=2)" +3C,x" " (=2)" +3Cx™ 3 (=2)* +5Cyx* (-2)° +°C ™ (-2)* + S x5 (-2)°
= x5 -10x'y + 40xy* -80x%y” +80xy* —32)°
In Pascal's tnangle: For n = 5, the binomial coefficientsare1 5 10 10 5 1
(a+b)* = *Cya°b° +°C,a*b" +°C,a’h? +°Cya®b’ +°C,a'b* +°Ca°b*
(a+b)*= 1a°b° +5a*b' +10 a’b? +10 @°b +5 a'b* +1 a°b°
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—tony

Puta = x,b = =2, we have

(x+2)° = x°(-2)" +5x*(~2)" + 10x*(-2)} +10x°(-2)" +5x(-2)" +(-2)°
= x* = 10x 'y + 40x" y* - 80x* y" + BOxy' -32)°,
Applications of Binomial Theorem: .
——

Finding Approximate Value Using Binomial Theorem:

Approximations: We have seen in the particular cases of the expansion of (14 x)" that the power of x £0¢s
increasing in cach expansion. Since |x| < 1, so

[x|"<|x] forr=2,3,4,...

This fact shows that terms in cach expansion go on decreasing numerically if |x] < 1. Thus, some initia] termy ﬂ
the binomial series are enough for determining the approximate values of binomial expansions having indice
negative integers or fractions.

Summation of infinite serics: The binomial series are conveniently used for summation of infinite SCries, T
series (whose sum is required) is compared with
n(n-1) 23 n(n-1)(n-2) "
2l 3!
to find out the values of n and x. Then the sum is calculated by putting the values of nand x in (1 + x)",

1+nx+

Example 24: Expand (1 — 2x)*/3 to four terms and apply it to evaluate (0.8)*/3 correct to three placcsm
22 Cecimal

Solution: This expansion is valid only if |2x] < 1 or2|x] < 1 orlx]-:%. that is

(1-2¢)8 = 1+-:]-(-2x)+%(%2'- ]{—ijz ' %(%_1][%_ ]{—Zx}’-

3!
‘[ 2] e
2
= 3 (4x') 321 (-axl)—...
it !-E.L 3.
g R o)

= l_zx-ixz —ﬂx:

9 81

Putting x = 0.1 in the above expansion we have

v 1 21220 =202 =017 -...
(1-2(0.1)) 1 3(0.1) 9(0'1) T

P 008 ' 40x0.001=0.04

= 1-0.06666-0.00444-0.00049=1-0.07159 = 0.92841
Thus (.8)'/ =.928

Alternative method:
(0.8)'? =(1-0.2)"?

1 3
=1+=(-02)+
1-02)

42 MATHEMATICS - 11 299

) g 131D

(0.04)+

scHOLAR

1-00667+

(-0.008)+ -

1 5
~0.0667 -—=(0.04)-—==(0. e
1-0.0667 - 5(0.04) - =(0.008)

- 1-0.0667 -0.0044 -0.0005----
=09284~0.928

ml‘vulunlc Y30 correct 1o three places of decimal.

cototions Y30 =(30)"" = @743y

o] oe3) ()
1 2 2 5

ey By By

] 3[1 R ) %[g)’*...]zs[hz_;-[z%]’+...]

= 3[! +0.03704-0.001372]= 3[1.035668]&3.107004

s V30=3.107
Finding the Remainder Using Binomial Theorem:

E”mplt‘ 26: Using binomial lhcon':m‘ find the remainder when 5 is divided by 13 .

Solution: 57 =5-5" =5 (52) =5:(25)"
= 5(26-1)"

=5 [49)26"1"-—(49)26‘"1’ +(49]26"1‘+
0 1 2
5[25“ -[419)26‘“ + [429]26" W 1]

4 49
= 5.26“’-5.[ 19]26‘“ +5{ ) ]za"+...-s

49 49
[5-26“’ -5'[ 4 ]26"’ +5—[ 2 ]zs" +
13k + 8, where k is an integer
is divided by 13 .

.—(49)26"1"]
49

.-13]-!-8

lence, 8 is the remainder when 5

Example 27: Using the binomial theorem, show that 11" =10n leaves a remainder 1 when divided by 100 for all
positive integers n.

Solution;
11" = n_ N neno [ Mlan-tqnt (M )yn-29n2 . [M)qn-27n7 ﬂ] B i
(1+10) (o)l 10 +[1)X 10 +(2 1"°10% + 3 17107 4404 . 110

1n - 1+10n+[:]100+(;]1000+---+10"
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11" -10n = 1+ mo[["Jf("](my ' 10”]
2 3
11" - 10n = 14100k, where k is an integer
11" -10n = 100k +1

This show that 11™ — 10n leaves a remainder 1 when divided by 100.
Finding Last Digit of a Number: ’

Example 28: Using binomial theorem, find the last two digits of the number 117
Solution: (11)"= (10+1)"

(12)10“1%(12)10“1’ *[12J10'°1‘+___+[12 101" +(12J10"1”
0 1 2 1 12

The last two digits can be found by the last two terms, because the remaining terms are the multiples of 100 ang
hence do not affect the last two digits

12 12
( Jm':" +( ]10"1" =120+1=121
1 12

The last iwo digits of 121 are 2, 1.

Hence the last two digits of 11'2 are 2,1

Divisibility Test

Example 29: Show that (15)"* +(13)'* is divisible by 14.

Solution (15)" +(13)"* =(14+1)" + (14-1)"®
= [Ilco{]‘nll +I.lcl“4]ﬂ+Ilc](14}ll‘”I‘_I)Cu[14j+ll c“]
‘_[ISC.U“)H -|‘c1[14)" +I.5Cl{14)ll & ""’“C"(l")"“cu]
= [”c,(nj“ +1€,(14)7 + ¢, (14)" +-- 1€, (14) +1+15C,(14)" - 5C, (14) " + - 4 "c,.(14)-1]
- 14[ “C,(ld]“*"Cl{I‘#)" +"r.',[14)'°+~--"c,,o"c,,(14}"-“c,[14)”+-- ‘Iic"]

= 14k, where K is an intcger.
Thus, 14k is divisible by 14.

Comparing Two Large Numbers

SCHOLAR 2 MATHEMATICS - 11 301
—

[ 25-24-23 R
—(50)% + ... |~50%
1.2:3 (s0)” i

4

51749 = | (50)° +2

o (51)° - (49)” »50” =(51)% > (49)% +50°
Hence, (51)%° 1s greater than 497% 4 502

Economic Forecasting with Compound Interest:

Esample 31: A bank offers a compound interest rate of 5% per year. Sumaira invests Rs. 100,000 for 3 years. How

much will her investment be worth at the end of 3 years?

Solution: Using the compound interest formula, the future value A of the investment is given by:

A:Pfh%J

Where, P = 100,000 (the principal), r = 0.05 (the interest rate), n = 1 (compounding once per year),
t = 3 (the ume in years).
Substitute the values
A=100000(1+0.05)*” = 1000(1.05)° ooe 1)
Using the binomial expansion for (1.05)*:

(1+005)° =*C,(1)°(0.05)° +* ¢,(1)(0.05)' +’ C,(1)'(0.05)" +* C;(1)°(0.05)’

= 1+3(0.05)+ 30.05) +(0.05)°

= 1+0.15+0.0075+0.000125

= 1.157625
Now calculate the future value: A=100000#1.157625=115762.5
So, after 3 years, the investment will be worth Rs. 115762.5

Using (1)

1. Using binomial theorem find the value of the following to three places of decimals:

Example 30: Which number is larger 5125 or 4925 4 5025 2

Solution:
51% = (50+1)"

" (ZOSJ(so)rsu)" «,(1’15]{50)“(1)! ,,( 225)[50)21(1)2 {235]{50),,{ i

2524 (50)” + 25:24-23

= 25 : 24
(50)" +25:(50)"" + 12 ¢ 1.2.3

(50)% +...

Similarly
49" = (50-1)"

= (50)5 -25.(50)* + 222 5oy _25:24-23

1-2 1-2.3

(50)% «...
By subtracting, we get

5125 - 498 = 2(25)-(50)* +2'25-2423

(502 +...
323 U+

M Y99

Solution:

55 = (99):

1 1\ 1( 1
100~ = -— | =100%| 1 -—
(100-1)z [100[1 100)] s6)

10(1-0.01);
1 1)1
10 1+(%](-om).(%—)(2§!-—1)-(-o.ox)‘«_ =10 I-OBOS4£§JL;-Z—)(U.DOOI)

[}

= 10[1-o.nus-%(onom)]:10(1—03050-0):10(0.995)

V99 =9950 approx.

1
@ (Lo3)y
Solution:
1 1

(1oy’ < (1+003)°
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1
(103)"

(iv) _

P

(003)" + .

«1+001+

(0.0009)

2
= 14001--2(00009) =1 .om-%(onooe)n.um—ooom ~10099

1
Y252

Solution:

1010 approx

]
 JE. 5. = ‘i 5
E (252) (243+9) 5 [243(1 2‘3]'

y '
- 243 '-(1'-1- .
27

-y n.[-.;][L),[‘é)[‘i“

27 21

3 )3l

1

oy

—_——
135 6075]

- %[ 1-0.0074 +0.0002) = %{0.992[1) ~03309

1
= 0.331 approx.
9252 w

Solutlon:

&)

e = SR
i, ,_...._[ ][ ]= 'E'E" -0.0625-0.0020 = 09355

% = 0936 approx

=31~

135

o L))

—th

2. Find the remainder when B199 |3 divided by 7,

[

Solution:
8% =m(]+7)

-

100
0

e (5

74 -o(

1000 100
mo]1 '

scHOLAR T8 MATHEMATICS - 11 303

o [ (2 wor]
2]

g = 147k, whereke Z
Jlence, | is the remainder, when 8" is divided by 7.
3 Fiad the remainder when 219 Is divided by 3.
———_
Solotlon:
= (2) = (9
(10 3"

- [5;3]]50 3° ,(SIDJl" 3 .(S:Jl‘. 3 ,”_‘[:2]:3,,
- (V) 3+(F) 3 mm 3]
NERhaee

=143k, where ke Z

Hence, 1 is the remainder, when 2'™ s divided by 3

4, Using the binom|lal theorem, find which number is larger:
i 19'°+20'" or21'°

Solatlon:

21" = (20+1)"
- [m)zo“’-lh(m]zo’ 1 +('°]zo'-1‘+[w]zo’-1’+
0 1 2 3
=lcu._"m_al‘ﬁ".l'
20" +10.20 [z)zo [ Jzo
Similarly, 19" = (20-1)"°
( ]zn" (-1)°+ [“’]zo‘{ -1)'+ [m]zo' (-1)’4[1:]20"[—1]%

- zo“'-w-zu‘+(1:]zo‘—['3°]2o"m

By subtracting, we get
0.9 - 2(10-20‘)&[1:)20'4...

= 20.20” + k, where k is some positive constant.
21" -19" = 20" 4 k
2 %-19" 520"
1 21l°> 19“-520"
Hence 21'° is greater than 19*° +20'°

() 2913 4 3p18 or 3118
Salution;

311 = (3041)"



