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Unit 6 22 SEyucnces and s!ﬂ“

= = - th are given:
Example 1: Find the first four terms of the following scquences W hose n™' terms are give

() a,=3n+1 (i) a,=3n"-3

Solution:

() a,=3n+1

Substituting n = 1, 2, 3 and 4 we have
a, =3(1)+1=3+al=3
a, =3(2)+1=6+1=7
a, =3(3)+1=9+1=10
a, =3(4)+1=12+1=13
The first four terms of the sequence are 4, 7, 10, 13.

Similarly,

Progressions: Sequences of numbers are also called progressions. Depending on the pattem, the progressiong ane

classified as follows:
(1) Arithmetic progression

Exercise 6:1

(i) Geometnc progression

1. Find the next four terms of cach sequence.

() 12,16,20,..

Solution:
12,16, 20, ...
From given sequence, it is clear that
a; =12

Gz=al+"=12+4=16
ay ﬂ'2+4=16+4=20
ay 83+4=20+4=2‘1
as=a,+4=24+4=28
a6=as+4=28+4=32
a;=a,+4=32+4=136
Hence the next four terms of the sequence are

24,28,32,36
@iy 3,1,-1,...
Solution:
3,1,-1,..
From give scquence, it is clear that

a = 3
= +(-2)=3-2=1
ay=a;+(-2)=1-2=-1
a,=a;+(-2)=-1-2=-3
as =a‘+(—2)= -3=2=-5
aﬁ=as+("2)= -5=2==7
a;=a,+(-2)==7-2=-9
Hence the next four terms of the sequence are
=3,-5,-7,-9.

2.  Write down the first three terms of cach of the
following sequences:

() a,=3n+5
Solution:
a,=3n+5

(i) a,=3n"-3

Substituting n=1,2,3 and 4 we have

a, =3(1)'-3=0

a, *3(2))-3=3(1)-3=12-3-9
a, =3(3):-3=3(9)-3227-32y,
a, =3(4):-3=3(16)-3= 18-3= 4

The first four terms of the sequence are 0, 3, 24, 45,

Similarly,

(1) Harmonic progression

Putn = 1,23, we have
a=3(1)+5=3+5=80
a;, =3(2)+5=6+5=11
ay;=3(3)+5=9+5=14

Henee the first three terms of given sequence are 8,11, §

(i) @rna=4a,-7anda; =3
Solution:
Apey =4a,—7anda, =3
Putn = 1,2, we have
ayg = 4a, -7=4(3)-7=12-7

= a =5
aya = 4a, -7=4(5)-7=20-7
= ay=13

Hence the first three terms of give sequence are 3,5,13.

(i) a,=(n-3)(n+1)
Solution:
a,=nm=3)(n+1)

Putn = 1,2,3, we wave
a,=(1-3)(1+1)=(-2)(2)=-4
a;=(2-3)(2+1)=(-1)(3)=-3
a;=(3-3)3+1)=(0)(4)=0

Hence the first three terms of given sequence are =4,-30

iv) a,=-1,a,,,=
i 1 g, +2

Solution:
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o —
putn = 1,2, we have

_ 3 & &
e a+2 -1+2 1
- a; =3
3 13
e a,+2 3+2
= ﬂl"g
Hence the first three terms of given sequence are
3
-1,3,=
5
20
© %=0"30,
Solutlon:
20
%=8"3n
putn = 1,2,3, we have
20 20
=8-——7=8-—=8-5=3
I
20 20
———z=f-—=0-4=4
6 =8-3i2 5
20 20 10 14
=f-—=0-—=8-—=—
W 3+3 6 3 3
Hence the first three terms of given sequence are
14
34—
3

(D a = 1"'1!"! - (3!.'!" +z)z
Solution:
a,, = (3a,+2),a, =1
Putn = 1,2, we have
a1 = (30, +2)* =(3(1)+2)* =(5)?
= ;=25
a2 = (3a, +2)* =(3(25)+2)* =(77)}
= ay = 5959
Hence the first three terms of given sequence are

1,25,5959
) a, =(-2n)?
Solution:
a,=(-2n)?

Putn = 1,2,3, we have
ay =(=2(1))* = (-2)* =4
az = (=2(2))* = (-4)* =16
a; = (-2(3))* = (-6)* = 36
Hence the first three terms of given sequence are
4,16,36

i) @, =(-1)"7n?
Solutlon:
a,=(-1Y 7n’
Putn = 1,2,3, we have
ap =(=1)" 701y =(-1)(7)= -7
ay =(=1)"7(2)' = (1)(7)(4) ~ 28
ay =(=1)"-7(3)" =(-1)(7)(9) = -63
Hence the first three terms of given sequence are -7, 26, -63

3. An cxpression for the ™ triangular number Is
ﬂﬂll—) . Write down the 15™ triangular

number. Make n trlangle of dots by taking n = 5.

Solution:

Giventhat: @, = n(n+1)

Putn = 15, we have

_15[15+1)=15[16]_
s = =Ll =15(8)
ms = 120

Hence the 15th triangular number is 120. Now, we draw
an cquilateral triangle with 5 rows.
S(5+1)_S6)

2 2
No. of dots in Istrow =1 .
No. of dots in and row =2
No, of dots In 2nd row =3
No. of dots in 3" row =4 e s o & o
No.ofdotsin4™row =5 Trlangle of dots forn = 5

Total no. of dots =

4. Write down the n'™™ term of each of the following
sequences:
mn 1,4,9,..
Solution:
Glven sequence: 1,4,9, ..., a,
a=1=1%
a;=4= 22
a;=9= 3*

a, =n? (Required nth term)

() 1,1+2,1+2+3,...

Solution:

Given Sequence: 1,1+ 2,1+ 2+ 3,..,a,
a;=1

' ﬂz=1+2
ay=1+2+3
ay=1+2+3+4

ap =142+ 3+ -+ n(Required nth term)
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(iii) a,b,,a,b,,a,b,,... i) . 2a, ) 3a, o
Solution: by+e, by+e; by+cy
Given sequence: ayby, asby,ashy, T, Solution:
Ty = a,b, ) 2a, 3a,
;:. f :::3 Given sequence R 5, Hte S oy LR
- S L
: T, = lg,
T, = a,b, (Required nth term) : by +¢,
2
(iv) x,2x%,3x%,... ?= _b_‘_a,_
+C
Solution: o
Given Sequence: x, 2x%,3x%, .. ,a, Ty = 3a,
a, = 1x! ’ by +¢y
a; = 2x*? :
as = 3XJ na
. To = —— (Required nth term)
a, = nx™ (Required nth term) b, +c,
(v) a,,a,+d,a,+2d,... ol 1 1
Solution: o )Z' a,+d a,+2d"""
Given sequence: ay,a, +d,a; + 2d, ...,a,
iy Solution:
ay =a, =a, +0d =a, + (1 -1)d e N y
a;=a,+ld=a,+(2-1)d Given Sequence: o ed' o 22g" "%
ay=a,+2d =a, +(3-1)d O Bl
: T T
a, = a, + (n — 1)d (Required nth term) - _at -a,+d_n|+(‘l-1)d
(vi) ay,a;r,a,r?,... B 1
Solution: a,+d a, +(2-1)d
Given sequence: a;, a,r,a,r?, .., a, 1 1
a;=a, = a;r° = a,r'"! ? a,+2d a, +(3-1)d
a; = a;rt =a;r*? )
a;=a,r® =a,r*! "
. (Required nth term)

a, = a;r""! (Required nth term)

ay = ———m————
a, +(n-1)d

——-:‘.3&. SCHOLAR m .

Arithmetic Progression or Arithmetic Sequence (A.P.)

A sequence {a@,) is called an arithmetic sequence or arithmetic progression (A.P.), if @, —a,_, is the same numbe |
for all ne N and n > 1. The difference a, -a,_,(n>1) i.c., the difference of two consecutive terms of an AP, s
called the common difference and is usually denoted by d.

Or

An arithmetic progression is a sequence in which each term after the first is obtained by adding fixed constante

the previous term. This fixed constant is called common difference of the arithmetic progression.

For example: Following sequences are in A.P.

(i) 1,3,5,7,... (common differenceisd=3-1=5-3=2)
(ii)) 54,51, 48, ... (common difference is d =51 - 54 =48 -51=-3) then d=a,-a,=0;-0,=-

An arithmetic progression with n terms can be written as: where @a is n™ term of the AP

a,,a,+d, a, +2d, ...,a, +(n-1)d

Note:

If a,,0;.0,,...4,,... arcin AP.

—
The n™ term of an anthmelic progression can be wrilten as
a“ :a. +(ﬂ- l)d

Nofe:

M " 2% 3 and n™ terms of an A P. arc denoted by a1, @1, @y and @, respectively

() n™term from the end of an A P. is (m — n + 1)™ term where *m” denotes the total number of terms of an A P
(m) Three numbers a.b,carein AP ifand only if2b=a+c

(iv) Any term (except first and last) inan A P 1s equal to half of the sum of two terms equidistant from 1t

(v) Ifthe term @1 s unknown or not given, the n™ term can be Wilten as 0. = @m + (n=m)d, n2m

Note that the subscript of the given term and coefficient of d sum ton ie., m + (n - m)=n

Middlc Term of an A.P.: The middle term of an A P. depends upon the number of terms. That is
(L At

b
7 Il the total number of terms of an A.P. is cven, then there are two middle terms i.c., [%J and (%~ IJ
where n represent the number of terms.

th
» Ifthe total number of terms of an A.P. is odd, then there is only one middle term i.c., [n ;1) term.
For Examples,

@ 13[579.11isan AP.

Here n = 6 (even number), then

(i) 1,35[719,11,13isan A P.
Here n = 7 (odd number), then

th

th
Middle Terms = [%) and (%4- 1) terms

th th 7+1 th
=[-§-) and (%-rl) terms =( ; ) term
= 3% and 4" terms = 4" term
= ayand @, terms = a, term

th
Middle Terms = [%1-) term

Selection of terms in A.P.:
(i) Three consecutive terms of an A.P. can be chosen as a~d, a,a+d or a,a+d,or a+2d

(ii) Four consecutive term of an A.P. may be written like a-3d, a~d, a+d,a+3d ora,a+d,a+2d,a+3d .

(ini) Last four consecutive terms if € is the last term can be written as below:
(=3d,(-2d,(-d,(
Ifcach term of an A.P. is increased or decreased, multiplicd or divided by same non-zero number, then the resulting
sequence is also an A.P. that is, if @, @,, 0;, ..., @,, ... arc in A.P. with common difference d then
() atk,a,xk,...,a,%k,...arcalsoin A.P. with common difTerence 'd".
(i) kay,ka,,...,ka,,...are also in A.P. with common difference 'kd".
(in) %,%-....,1—",, ..are also in A P. with common di[fcu:ncc% .
(iv) Term by term addition or subtraction of two A.Ps. is also an AP. ic., If g,,0,,0,....0,,... and
b, b, b,....b,,... arein AP, thena, +b,, a, b, ,a; £ by,... are also n A.P.

Example 2: Find the general term and the eleventh term of the A.P. whose first term and the common difference
are 2 and -3 respectively. Also write its first four terms.

Solution:

Here, 0, =2,d=-3

We know that @, =a, +(n-1)d

So, a, = 2+(n-1)(-3)=2-3n+3




T %

Than, the poneral torm of the AP » 5 =

Pumtmg &= 11 mog (1), we have

e, -5~ M11)
=-5<-11»

-

Weoan find 0,.0,.a, puttmgn = 2 3 4 meog (1L Hhet »

& =5-3w-1

e =S-31)=-4

a =5-34)=-7

.

Hence, the first fowur 1erma of the seguence are 2, -1, -4, -7

Exsmple 3: 1f the S™ term of an AP s 17 and 17 term s 49, find o, and 0.4

ﬁ‘-—-\ & ~é
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' P =t 1% qrememem AifTerence amd mrite the pevt
o termma of poc® prthmmet wrqmence

91620 o

2~ *3M =9 X7) 9421430
- 4

4TI =9.28-737

Mence ™¢ common & fference v T and next two terma of

Soloton - AP =30 07

Grventhat @, = 13 and a,. = 49

Puttmgn = S, 17 ma, =0, «(7-1)d, we have @ S.S-\E-S‘Z'-E.-.
@~y + (S-1) 0, =gy+ (17 -1)d olatee .
o= 0, + 4d 0,y =0+ 164 3.5:42.5+2v2. (AP
D=0 +ad 0 (v e=13) 49 =g, + 164 (1) (-, =49) s JeSeli-Seulamgey =3

Equationin) - Fguationd)
0,+168d= 49
4d - =213

124 = 36

20, 2

>d =3 Putd=3ineqll)
6,*13-4d=13-4(3)»13-12+1
o,~a,+(n-1)d= 1+(n-1)(3)=3n-2
a,,~ ¥13)-2=39-2.37

Thus
and

g, +(n-1)d
g, +3d=54+342

Lsmg &,
"-0
o w0, +4d=Se 442

Herce the common difference is Jg and next two terms

of AP are 5+3¥2.5+ 442

2 Wnite the first three terms of cach arithmetic
sequence. with given information.

Exercise 6.2

Berlme mbn m e | =

=8 limael

=8ei=ae
T & in
Repiace m M 2w i (1}

By ™ 4@ J{im

By = 44 Bn

4 Fimd (de indicated term of each of (he following
srithmetic sequence

M a=3d=Ta, ="
Solatms

g =wld=s”
Uvng @,

Gy ™ a, » 134

1

& "

. -

B =J+13T1=1+M

ay, = M

(i 83,2, .

Salution:
8.3-2
Herca, =8 d =} -0=-Sa,=

o @2

LB (AP
Using a, =@, +(n-1)d
au =@ +11d

@y =8 11(-5)
ay; =~ 47

in ¢'-2.d- 13

Example 4: Find the number of terms in the AP, if a, =3,d =7 and a, =59

g, = 2.d = 13 (Antametic Sequence)

Solution:
Using a, ~a, +(n-1)d, we have
59 =« 3+(n-1)x7 (a,+5%0,=3andd=7)
56 = (n=1)x7 =n-1=8 Dn=9
Thus, the terms inthe AP arc 9.

Usng @, =6, +(n-1)d
g, =0, +d=2+13-15
0,=0,+2d-2+2(13)=2+26-28
Hence the first three terms of AP are 2, 15,28

() ay=12,d=-13

Fxample 8: If a_; = 3n-11 find the n™ term of the sequence.

Solation:
g, = 12.d = =13 (Antametic sequence)

Solution:
Replacing n by n+ 2, we have
Guezz = 3(n+ 2) - 11
g.*3n+6-11
dg.=3n-5

Lsng a, =a; +(n—-1)d
gy =a,+d=12+(=13)= -1
=g, +2d=12+2(-13)=-14
Heece the first three terms of AP are 12, -1, -14

S The IN™ and Y™ terms of an arithmetic sequence
are 367 and 499 respectively Hlow many term of
this seqquence are less than 1000

) Fied ayuyand as ifau =4+ 3n

Selation:
g, =4+3n,a, =20, =7

Coemthat g, =4+3n

Solution:
Given that a,, ~ 367.0,, -« 499
Using a, ~a, «(n 1)
ay * 17d = 3167 i
@+ 29 ~ 499 ()
Equation (2) - Lquation (1)
@)+ 2% = 499
tayt 17d = ¢ 367
12d = 132 >d=11
Putd= 11 ineq (1), we have
ay * 17(11) = 367
@ = 367 - 187
= 180 .
To find the terma less than 1000, we have
g« < 1000

ay+(n-1)d <1000
180 » (n = 1)(11) = 1000
11(r 4, -1000-180
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11n - 11 < 820
1lm =« B0+ 11

a3
B oo —
11

n < 75 5454 approvamaney

Taken = TS5 N
Hemce there are 79 termn of the soguence less than 1000

6 b0l atermaoflthe AP afthe 5,11,17,...7

Selation:
> 1L 17, ... (A
Herea, =S5 d=11=-5=6
Leta, =301ne=?
Usinga, =a, ¢+ (n-1)d
301 =S« [(n-1)(6)
i01-S=6m-6
sBhe K =
Gn = 302
—
6
n=- Lﬂ—r-\'
3
Hence 301 1 not a term of the given AP,

T. MW2x,x«0,3x+1 arcin AP, then find the value
of x.

Selution:
As 2x.x + B, 3x + 1 arc in A P, so there exists a common
difference
(x+B)-2x = (3x+1)-(x+8)
x+8-2x = 3x+1-x-8
~-x+B = 2x-7
B+7 = 2xex
x=15
15

X

BB

X Which term of the ALP., 3,8, 13, ... s 1237
Solution:
3.8.13.. . (AP)
Here g, =3,d=8-3=5,0, =123,n=?
g, (n-1)d
123 = 3+ (n-1)(5)
3-3=Sn-5S
0 5=5n
Sn =125
125
N ~ c—
5
n=25
Hence 123 15 the 25™ term of the A P.

Using g,

1
1

NN

9 Which term of the AP, 10,295, 29, b thep

negative term.
Solution:
30,295.29

30.d

(AP

295-30--05

Here o,
We want 1o find smallest natural number n, such g
a. <0

g +(n-1)d <0
10+(n=-1)(-05) <0

1
-—=(n-1) <-30
z{ )

Mulnply by -2, we have
n-1>60
n>61
Taken=62¢ N
Now, Qg =ay+61d
=30+ 61(=05)
=30-305
= =05 (Negative)
Hence 62nd is the first negative term of the AP,
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1 1 1

]
Ia-

(9-¢)-(b-¢) _(b-c)-(b-a)

(b-¢)e-c) (b-a)(b-c)
a-c-bec b-c-bea
e-cle-¢)  (b-a)(b-c)
a-b a-c

B-0@- (b-a)b-o
Multply both sides by (b =)
a-b a-c

a-c  b-a

(Proved)

12. How many numbers of three digits are divisible by 77

M Fiad the 0™ wrm  of the progression

(3 5T o o e

an AP”
Solutiwon:

3
Given sequence | = —_— -

Furst, we find m™® 1erm of the sequence
L1017, AP
Herea, =3 d = 10~-3 =T a, ="
As we know
as =a *(n-1)d
“Jeo(n-10T)
«JeTn-7
e =Tn-4
10

n-u
nth term of given sequence = | 7 [

7 LTS A T AL T Y

A‘ll_o] -(-— lJ—i | —
7 7) \T L KFJ

S0 the given sequence is notan A

10. The 7 and 21" terms of an A.P., are 37 and
respectively. Find the A.P. and its 100® term.

Solution:
Given thar @, =37; a,, =107
Using: @, =a, +(n-1)d
ay+ 6d =37
a, + 20d = 107
Equation (2) - Equation (1)
ay+20d = 107
6d =+ 37
14d = 70
Putd=5incq. (1), we have
ay+ 6(5) =37
ay = 37 -30
ay=7
@yoe = ay +99d
=7 +99(5)
=7+ 495
a0 = 502
Hence the required A P. is
ay. (a; +d), (a, + 2d), .
7.(7+5).(7+ 2(5)). -
712,17, ..

2oy

=d=5

Now,

Solution:
Three digits numbers divisible by | are
105,112,119, . Y94 (AP)
Hereay = 105,d = 112-105 = 7,4, = 994,n =7
As we know
a, ~a; +(n-1)d
994 = 105+ (n = 1)(7)
994-105=7n-7
889+7=7n __
7n = 896
896
" B —
n =128
Hence there are 128 three digits numbers which are
dvisible by 7.

13. Find the B* term from the end of the A.P., B, 11,
14, _, 185.

Solution:
B.11,14, ., 185(A.P)
Thereversed AP is
185, _,14,11,8(A.P)
Here g, = 185,d=11-14=-3,n=8,0, =7
AS we know
e, =a,+(n=-1)d
Q=185+ (8-1)(-3)
=185+ (7)(-3)
=185-21
= 164 (Required Bth term from the end)

15, If the arithmetic progression 3, 10, 17, . and 63,
65, 67, . are such that their 1™ terms are equal,
then find the value of n.

Solution:
1" sequence: 3,10,17, (A M)
Herea, =3 d = 10-3 =7
dy=ay +(n=1)d
=34 (n-1)7)
«=3+Tn-7
dy=Tn—-4
2nd sequence: 63,65,67, (A P)
Herea) = 63.d" = 65 =63 = 2
an=a'y +(n=-Nd
=63+ (n-1)2)
=063+2n~-2
an = 61+ 2n .
According to the given condition
@, = d,
In=4=2n+61
In=2n=61+4
S5n = 65
65

n= =

n=13

16. If the p™ term of an A.P. is ¢ and the ¢ term s
P prove that its n™ term bs (p + g - n).

Solution:
Let Istterm = @, wad commun difference = o
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Given that: 0, = ¢ 0y = p 3 % \ | 1 l__—-\
Using: a, =@, «(n-1)d > d= ot (n . -;-I_ @
g +(p-1Md =¢ (1) | Equation (1) + Equation (2)
% +(¢-1M =p ) el
Equation (2) - Equation (1) :'“‘
aclg-Dd= p d==-=
tast(p-1ld=2q ¢ b
@-1)d-p-1)d~p-gq _. % )
Ww== > We— B
(@-1-pel) =p- 2 B = ¥ taking Ly
(g-p)d=p-q=-(q-p) -
d = -(g-p) 20
qe-r
Do 19. If @i and @ denotes two dilferent lcmm
Putd = =1 ineq (1), we have show that its n™ term is g, + (n- ,‘,{0.-&]
a, +(p-1)(-1
( ANy Solution:
gl e Let 15t term = @y, and common difTerence = d
a=p+g-1 Using a, = ay + (n = 1)d

As we know
a.=a;+(n=-1)d
=@E+e-1)+(n-1)(-1)
=p+g=1=-n+1
= p + g — n(Required nth term)

11
9. Weim nd-‘mu.\.r Dow that-Ba s,
ab a+c
Solution
11
:.;.— are in AP, so there cexists a common
difference
3 1.11
b a c b
11 o |
—3 —_——— -
b b c o
el By taking L.C.M
—_— — ing L.C.»
b ac ’ &
3 _a=c il 2ac
b ac a+c
11 1
18. If —,— and - arein A.P., show that the common
ab c
difference is ﬂ—‘-.
2ac
Solution:

1

- i— -I- are in AP, so there exists a common
]
cifference
del i 13
ba c b

gi = a; v(k-1)d A

Om =g, +(m-1)d ()
Equation (1) - Equation (2)

a= ay+(k-1)d

Om = tayt(m=-1)d
Ui-am=(k-1-m+1)d

d=2

= Put this in eq. (1)

a=q '(k-l}(ﬁf—)

-m
As we know

= a, +(n-1)d
Jw{n 1)[

a,-(k-u["; L
= g, +{~(k=1)+(n- 1)1( )

=a.+(-kd+n-l)(a;_;”;'J :

}‘.!. ! o(n-k)[";;"") (Proved)

=-m

20. Ifay, ay, @y, ..., @, are positive and In AP, pro

that

. S 1 s
;jul o;;u, .Ja_, +:]a, ;J“.-: +:;a, Jﬂl +I
Solution:

Giventhat: g, ,a,,0,,....0, (A P)
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@, 0y 0y a, -n, xU i)
Ad we ke
s Ul'{" ‘)J
g, -0 =n-1
u, ~a
o ] )
n-1

LHS =

| | - da 1
v ’E ]": '\,t'-.' J“- . ‘J"-

Rationalizing the denominator by formula
1 Jooih
]g oJ- a-b
J' J‘ Yo, J‘ Ao o

a, a, a-l.

. E&J:_ J;;J;:. \"J_.—Jm Using (1)

Y o AT oS
- o - ar)
(Vo ar)

.{n-lJ(JT-m
(Ver) - (Var)

(e, -a)
(Vo, -V (o, +a,)

n-1

Vo, +a,

LHS

using (2)

« R.HS (Proved)

o A4 vt dab - Abe s 20 =0
(a) «f 2yt wct w 2a) b d(-2b)(c)s AUc)(u)~ 0

(e-2beg)t =0
Taking the square root of both sides

0-2brc~=0
> b~ ueq
» heb=as+*q
» b-~a=c-b (common difference eninty)

Sow b and ¢ are in AP

12, If the sides of & right-angled triangle are in AP,
find the ratio of its sldes.

Solutlon:
Leta~d, a, a+d be the sides of a nght triangle, then by
Pythagoras theorem

(asd) = (a-d) «a’
a'vd* v20d = o od' - 2ad e+ d’
2ad + 2ad = o*

dad = a*
Dividing both sides by a (“aw0)
id ~a
= Sides of tnangle are
u-d,0,a+d
4d-d.Ad Ad +d a-A4d

3d,4d.5d

Ratio of sides ~ 3d : 4d : 5d
=3:4:5(Dwvide by d)

23, If the n™ term of a progression is a linear
cxpression In n, then prove that this progression Is
an AP,

11. IMthe roots of the cquation
(b=c)xt+(c-a)x+(a-b)=0
are cqual. Show that a, b, ¢ are In A.P.

Solutlon:
Given quadratic equation

(b-c)x* +(c-a)x+(a~b) =0
Compare it with

Ax? +Bx+C =0

= A=b-¢,B=c-a,C=a-b
For equal roots, disc = 0
~4AC =0
(c-a)' ~4(b-c)(a~b) =0
f'W'-Zm-‘!{ab-b‘-rwbc] =0
@ +¢ 2a-4ab+ 46 + 4ca-Abc =0

Solutlon:
As the nth term of a progression is a lincar expression in
‘n', so
g, =nda+b where a and b are constants
Putn=1,23, ..
ay~a+h
ar~ 2+ b
= n

Progression® .« b, 2a+b,3u+b,

This prr sssion will be an A P i 4
(2a b)-(a+vb) = (3u+b)-(2a+b)
2a+vb-a-b = 3a+b-2a-b
a = a (common difference exists)

Hence a+b,2a+b,3us b, . isan AP
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wh (a<b) (e-b)
Soluton
(<) (a-bF
Heea = (aebd) and b = (a—b)?
o o

>

AM=

_lasb) <(a-b)
+

L@’ b s 20bed’ o -20b
2
_2a° 420" 2d’ «H)
2 2
AM =gi+p

2. 116 11,16 are three A Ms. between a and b, fa
aand b

Salution:
Since 6, 11, 16 are throe A Ms between a and b, tevie
@wo IL16barem AP

> o-a=11-6=b-16
6-a=5=b-16
6-a=5 and b-16=5
6-5+g b=516
a=1 b=21

Hencea=1land b= 21
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a— —
= ot Bve A Ms between o7 and ‘:: . The A M ol 1w nambers i * gnal their "‘I'.f' L]
L w2 45 Fimd ihe aumbers

Selutun
Lot and & be the rao reguirad numbers, then by given

Cormlitiany

L Proauat = 45
a e " uh i al
CR S L) W
’n‘ﬂ»(\l 1L we have
=14 a Pt s oo (D)
a(1d a) =4S
1@ -a° =48
0=d thaeas
@ % Sa45 ~0
M- M Ste-T ~0
(a-5Ma M -0
kither a 5~0 or 0-9=0
=3 . a9
Whena = 5. then from ey (1)
S*b~ s > b=9
When a =9 then from ey (1)
Qebd=14 > b=5

Hence reguired numbers are 5 2 or 9 5

S U narithmetic means are inserted between o amd
b-

b, prove that d-—i':.whnduth—m
nes

dilTerence.
Solution:
Let A AL Ay, AL Be the n A Ms between a andd b,
then
WAL AL A, AL b arein AP

Herewy maanda,,, = b
Using a, = a, +(n = 1)d
- dyy=a+*(n+d=1d
b=a+(n+ d
b=aw=(n+ d
b-a
v

Yoy .
Auez = b

(proved)

6 IfA s the AM. between @ and b, grove that
(a-A) «(A-b) --;-{a-b)".

Solution:
Since “A" s the A M between a and b, therelire a, A, b we
inAP

> A= 2
LHS = (a-A) «(A b)Y

avh

3 W
-[a-‘“b] .[“"-bi
\ 2 2 J

i T ——
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2a-u-b a+b-2b a"' +p™! s.‘lb,
- (et (=) K

2(a™*! + b™*!) = (a + b)(a" + bn)
2a™1 + 26" =a""" +ab" +a"h4 prt
20" +2b™' -g™' -b™! =ab" +a"b
‘GNOI + b!l#l = abﬂ + a“b
a"-a+b":-b=ab"+a"bh
a"a—a"b =ab™ - b"b
a“(a—b) =b"(a—b)

= (% ?)

%a -by +--(o —b)?

= 2{(o-bF +(a-b)
= -—l‘z(a-b):

- 3(a-b)

a"=b"
= R.H.S (Proved) a"
-_—=1]
+bl|l b.
7. For what value of n, is the A.ML - o
a+ a) _(a [aY®
between @ and b. where a # b. b, b : (E‘) =1
Solution: LR Comparing both sides, we have
Given that: awbT A.M betweena and b =
a" +b°
Series: i
—

The sum of the terms of a sequence is called the series of the cormesponding sequence.
For example, 1 + 2 + 3 + *--+ n is a finite series of first n natural numbers.

The sum of first n terms of series is denoted by S,,.
Wewrite, 5, =a, +a,+...+a,.
Here, Si =
S:=a+a:
SH=Eaq+arta
Sa=ay+a:+ay+... +a,is known as n” partial sum.
Arithmetic Series: The sum of the terms of an anithmetic sequence is called an arithmetic series.

Formula for the Sum of n Terms of Arithmetic Series:
To develop a formula for the sum of any arithmetic series,
S» = a; +a, +a; +...+a, (Anthmetic series)

5= a,+(a; +d)+(a, +2d)+...+(a,-2d) +(a,~d) +a,

Reverse the order of terms of the senies

consider

Sa = a,+(a,-d)+(a,-2d)~...+(a, +2d)+(a, +d)+q, ()

Adding eq.(1) and ¢q.(2). we get
25, = (@, va,)+(a, +a,)+(a, +a,)+-+(g, +a,)+(a, +

25, = n(a, +a,)

aa)+(al +aa)

Sa = g(n,-i-a,,)
Sa= -;-.[ql +a, +(n-1)d] S a,=a,+(n-1)d

Thus, Sa= =%[2¢rl +(n-1)d] .

Unit 6 )» Sequences ang
——Striy |

= Since a=b=a-b=0, so dividing both sides by g .,

[upto n-terms)

SCHOLAR 2 MATHEMATICS - 11 -

R

Example 7: Find the sum of the first 100 positive integers.

——
Solution:
First 100 positive integersare 1,2, 3, ..., 100

Series = 1+2+34---+100 (A.P)
a,=1,0,=100,n=100andd=1.
Method-2:

So= g-[2a1+(n+1]d]

Key concepl:
The sum S, of the first n terms of an
Here, anthmetic ::m-.s 15 given by

Method-1: 5 =-i[?a| +(n-1)d)

=l
5= 5o, +0) o Seose)

Si00 = l22[2(1]-»[10{1-1]1]

Sioo =50(101)
Si00 = 5050

0
S0 = '1%'(1 +100)

Si00 =50(101)
S,g;l - 5050

Example 8: Find the 19" term and the partial sum of 19 terms of the arithmetic series: 2+—;-+ 5+—Z-3-+ s

Solution:
7 7 3
Here, ﬂ| 2 ﬂl —-2— and d= =a,-a —--2--2 =-2- n= 19, u”=?
Using @ =a+ (n-1)d
' ape = 2*(19-1)%
3
=2+18 E =2+27=29
n
Using S = 5(01 +a,)

S = %(a, +0ay,)

589

Sio= ‘?9(z+29)_ Zey-22

Example 9: Find the arithmetic serics if its fifth term is 19 and Ss = a5 + 1.

Solution:
Given that, as = 19, that s,
a+ 4d =19 "'(i}
Using the other given condition, we have .
Si=ag+1

.%[2% +(4-1)d]=a, +8d+1 v @g=a,+8d and S, =%[2¢:|1 +(4-1)d]

40,+6d =ay+8d+1
30, -2d =1 .. (ii)
Equation(ii) = 3 x Equation(i) )
3a,-2d=1
*3a, +12d =57
-14d=-56 =d=4 Putd=4ineq.(i)

0, +44)=19 = q,=19-16 = g,=3
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Regqured anthmatie semies 1

a, (g +d)(0,«2d)-
3+(3-4)=(3+24))+

3+T+11-

Example 10: How many terms of the serigs -9-06-3+0+  amount 1o 667 e
solution: e
Here, o, = -9, d = -6~(-9)=3, . S. ~60and n =?
Onen that 5. = 66

n
Using S. = =[2a, «(n-1)d|

n

66 = =[2(-9)+(n-1)3]

132 = n[3n-21) >132=3n(n-7) =44 =n(n-7)

n'-Tn-44 =0

" -1ln+4n-44 =0 sr{n-11)+4(n-11)=0 =(n-11)(n+4)=0

Either n-11=0 or n+«4=0
= n=11 or n = -4 (But n cannot be negative, because n € N)
Hence the sum of cleven terms 1s 66 Le, S, ~ 66

Example 11: Find the first three terms of an anthmenic senes in whicha, = 9,a, = 105and 5, = 741

Solution: 3
Given that a; =9.a, = 105and §, = 741
Wewantto find n, d, a; and a,.

Step-1: Find n Step-11: Find d Step-I1I: Find a; and a,.
- = g. +(n- As we know
Using ™ ;(h’] ~a,) — oy a _cﬂ «d
2 105 = 9+(13-1)d 3“91 S

741 = =(9+105) 105-9 = 12d B

o 527 96 - 12d a,=0,+2d

g~ Sy B8d =17+8=25

The first three terms are 9, 17 and 25

(i) }Sﬂ 54%4-...4-

Solution:

1.  Sum the series:
i 3+6+9+"'+ﬂ1°
Solution:
3+6+9+ - +a,, (Anthmetic Senes)

Hereag, =3,d=6-3=3,n=20,5;, =
Using the sum formula

S = %lz-:, +(n-1)d)

‘—;nfc—}n ..+a, (Arithmetic Series)

Here g, = Td JE-T -T,n nSs,=?

Using the sum formula

= 2_;{2(3,,(29- NE) Se= g{za, +(n-1)d)

2063 -3tl%)e-(%)

S0 = 630 .

171

SCHOLAR @ MATHEMATICS - 11
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a 1
2] & (m-1) W
oow w5
niflen-1
I
- L
ne7
G . nne?)
Vs

21(92)

Sn =1932

N Find ay for arithmetie series
d=f,n=195,«1706

3. Find 5, for each arithmetic series:

W e, =4n=250, =100

solution:
a, =4n=25a, =100

UUsing the sum formula

s, = -i{a‘ «a,)
i = -2-25(4-100)

25
= —(104
= (104)

= (25)(52)
S: = 1300
(i) ay =40,n=20,d=-3

Salution:
a; =40,n=20.d = -3

Using the bum formula
S. = g:za, +(n-1)d)

S =, Z;IZ(-GO) +(20-1)(-3))

= 10(80 - 57)
= 10(23)
Sis =230

(i) a,=52,n=21,d=—4
Solution:
a,=52,n=21,d = -4

First, we find @y, by using the formula

g, a1+ (n-1)d

52 = ay + (21 - 1)(-4)

52 = a; + (20)(-)

52+80 =a,

a; = 132

Now, by using the sum formula

n
Si= -z-[a, +a,)
5n = %(132+52)

- Lo

Salotinn:
@=0n=195 = 17860, = (A Serien)
1 simg the sum formuls
n
Se ™ -;':fl. o(n- 1)

L/

1786 -’-::;.‘u.l (19 1)(ay
19

1786 - T 2la, «(18)(4)!

1786 = 1a, «72

1786

19
94 - 72 = a;

o, +72

L]

4. How many terms of the series: 96 « 93 + 90 »
amount (o 1071,

Solution:
96+ 93 + 90 + - amount to 1071
Here a, =96,d = 93 =9 = =3
Let S,=1071,n=7
using the bum formula

S = %:2::, w(n-1)d)

1071 - ;:zm}-(n 1)(-3))

1071 =2 = n(192 - 3n + 3)
2142 = n(-3n+ 195)
3n’ -195n+ 2142 = 0
Dividing both sides by *3°
n* -65n+714 =0
n* -S51n-14n+714 =0
n(n-51)-14(n-51) =0
(n-51)(n-14) =0
Either n-51=0 or n-14 =0
n =51 I n =14
Hence 554 = 1071 and §,, = 1071

5. Ifthe three sldes of a right-angled triangle having
perimeter 36 cm are In A.P., find them.
Soluation:
Leta — d,a,a + d be the sides of a nght trangle, then
Perimeter =a-d+a+a+d
36 = 3a  Penmeter = 36 cm
a=12
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By Pythagoras theorem
(a+d)?=(a—-d)*+a*
Put a=12
(12+d)}?=(12-d)*+12?
144 + d® + 24d = 144 + d® = 24d + 144
24d + 24d = 14
48d = 144

144

= Sides of triangle are

a-=d, a, a+d
12-3, 12, 12+3
9, 12, 15

= 9¢cm,12cm, 15cm

6. Sum the series

(i) 3+5-7+9+11-13+15+17-19+... 0 3nterms.
Solution:
3+5-7+9+11-13+15+17-19+ ... 10 3nterms
=(3+5-7)+(9+11-13)+(15+17-19)+ .. tontzmms
=1+7+13+ ...tonterms
Herea1=1,d=7-1=6,n=n,5,=7

Using the sum formula .

Su= 5[2a,+(n-1)d}

= 2(2(1)+(n-
= 2(21)+(n-1)6)

=2 7R
2{2+6n 6} 2[61'1 4)
=n(3n-2)

(i) 1+4-7+10+13-16+19+22-25+...tlo3nterms.
Solution:

1+4-7+10+13-16+19+22-25+ ...10 3n lerms
=(1+4-7)+(10+13-16)+(19+22-25)+...ton lerms
=-2+7+16+...tonlerms
Hereay==-2,d=7=(-2)=9,n=n, 5, =1

Using the sum formula

Sa= ggza, +(n-1)d)
- ;[2[-—2}+[n—1}9}=%{-4+9n—9}

= -:-(9::-13)

7. Find the sum of 20 terms of the scries whose r'®
term is3r+ 1.

Unit 6 ))) Sequences ang 5"5!:
@)=3(3)+1=9+1=10 D
a=3(1)+1=12+1=13
Series: 4+ 7+ 10+ 13+ ..to 20 terms
Here a1=4,d=7-4=3,n=20,5="

Using the sum formula

So= %{u, +(n-1)d)
S = 329[2{4]+{20-1]3}

=10{8 +(19)3)
=10(8 + 57) = 650

8. The5™ and 9" term of an A.P. are 11 g 13
respectively. Find the sum of 20 terms,
Solution: B
Given that:
as =11 I
a+4d=11  ..(1)
Equation (2) — Equation (1)
ay+8d= 17
tayt4d=111

4d= 6
ineq (1), we have

3
4z)l=11
0y + (2]

01+6=11
€I'|=5

as =17
m+8d=17 )

= d= 5d=-!.

> o

3
Putd=—
"

Here a, =5,d=-2-,n= 20,5;, =7
Using the sum formula

5. = -";:!—'{21.11 +(n-1)d}

S 322{2(5)+(zo-1)[?2-)}

sforr()
" 10{20;57}

=5(77)
S20 = 385

9. Obtain the sum of all integers in the first 1000
positive integers which arc nelther divisible by S
nor by 2.

Solution:

Given that:a,=3r+1

Putting r=1, 2, 3, 4 and so on in eq. (1)
a=3(1)+1=3+1=4
az=3(2)+1=6+1=7

(1)

Solution:

The first 1000 integers which are neither divisible by Snf
by 2 are

1,3,7,9, 11, 13, 17, 19, 21, 23, 27, 29, ..., 991,9%

997, 999,

SCHOLAR T& MATHENMAanw - 11
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sum=1+3+7+9+11+13+17+19+21+23+ 27+
294 ...+ 991 + 993 + 997 + 999
=(1+347+9)+ (114 13+17+19)+ (214 23+ 27+
29)+...+ (991 + 993 + 997 + 999)
um=20+60+100+ ... +3980
Here ay = 20, d = 60 - 20 = 40, a, = 3980, n = ?
As we know
an=m+(n-1)d
3980 =20 + (n - 1)(40)
3980-20 =40n-40
3960+ 40 =40n
4000 = 4n
Using the sum formula

Sh = 'g'{al +a,}

=n=100

Sioo = %{20:,3930] =lg—°{4ooo}

Sie6 =50{4000} = 200,000

10. Thesum of 9 terms of an A.P. is 171 and its eighth
term s 31, Find the series.

Solution:

Given that:
a=31
a+7d=31...(1)

=171
%{Za, +(9-1)d} =171

5,,=%{Za, +(n-1)d}

g(Za, +8d) =171

9(a; + 4d) =171

a1 +4d =19 (2)
Equation (1) — Equation (2)

a+7d= 31

+ gy +4d =419

3d= 12 =d=4

Putd=4ineq (1), we have

a+7(4)=31 =>a=31-28
Hence the required series is

a+ (@ +d)+ (a1 + 2d) + (a1 + 3d) + ...

3+4(3+4)+(3+8)+(3+12) +...

3+7+11+415+ ...

=>m=3

IL The 5" term of an arithmetic progression is 21 and
the sum of first six terms is 90. Find the 18* term.
Solution:

Given that:
Here a5 =21 S, =90
Gl.4d=21 .(]) g{zal +(6—1)d} =90
3(2a;+ 5d) =90

2a,+5d =30 ...Q2)

2 = Equation (1) - Equation (2)
20y +8d = 42
+2a, + 5d =130
3d= 12
Putd = 4 incq. (1), we have
ay +4(4) = 21
a=21-16
Herea; =5.d =4,n=18,a,, =7
My = a; + 17d
=5+17(4)
=5+68
a15=73

= d=4

= o1 =5

12. The sum of three numbers In an A.P. Is 24 and
thelr product is 440, Find the numbers.

Solution:
Let the three numbers in A.P. be a, ~d,a, ,a, +d

By given conditions

Sum = 24 Product = 440

a,-d+a, +a,+d=24 | (a1 -d).(a1).(a; + d) = 440
3a;=24 a,(aj -d*)=440

a=8 B(64-d)=440 - a,=8
Whend=3,a,=8then | 64-d?=55=64-55=d
required numbers are >d*=9=d=13

a,~-d,a,,a, +d When d = -3, a; = 8 then

8-3,8,8+3 required numbers are
58,11 ay—-d a,a+d
8+3,8,8-3
11,8,5

13. The first four terms of an A.P. are 2,6,10 and 14.
Find the least number of terms needed so that the
sum of the terms is greater than 2000.

Solution:

First four terms of A.P. are

2,6,10,14
= a=2d=6-2=4
By using the sum formula

Som %[20, +(n-1)d}

= 2(22)+(n-1)(4))
- -:-{4+4:i—4}

=3(4n)

Sa=2nt
We want to find the least number n, such that
S» > 2000
2nt > 2000
n?> 1000

=



T, e ——

176 ey
—— When = 1, 0, = 5 then required numbers are N
n > <1000 o, -2d.0, -d.a, .0, +d.a, +2d
n > 31.62 approxumalehy £_.28-1558+1.5+2
3 = 2. -1.5.5 - -
Taken= 32« N ) 3 4.5, ¢
llcfxc-':.r 32 is the least number of wrms for which When ¢ 1. a 5 then required numbers aep
$wz > 2000 @, e, -d.0 vd.a, «2d
14. Find four numbers in AP, whose sum is 32 and 5¢2.5+1,55-1.5-2

the sum of whose squares is 276,

Salution:

Let the four smbers n AP be 0, -3d. 0, -d .0, +d.a, +3d

By given conditions
Sum 32
g, -3d+a,-d-a +~d+a,+3d=32
4a, =32
a, =8
Sum of squares = 276
(g, -3d} (g, ~d) «(a, ~d) +(a, +3dY =276
aj < 9" -6o,d +a] «d’ -20,d+a} +d* ~20,d+q] +
9d° +6a,d =276
4a] + 204" =276
4(B) + 204" =276
20d° «276-256 = 20d° =20 >di=1 =d=1z1
When d = 1, @, = B then required numbers are
a, -3d.a,-d.0, +d.a, +3d
8-38-18+18+3
5.7.9,.11
Whend = -1, @y = & then required numbers are
a,-3d.0, -d. o, +d.a,+3d
8+38+1.8-1,8-3
11.9.7.5

a=8

I ——,
- a+b c+a bec

a* b* ¢ arcin ALl

————
are in AT then show .

15. Find the five numbers in A.P. whose sum s 25 and
the sum of whose squares is 135,

Solution:
Letthe fnenumbers nAP . be o, -2d.a, ~d,q, 0, +d,a, +2d

By given conditions
Sum = 25
a,~2d+a,~d+a,+a, +d+a, +2d =25

Say= 25
a1 =5
Sum of squares = 135
(a, -2d)’ +(a, —df -ﬁaf +(a, »a']2 +(a, +2d]1 =135
gl +4d* ~4a,d+a] +d* -2a,d+a] +a] +d’ +
2a,d+a} +4d* +40,d=135
Sa] +10d* =135
5(5)° = 1047 = 135 a=5
1047 = 135 - 125 = 10d?= 10 =d?= 1 = d = £1

Solution:

are in A P s0 we have

)}
“a bec
1 1
:c-a,iza-b‘-b_*c-
Multiply both sides by LCM (@< b)(b+c)(c+qa)

2(a+b)(b-c) = l(b“l(f‘ﬂ]-‘l(u-b]k..’

2(a=b)(b=c) = (c+a)(b=c+a=b)

2Hab+ac~b® - be) = (c+a)(a+2bsc)
2ab+2ac+2b' +2bc = ac +2bc+c’ +a’ +2abage
2b = &' ¢

= a’b*andcarein AP

Since —l-—-
a~b

- N

(As 2y=x=2 |I‘.l.y_z.=°u

17. The sum of the first four terms of an AP, s
The sum of the last four terms is 112, If jiy
term is 11, then find number of terms.

By wsing the sum formula

Solution:
Given that: a; = 11 and 54 = 56
As we know
S, = %{Za, +(n-1)d|
1= 2(2011)+(4-1)d)
56 = 2(22+34d) Sy
28 = 22+3d
3d=6 = d=2

Herea; = 11,d = 2;a, =7
a,=a,+(n-1)d
=11+ (n=-1)(2)
=1142n-2
a,=2n+9 wolih)
Last four terms of A.P are a,,, @y, @n-2,0n-3
By using eq. (1), we have
p-y =2(n—=1)+9=2n+7
p;=2(n—2)+9=2n+5
Qp-3=2(n—-3)+9=2n+3

Giventhat:  Sum of last four terms = 112
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Nsf(dmeT)o[2me5)H2n+1) n times the single A M. between them

19 Show that the sum of i1 A Ma. between a and b »

Br o+ 24 - 112 Selation:
B = 112 - 24 ler AL AL A A, be n A My between @
8n -~ 88 s =11 Ay, Az Ay A, barem AP
I Required number of terms) Here o u?\'
Qe

ﬁt_ﬂnllnm"lau AP s @, the second term s b g, «(ne2-1)d=b avung a_ =g, «(n
and the last term is €. show that the sum of AP is ge(nel)ld=b & =g
gec-tdlfer (ne1)d=b-a
2(b-a) b-a
m—— d
soluton nel
Gven that. @y = a.a; =b.a, =¢ -
Now, A, v+ 1d 1
_ dab=a > a a -
As @, =¢
5 g, +(n-1)d =c Ar=aye2d=ae Y —=
g=(n=1){b-a) =c ne«l
(n-1)(b-a) =c-a :I.-m°3d-a-}h—':
ne
B o
b-a
,,.""’,1:'-"_"‘1"“ A, =a,+ nd u-nh .
b-a b ne1l
b+c-2a By adding Ay, A:. Ay, . AL, we have
P ke
b-a A v oA+ -A_.-nm;"':.{l.:._x.
M.

5'52(01'0-} ’nuotu‘.:u 1+2+3- -n
f’ ” nel/ 2
__:_,r_-__a ; m‘(b-a].n 2na =nh-na
- eq T
e _ ha+nb n{a+b)
Sn = ——-————[b c-dhjites) (Proved) 5 9

2(b-a)

= niA M) Proved

and b, then a

1

-n}

ane1)

Geometric Progression (G.P.)

A geometric progression or geomelnc sequence in which each term after the first is found by multiplying the

previous lerm by a non-zero constant r called common ratio.
Like anthmetic progression, we can label the lerms of a geometric sequence as a,, a;. a, and so on, a,

20 The

. a
n* term is a,, and the previous term is a,,-y. So, @, =r(a, ,). Thus, r=—=—_That is, the common ratio can be

found by dividing any term by its previous term. 1

Rale for nth term of a G.P.:

Exch term after the first term 1s an r multiple of its preceding term. Thus, we have,
a; = o,r=a,r""
o = ayr =(a,r)r=a,r* =a;r*"

as = ayr =(a,*)r=a,r’ =a,r*"

m which is the general term of a G P
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Properties of G,
(0 1 cach wem of a G PP is muluplied or divided by the same non-zero number, then the resulting
alsoa G P that s it 94,95, 94 0, Gno o are in G P and k 15 a non-zero number, then sqm"q

) kg, ko, kay. ... kg,.... are also in G.P
(b —(:-('-2’:-% .%..,.an:ahom(].l’.

1
() The reciprocals of the term of a G.P. also form a G P, that is if @, b, ¢ are in G.P., then -.l.l are a|
abec ing,

(un) Ieach term of a G I* s raised 1o the same power, the resulting numbers also form a G.P. that js, i

a. ]
mGPthen a™ D", ¢" are also in G.P. bey 1
(V) Three numbers a, b, ¢ are in G.P. if and only if b? = ac.
(v) 1 the set of positive numbers ay, ay, @y, .., @y, .. are in G.P, then log ay, log ay, log ay, < log -~

AP and vice-versa

(vi) Term by term muluplication or division of two G Ps. are again in GP.ove, ﬂl-‘l:.a,...a. AA
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_,...---'-"__. tod [ o | . -64
Enl"‘l'l"' 16: Find a, 1l a, - 2—7 and a, —7—23 oflaG.P.

;olution:
S -61

a — and 0, =—
oo 729

Given that:

wefind @y and 7

by, by, by, ... by, arc in G.P. then ayby, @yby, ayby, . Gnbp and %-T":i;—' S are also in G P,
A T "
Example 12: Find the eiehth term of a geometric sequence for whichay = =3 and r = =2,
Solution:
Here,ay = =3,r = -2 n=8,a4="7
As we know a, =y et
au = (=3) . (-2)*1 = (-3).. (-2)' = (-3) . (-128)
ay = 384
Example 13: Find the n'" term of the G.P,, 3,12, 48, ...
Solution:
Hereay, =3,r =1
As we know: a, = ayr!
ay = 3.4"

Example 14: Find the tenth term of the G.P., for whicha, = 108and r = 3.

Solution:
Here,a, = 108, r =3, o ,=?

Step-1: Find a, Step-2: Find aye

As we know a, = ay As we know: a. =a,.r!
as =ay . 341 @ =4 (3)10
108 = 27a, awp=4.(3)°
ol o "7[".732
Example 15: Find the 5" term of the G P, 3,6,12, ... .

Solution:
GivenG.P.1s3,6,12, ...

Here g, =3,a, =6, therefore,r = 22 o
%

6

—_=2.

Using  a,=a,r"" forn =5, we have
a;=a,r*"

=3.2"1=3.2' =48

- [arst, .
| Tofind @y we have to find @y and r.
— ﬂ a -—-;‘1
“=27 77729
1] = i -64 "
' ar' "2—? 2@, =agr™ a,r’ I:729" a,=a,r""
] , 6 o
) _ W I — . An
ar > (1) a,r 729 (n)
1 lql-l-l“““{"] + Equation(i)
-64 3
or .12 =T :.,:=['_2J
a,r' 8 27 3
27
2
i~ re= —J(!.lklng only real valuc of r )
1]
Vo — (i), we have
e’ ==z in ¢
8 ) 8]
()7 =2
i 2 n-1 ) 2 -1 2 n-1
Now, a, 'ﬂlr o {11)(-5) ={_1)(-1r l(i) =(_1]ﬂ (3)
Exercise 6.5
L Find e 6® term of the G.P.: =6,-3,— 2. Find the 8" term of the sequence, 3, 3%, 33, ...
i v R Solution:
Solution: 3,3%,3%,..(G.P)

3
-6,-3,-=,... (G.P
3 G.r)

Here a0, :—B.rz—;—:%,n=6,aﬁ =7

Using @, = ayr!

o [-6)(%Jw

3
Here @, =3,r =—3-=3.n =8,0, =7

Using a,, = a,r"~!
ag = (3)(3)""
= (3)(3)” = (3)(2189)
ag = 6561

3. The n"™ terms of the sequences 1,2,4,8,... and
256,128, 64, ... arc equal. Find the value of n.
Solution:

Ist sequence: 1,2,4,8, ... (G.P)

Here g, = 1,r=%=2

Using a, =ayr"-?
=(1)(2)"! = 2n-1

2nd Sequence: 256,128, 64, ...(Q.P)
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o
Here a, = 256,F = —=—
; 256 2
Using a, = ajr™"
F, lw- 1
= 2s6)3)
= 1
- \_2- 3
According 1o the given condition
. = a,
2!’
2% = —
a1
(2»—!) =20
2in2 = J»
By companng. we have
2n-2=8
2n =10
n =5 (As required)

Unit 6 J)) Sequences and Serig,
—

(-1) -579
= (579)| — |=——
( "- -y | 2
ay = ayr?
1
;5795‘_11 579
\ 2 4
as =mr'
= 7
=579i—‘J —-%
as = ayr*

16
Hence the first five terms of G.P. are

579, -579 ﬁ‘ 579'579
2 4 8 16

]
w
~1
-]
—
I
| —
N
-
]
v
~
D

5. Find the 12™ termof 1 + 1,21, =2 + 2{,

4. Find the first five terms of each sequence
described:

1
i a, =243, r=-—
(i) 1 "3
Solution:

Given that: @, =243,r =§-

Using: ay =ayr!
a: =mmr
= (243)(1J=91

3

ay —Gﬂ"
1 1

[243)(§) —(243][;—):
as =ayr?

-y ()
as =art

4
1 1
=] =243|—|=3
243{3] [BIJ

Hence the first five terms of G.P. are
243,81,27,9,3

(i) a =579,r=-%
Solution: g
Given that: =579,r=—
Using: =gyrm}

gz =ar

Solution: e
1+i,2i,-2+ 2, ... (G.P)

Here

2i 2 1-i 20-1%)
=l+{,r=— = —— st ————
GSIRNTSIe 1ad 1=1 1P

2(i+1

=—g:_1) =r=1+in=12,a0);=7

Using a, =a,r"™"
ai = (1+N)(1+1)" =(1+)"
= [+ ) =(1+i* 2]

=[1-1+2i) s
= (21)" =(2)°.i* =64.(*Y

= 64.1) ot ug
=-64

6. Ifthe 4™ and 9' term ofa G.P. are 54 and 13
respectively. Find the G.P. Also find its

term.
Solution:
Given that:
as =54 as = 13122
ayr® =54 A1) ayr® =13122
Equation (2) = Equation (1)
a,r' 13122
a,r’ 54
rF=243
=35
— ]
Putr = 3 ineq. (1), we have
a;(3)? =54
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S5
54 » " 2, 4 g
o=z = (i) &« W+, od areinGP
Solation:
As we ko o ﬂ"b‘,ﬂ' -(J.tJ «d® willbe inGP_if
ds 1
2(3) P g
RN“"‘JG Pis a b et
a,,a,r.a,r, l'ar‘f «far’yY  (or'¥ «(ar'y Pt st 60 24
2,2(3).2(3), g +(ar) (ar) «(ar' Y
26,18, . arl «a'rt _ art «d'r*
#Eﬁ_fdarnnc P., prove that: a::"a‘: ::r:-c‘r_
. a-bb-cc—darcinG.P. (A-r) _ar’(isr)
) @i —bib = —d arcin G.P. a“(1i-r) dr-r)
(i) a* + b, b? +c*.ct +d*arcin G.P. rt o=l (Common ratio exists)
Solution: which shows that @® « b0« ,¢* +d® areinG P
sincea. b.c., d are in G.P., so there exists common ratio
b_c d_, 8. If(p+q)™ term of a G.P. be m and (p—q)™
2% ¢ term be n, then find the p™ term.
b c_, i-—r Solution:
- b c Giventhat: g, =m and  a, =n
b=ar c=br d=ar As we know
c=(ar)r=ar* | d=(ar’)r=ar Qs =g r" .50
) a-b b-c,c—darein GP. oirrvc-i — ()
Solution: 1
a-b.b-c,c—dwill beinG.P., if and gt =g )
b-c c-d Equation (1) = Equation (2)
" b (,r™* " )(a,r™ ") =mn
2 =bep—g-1
ar-a* ar* —ar ) (0, .r" - mn
— _—ar—or’ Putting values of b, ¢, d (al]l AR =
Gf{:-r} ﬂ'r‘{]—r) . {ﬂl)z.(r'-l)z =mn
m=m By taking square root of both sides

r=r(Common ratio exists)
which shows thata - b, b-c.c-dare in G.P.

(i) @ =-b b -c*,c*-d? are in G.P

Solation:
ad-b b -2, -d* willbeinG.P., il
pr-c® _ c?-d?

at-b b -¢t

(er) -=(ar*y _ (0’ -(ar)

Putting values of b, ¢, d

a -(ar)? (ar)* -(ar?)?
a'r -a’r* _ dr*-d¥rt
o’ -d*r? a r i _d?rt
adr(i-r?) _dr'(1-r*)
a(1-r*) a!rz[l—rz)
rreart (Common ratio exists)

which shows that a® - b*, b? —¢2,¢% -d* arcin G.P.

J@r™y = Jmn

a,r*' = Jmn
ap = vmn
= pthterm of G.P = Jmn.

'.'G’ =01'J-1

9. Find three consecutive numbers in G.P. whose
sum is 26 and thelr product is 216.

Solution:
Let the three consecutive numbers in G.P, be —.c1 .ayr
By given conditions

Sum = 26 Product = 216
gr'—-o-a‘ +a,r =26 (&][ql )a,r)=216
r
a,-ralrd-alrz =26 (a, ) =216
r a =6
= a,+ar+ar =26
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INL U A SQQuen“‘ .

Putting a; = 6
6+6r+6r° = 26r
=  6r' +6r+6-26r-0

6r' —-20r+6=0
3r' -10r+3=0 Dividing by *2°
3r' —9r-r+3=0
= 3r(r-3)-1(r-3)-0
(r-3)(3r-1)=0
Either r-3=0 ; 3r-1-d =r=3.r=%'
When ay = 6 and r = 3, 2]
then required numbers are When ay = 6 and r-;.

9 .0, .a,r then required numbers are

r a—.d or

6 r'l'l

3660 . A
Lo of)

2.6,18 1 3
3

18: , 6, 2

10. The3™ term ofa G.P. is the squarc of 1 term. If
the 2™ term is 9 then find the 6" term.

Solution:

Giventhat: @,=(g,)* and @,=9
Using: @, =a,r""
©art = (a)? ayr=9 «(2)
Dividing by a;
r=a (D
Puta;=rlineq. (2)
r.r=9
=9
5 1 1
= r=(9) = |r=9?
1
Put r=9? ineq. (2), we have
1
a;.9% =9
.
ay = —1
931
1
ay = 91 3
As we know
as = ayrs
i 3 25

=93.(9) =

nd
ATT - R
,“1.']i o
-3 o815

Hence a, =81.99

ratio Is tJE.
c

Solution: \.
Since 2; 2.2 e inG.B, s thers el
ince =, 2= P, cmcmstscommonh_
3
b __c -a_b
ie, = l — 1 = r*;-—:
a b
a b
r=— i} e
= 5 N I hos @
Equation (1) x Equation (2)
r:r:gx— = F=£

:Jﬁzg

2

= r=t =

c

12 If the numbers 1, 4 and 3 are subtracteq fron
three conseculive terms of an A.P., the resuliip,
numbers are in G.P. Find the original numbery jf
their sum is 21.

Solution:
Let the three consecutive terms in AP, be @)~ d, a3, 0,4+ 4
By given conditions
m-d+a+m+d=21
30, =21 =>a3=7
ay-d-1,ay-4,ay+d-3areinG.P.
Put ay=7
7-d-1,7-4,7+d-3arein G.P.
6-d,3,4+dareinG.P.
3 . 4+d

—

= 5-d 3 (common ratio exists)
3x3=(4+d).(6-d)
= 9=24-4d+6d-d?
0=24+2d-d*-9
= dr-2d-15=0

d?-5d+3d-15=0
= d(d-5)+3(d-5) =0

1% 4 - T '
1. 1ir e and ; are In G.I. Show thyg the %%
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(d-5)d+3) =0 14, Ifp™, g™ terms of a G.F, are g and p respectively,
d-5=0 or d+3=0 1
Either d=5 . d=-3 show that (p+ q)™ term is (¢” +p" )" ™.
- and d = 5, then required numbers are :::::‘:;;l: i
ay~d,ay,a+d LR e g
7-5,7,7+5 Pt =g )
2,712 a,r"' o p (2)
when @i = 7 and d = -3, then required numbers are Equation (1) + Equah:r;'rz,\
a-da,ay+d agr .4
7+3,7,7-3 o't p
10,7, 4 gt = 4
'l'm_rcc consecutive numbers in A.P. are increased ::
by 1,4, 15 respectively, the resulting numbers are e - ;
in G.P. Find the original numbers if their sum Is 6. ’
Sona : = r= (2} Putthis ineq. (1)
Let the three consccutive terms in AP.bc a)-d,q;,0, +d | pJ
By given conditions 13!
a-d+ay+a+d=6 g, (E]p—tl i
301=6 P
@=2 pe1
m-d+1,a1+4,a1+d+15arcinG.P. a’[ijp-e "
pulas = 2 P
2-d+1,2+4,2+d+15arcinG.P. i {P,:_:
3-d,6,17 +dare in G.P. 91—‘1-[;)
= '3—53 = 17; 2 (Cc ratio exists) -~ p:T‘:
6x6=(17+d).(3-d) q- :__l
36 =51-17d+3d-d&? "'_] e
0=51-14d-d*-36 _q‘  pre
#+14d-15=0 s
f+15d-1d-15=0 (By factorization) =g Y phs
d(d+15)-1(d+15) =0 = (d+15)(d-1)=0 1 gl
ay =g . pr
Either d+15=0 or d-1=0 - .
‘ d =-15 iod=1 an = ayr-t
when oy = 2 and d = =15, then required numbers are oy et Bl
ai-d,ay,m+d Gpeq = qF ¥ -pF 7. [E.JH
2+15,2,2-15 p
17,2,-13 R
when oy = 2 and d = 1, then required numbers are = "9 .prt 8 -
a-da,an+d p%
2-1,2,2+1 19 g9l 1 peg-d
1,.2,3 =P P pr—o ~e
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184 Unit 6 ) Sequenceg am:‘\
Vgepsg-l  p-l-p-gs) al+dasasd -0 \
o e p = ala+4)+ {a+4) -0
r (@a+1)(a+4) 0O
q"--p"_" Either a+1=0 or avdag
- a=-1 or =
q’: If a = =1, then the terms are 4
v <3i(=2+2):(-3+3)..
pr g ~1,0,0, . (Notavalld G P)
=3 It @ = =4, then the terms are
- [ﬁ]’ ™ A, (2(-1)+2).(3(—)+ 3),
L]
v ~4,-6,-9,
_— -6 3
Gpee = (@ ) (Asrequired) | = paess
IS, Ifa.2a+2,3a+3, . arc in G.P., then find the | Henee a = art
fifth term. 3\
Solution: - l""]l;]
a,2a+2,3a+3,..(GPM "
> (20+2) =a(3a+3) (Asy=x.yifxy,zareinGP) - s[l‘-‘]
da‘ + 4 + Ba = 30¢+ 3a 16
da*+ 4+ Ba-3a*-3a =0 -H1
a' +Sa+4 =0 i
—

A number G 1s said 1o be a geometric mean (G M) between two numbers @ and b if @, G, b are in G P_m

o _»

Taking square root of both sides, we have

1 i
f—iTz H l"--Tz

b/ Nole:

9 5 Gy Gy Gy Gy a1C said 1o 7 o
= G* = ab G A berween two numbers a ung
= G -:Ja_b fa, Gy, Gu.Gy. .. .Go.bareimGp

1
Example 17: Insert three G Ms. between 2 and —
Solution:
Let Gy, Gy. Gy be three G Ms. between 2 and & Therefors
2.6, .G;.G..%arc inGP
Here a, =2, a, :% andn=5
As we know: a; = ap™?

a =a,r"

3o s ertaae0 = EAF-re0 o @F-DEF D=0
= 2ri-1=0 ; 2rf +1=0

2 2-1 H r: S
2

SCHOLAR 2 MATHEMATICS - 11

185

m—

When r 7‘; we have
1
ar-2{75) -2
%)
|]' 1
V]

1.9
G =mr =4

l
G, ~o,r’ [

()

When r = j;-.\u- have

G, =a,r- 2[7_‘” Jz

When r = 7'.5 we have
G, ~a,r 2[:;5] 2
G, =a,r* =z[7'2.r 1
G, =ayr* = 2(:;2.) . 7}

1
When r ,we have
:2

-
G, ~ar 2[ ZJ 2i

(
. z(

Mole
| The real values of rare usually taken but here other cases are considered to widen the outlook of the students

T

1. Find GO between:

() _-2and8 (i) _-2/and B/ (i) 6and9
|i| T -2andB
Solution:
Herea = -2 and b~ B, so
GM =~ +Jab
= ty(-2)(8)

eJ-I_h '-lﬁ

GM =4

Ve

Mence the G M between -2 and B s 4 or 41

(i -2i and BI

solotion:
Herea = -2t and b = B, so
GM = =vab

«J-20(81)

J-161° - «J-16(-1) R L |
. 216 = 24
Herce the G M between -2 and B s 4 or —4
(i) 6and® rg
Solution:
Heree = 6, b~ 9
GM - = Jab
6)(%)
:N’;

Hence the G M between 6 and 9 is 336 or -3 .

1 Insert four real geometric mmcans between 3 and

96.

Solution:

Lat Gy, G2, Go G be tour G Ms. between 3 and 96, then 3,

GG G G 96 are n G.P

Hereay =3 |

as =~ 96

art = 96 using a, =a,r""

Irt <96

a, -1

A=325rh=2r=2
{ Taking only the real value of r)

Now, Gy =

ar=3.(2)=3.2=6

Gi=ari=3.(2)=3.4=12
Gi=ar'=3.(2)=3.8=24
Gi=art=3.(2)'=3.16=48

3. Ifboth x and y are positive distinet real numbers,
show that the geometric mean between X and ¥ Is |
less than their arithmetic mean,

Solution:

Given that x and y are two distingt positive real numbers, then

and

AM-ZX
2

GM=Jxy

We want to prove that GM < AMie , AM-GM>0

AM-GM = ";—”—

4

_xsy-2dxy
2
_ A () -2090)(y)

2

-y o

= AM-G.M > 0 which is required result.

4.  For what valuc of n,

b
—:l—t.—_ Is the positive
a

+b"!

geometric mean between aand b ?

Solution:
Given that:
a’«b"

alhl ._bn-'l.

= +ive G.M between a and b.
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186 LT T — -'uquqnt“.nd
Pt Whena = 16, then from &g (2) \\m
—_— = Job 3]
e by o o b5 “lr‘
—
1 15 4 “16
anv+ b= glhl (@™ ") Hence the required numbers are 16, 4 ord, 16
3 i 1 ) 6, The A.M. between two numbery ™y s
PR TS s 0 WO o (positive) G.M. is 4. Find the numbery ‘ldl' ;
b A 1 3 - 2T ) Solution:
a 2.al+b 2.b? =g 3. plegl. b 2 Let @ and b be the two required nyp,
) . . e given conditions ‘*‘fx
a3 5 -a.-i‘bs R AM=5 Positive GM. =4
a+b 5 Job =4
pifid 1 wif 12 2 b=16
a agiapi|=p 2|gt-p? a Squa.rlngbwl
a+b=10 ...(1) bes 16
e «(2)

Comparing both sides, we have

= n—l =0
2

1
=n==
2

5.  The A.M. of two positive integral numbers exceeds
their (positive) G.ML by 2 and thelr sum is 20, find

the numbers,

Solution:

Letaand b be the two positive integers, then by given conditions

Sum =20 AM=GM+2

a+b=20 ..(1) | AM=GM=2
a+b A el
?—J;f;=2 using eq. (1)
10-2=vab = Jab=8
ab =64 Squaring both sides
b:ﬁ (2)

a

Putting b =? ineq (1), we have
a+ =20
a

a* +64 =20a
a’ -20a+64 =0
a(a-16)-4(a-16) =0
Either
a=16 :

a-16=0 or a-

Multiplying by *a*

= a’-16a-4a+64=0
= (a-16)(a-4)=0

4=0
a=4

Putting be ineq (1), we have
a

a+l—6 =10
a
a®+16 =10a

a*-10a+16 =0
a*-8a-2a+16 =0
a(a-8)-2(a-8) =0
(a-8)(a-2) =0
a-8=0 or
a=8

Either

Whena=8, ﬂmfromcq(") thna =2, u,mfmm

=—=2
b 8

Hence the required numbers are 8, 2 or 2, 8.

Mumﬂ)i'@h‘r

b:=—.=3
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—
py taking square oot of both sides

Jaodlb 7
Ja-db 1

Aga

(J'.J'](J'J_) Vil

7. The arithmetic mean between two poun|
numbers a and b is double their Beomelric e,

Prove that a:b=2++3:2—+/3

Solution:

Since a and b are the two positive numbers, so

Aw";b.a=Ja_b

According to the given condition

A=26
Putting values of A and G
222 =2
a+b =3
2vab 1
By componendo and dividendo theorem
a+b+2ab _2+1
a+b-2Jab 2-1
(a+Jb} _3

Wa—bp 1

(Ja+b)-(Ja- Jb)  V3-1
JE{-'J—’J; J}; = Ji-‘l
Jasdb-Jasdb  B-1

2a i1
2db -1
Ja e
b -1

squaning both sides, we have

3+1-2

= 4+243

la olo

in, by componendo and dividendo theorem .

() - (=)

- 3+]+2J§

3

4—233

0 b= 2+4f3:2- 3 (Proved)

8. Il one geometric mean G and two arithmetic
means p and g be inserted between two positive
numbers, show that G2 = (Zp - q)(2q - p)

Solution:

Leta and b be the two positive numbers.

Since G is a GM between a and b, so
a,G bareinGP

= Gt = ab A1)

Since p and q are two A Ms between a and b, so
a,p,q,barein AP

= p-a=q-p q-p=b-q
p-q+p=a q9-p=~q=b
a=2p-a b=2g+p
Puta=2p—aandb = 2q + pineq (1), we have
G*=ab

G? = (2p — a)(2q — p) (Proved)

Geomelric Series:

' Wednesday and so on.

@— Monday ——
l 1 @— Tuesday ——
@- Wednesday ——es

Vs

2\

——

Geometric Series: The sum of the terms of a geometric sequence is called a geometric scries
For example, suppose you e-mail an Islamic quote to three friends on Monday. Each of those friends send it to three
 of their friends on Tuesday. Each person who receives the quote on Tuesday sends it to three more people on

DA D

.

s
PAPAPAN

2187 is called a gecometric scries.

Consider S,

 The sum of a geometric progression can be wnitten as: §, =

‘Todevelop a formula for the sum of a geometric series,
= @, +a, +a; +...+a,(Gcometric scrics)

. Notice that every day, the number of people who read your Islamic quote is three times the number that read it the
| day before. By Sunday, the number of people, including yourself, who have read the quote is 1+ 3 + 9 + 27 +
181+ 243 + 729 + 2187 or 3280. The numbers 1,3,9, 27, 81,243,729 and 2187 form a geometric sequence in
which a; = 1 and r = 3. The indicated sum of the numbers in the sequence, 1 + 3 + 9 + 27 4+ B1 + 243 + 729 +

' Formula for the Sum of n Terms of Geometric Series:

a,(1- r"]
Touip

=1

S, = ay+ar+art .o a4, (i)
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Unn € 2 Sequernies “5\"
—%
Multiplying both sides by r, we have
rs, ~ur '“JJ voovar” Yy ur i u‘/' ‘s a,r i)
Subtracting (i) from (i), we pet
S, rS, = a;-a,r" Note: e
S.01-r) al“ rnJ Ir= ), then form ey (4, 5“'&_
r’
5 = ﬂ'___!’r s 1
1-r
L __“h
Example 18: Find the sum of n terms of the geometric senies ifa, - ( 3][%} ’
4
Solution: —
. Ayl
Given That.  a, ~(-3)| =
’ ( )(SJ
" . 2 heln-1)
7] =(-3 [_ ar*?
‘ \5) s
20 fg 0t
ar" ' - (-3 [-. [_
o= (-3) SJ v J
- -1

(2K

Comparing both sides, we have a, - —g and r é
- el

_9[1_(3) l _9[1
As we know: 5= E’(—l_")-— 3 8 = 8
1-r g 2

wiis

5

1. Find the sum of first 15 terms of the geometric

_ 143485071

14242506

scquence 1 1 1
1 1309:---

47629692 47829652

5, . 7174457
Solution: ) g 4782969
1,1. l. (G.P) 2. The2™ term of 2 G.P. is 16 and the 6™ term e
39 128. Find the first term aud tbe sum of the fv
1 seveu terms,
Here a, - 1,;;%;%.«1 n=15, 557 Solution:
Given tha
Using s, = 2=") Jrl-1 o = 16 and ¢ =-128
P art =16 ..(1) ed oyt =-128 £
|{| (l)"} 1 Equation (2) + Fquation (1)
- l'—. -
et 2 af 16
3 3 R
3.1} 3 3% o
. o S - (-2)
315 2 3,2 3

Pist this in eg (1), wes

P 2 WETREMATNL 40

229
uambetm
o f-ZF = 36 iy T-~722+2%22+
% Satrinn
gy o — G % 3 =
i S, *3+ 2 z2 e 8 TeTVE
g T Pt Lopreidia W glying wrd L fing 4
fe”
AL A ri= $. == (5% - V5 . ‘prme
r-} 2
gpog=T, o1 =8 T 3 . ¥
P g = 56 i, B - [e tore
slt-zf 1) ; 5
iy W e 2
z-1 § -ty % - 100 S
4-122-1) M-12% 11 :
P % 2 ol o A
e 172 4
i S =— {50+ 105+ 1000 » # -
ihems & $bad Z, = §72 7 .
3 S by i SeTavs TR s Lot
a VZ-0ZL*02ZL : , , 300 8, (7 -
' ..3-,‘-,9-:* v 4 0, — 2”5, 00Ng o
m V2Z-02L~02LL~
Suiptve: Suw = il 1
2 £t s EEE - tnterine E G
2 1+.50+.117+ N e -
o < - el 3 -} ”
Wuiapiy v @l Soosdiony by 'Y w3 I il

.

[

-

e

i

s vrr ) (61« OF

i -’.'..,”.

G061)

P TeTInL

w (Crrrseste wtes,

2l e TG
9
241-03)+(1-001)(3
Fa
ﬁ:rj.J.;.
9
Zl I } i
' 161
i
[ l_f H‘.’ i/j ¥
% 0
19
i1[. r1y
F gl =]
L A f:n-lg__zr“_'_'
9 1
, PR
| 0
[ 1( RN
e | v §
Z.'fn 19 17/ |
L/ [/
4| 2 |
L 10

a.(i-7

.
4

r

LR R ]

Iri<1

| & fam e s terma (e et

iy §olg=b,~af~ghb=~pB,~la’~a’p=

atd - B, ~

R R N e B R e

() I~la~f,~g*~ab~F,~
Sl
S =3~ (5 o8y » (05 = a5 » 57) = @ terms

g e-bi~{a-efoeb)=fa -5ja sabeb" }»
G-
n terms)
X . P _
s, (3-B)ye(a” -B" }=(a" - }=...n terms]
a-b
form—iized o o ntermm)-(Bel «& «_ awemn))
g-o -
- (fenmerc Lenes) .
—
1(.-._.5;=g'pe‘_.=g Hee g =b I'=£=5
p= E
e 3 d'a"—l';_b(.': e
-6 a-] b-1

3 | ofb-1)d" ~1)~fa-1 )5 1)
G-k (c-1)(6-1) |
- o ClB=3)(a" -1}-E(a-1)(F" -1)
(c-E)fs-1)(e-1)
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(i re(1+rf+(1+k+kr+ 1 15 1
Soluton: 64 (1+1) 4 (1=1) 14

S are(lek) e(lek+k’) s n terms
Multiphving and diviading by (1 - &)

1 H
g1 =k +(1-k)1+k .
S 1-!.-“ = " )

(1-K)(1=kek®)r" « _nrerms)
£ -ﬁ{[l—k}r-(l—i‘}r:ql—k']r‘- n terms)
s, «ﬁl(rnr: or’ «r' < nterm)-

(kr« kirs « k70 « k*r* + n terms))

_I.‘ll—r'l 15(1-1)
W1 -r) 1)

S --'sjll—:)

6. Show that the ratio of the sum of first
hl"..‘
L]

G.P. to the sum of terms from (n + 1)n o2y
A

1
term is — , where ris the co
po mmon Talig “Q}

w (Lonmetng somes | -
i Kt
Here g, "-'=r—=f - Here @, =kr , r= -
r kr
P (r(r" 1) (k" -1)]
-k r-1 rk -1
r lr-1 Kk -]
= 1-k| r-1 rik-1
S Sum the series 24(1-0.[%]“__ to 8 terms.
Soluton:
1
2=(1=4)=' ="'+ . 108 1erms
)
I » a,(1-r")
Here a, =2.r —.n B.5. using 5, « 22200

< 1-r

Sy == 1 - =

] 2 -(a-iy)

. . L € o 1) Y
s = 2 = =
2
_2'-(1-1-20)" 256-(-21)' 256-2°/
2 (1-1)  64.(1+i) 64.(1+0)
_256‘15 vof® (2P af1¥ -

Solution: B

Let @y = 1™ term and r = common ratio
The sum of firstnterms of a G.P. s
a,(1-r")
1-r
Replace n by 2n, we have
a,(1-r")
1=-r
The sum of terms from (n+ 1) to 2n s
§=5.-5,
. a,(l~r“) ul(l—r")
1-r 1-r
= "l(l*’h}‘al(l"")
1-r
" a,(1-r" -1+r7)
) 1-r
- a, (rn _rh}
T =r
_a,.r"(1-r")
N
Required ratio = 5, : §

S, =

51 =

Yl

a,(1-r")
= 1-r
a, r'(1-r")
L

5.:8 = L (Proved)
r

Arithmetico-Geometric Progression (A.G.P.):

——

Suppose @y, @3, @3, ..., n, ... is an AP., and by, by, by, ..., by, ... is a G.P. then the sequence formed by mukip\af

the corresponding terms of AP. and G.P,, that is, a;by, a;b;, ayby, ..., apb,, ... is said to be an arithee=

geometric sequence.

Consideran AP,a,a+d,a+2d,..,{a+ (n—1)d)andaG.P, b,br,br?, .., br"=? wherer # 1.

—
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vy iophvng the corresponding terms of AP and G P, we get an anthmetico-geometne sequence
ab, (a + d)br (a + 2d)br?, (a4 (n = V)d}br™ )
wolt
wote that the n7 term of anthmetico-geometric sequence s product of n™ term of A P and n™ term of G P
-’

wnthmetico-Geometric Series:

sum of the terms of anthmebico-geometnc sequence s called arthmetico-geometne senies Thus, armhmetico-

soomelne seres has the form
. ab«(a«d)br+(as+2d)br’
sum of irst n Terms of Arithmetico-Geometric Series:
let S, =ab-(a-d)br«(as+2d)br«

Muluphong both sides by r, we have

Then S, = abr <(a+d)br” +.-s[a+(n-2)d)br" ' +[a+(n-1)d|br"

subtracting (1) from (1), we gel

5. -rS, =ab+(a~d-a)br-(a+2d-a-d)br’ « . +|a+nd-d-a-nd « 2d|br" " ~|a+(n-1)d]br"
(1-r)S, =ab+[dbr+dbr® + - +dbr™" | -[a+(n- 1)d]br"

+ G.Series

Herea, =dbr,r=r.§_, =

sla=(n-1)d}br""

cla<i(n l}d]hr"'

a,(1-r"")

1-r
dbr(l-r“")
(1-r)S, = abs————a+(n-1)d]br"
dbr  dbr”
1-r)S, = ab+ - _[a+(n-1)d]br"
(1-r)S, = a T la=(n-1)d]br
__ab _dbr dbr"  |a«(n-1)d]br"

1-r (1-r) (1-r)

1-r

which 1s the sum of the n teem . of anthmetico-geometne series

Sum to Infinity of Arithmetico-Geometric Series:
If|rl<1.then r” =0 and nar” =0asn =

ab dbr

N —
1-r (1-r)

Therefore, eq. (1) reduces to |S_ =

which 1s the sum to infinity of anthmetico-geometric serics.

()

)

Example 19: Sum the sericsuptonterms: 2-1+3-244 -4 45 -8+ -

Solution:
Let 5,=2-1+3-24+4-22+5-2"+ - ton terms

n" termofthe AP.2,3,4,5, - Isa, +(n-1)d =2+ (n-1)(1)
=2+n=-1=n+1
= l_zml =2-l

n*term of the G.P, 1, 2, 22, 2, ... is a7
So, S, =21+3.2+4.22 452" +...4(n+1)2™
Multiplying both sides by common ratio of 7 P., we get

25, = 22+43.2044.2245.2* ...+ (n)2" +(n+1)2"
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Subtracting (1) from (i), we get
S,-25, “214(3-2)2¢(4-3) 2" (5 9) 2"
5, =2141:240:2" 12"
S, = 24{2+42 42" ¢ 42"V (0o 12"

Unit 6 3 Sequences 2
Sy

v(ne ﬂ}z"' (ne1)2"
1.2 <(ne1)2°

P " 1 1
s, =202 21 (nen) 2 S, | Ll
2-1 1
§, =242"-2-n2"-2"
S, n2"
S, *“n2
" 4 6 B
Example 20: Sum the series uptonterms. 24—+ =+ —+
3 9 27
Solution:

Let S, :j,i+2+£¢ .
3 9 27

-

ton lerms

n" termofthe A P, 2,4,6,8,

-l
v e L " _ -
u"lcmlnfihcl-!.l.;,a,i;. s ar”! --(”[5] "
So, Sn =2111£t1& 1-5'-'-
3 9 27 3!
1 2 4 6 2n-2 2n
=5 = == —1 + w—
3" 3 9 27 gre gy

Subtracting (1) from (1), we get

"l__l_ 5 2‘4—2*6-4‘0-6‘ - 2:1-2:142_31_
\ 3J i 3 9 27 a 3
2 2 Z 2 2 2n
—s' = 2; — o — — | —
3" [3'9*27* *3""] 3"
{67
3 3
A T e B I
3 l-l ¢
3
n-l
2 ,_(l)
3 3 2n

—
-
]
g
—

Ln
]
MW

—
w
1
P

W=

3

—_——
W=
—
a
-
I
[75)
=
i
L |
\-...-1

n
"
[0 -]
|
Nw

isa, +(n-1)d = 2+(n-1)(2)=2+2n-2=2n

a(1-r"")

1-r

()]

- (i)
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faample
cpies 10 ity
“

21 Find the sum tonterms of the senes 14 20 4 3 4 4x' 4 o where x # 1 1 2] < 1, sum the

solution

LI PRl 2 S P PRl
1t
Arithmetic Part
1,234 (AI")
Here a1
d=2-1

alr dbr

Geometne Part

L
20,55 o w (Gr)
Hewe b1
¥
Fow—
0
x

As we know - ' (ary
¢ _ll_.l[l)x I1-x)1rx 1-x+x 1
o 1-x (1-x) (1-x)* (1-x) (-x)

Exercise 6.8

P

1. Find the o™ term of the arithmetlco-geomelrie
sequence, where the arithmetle part s 1.4.7,..
and the geometrie part is 5,10, 20, ..

~ Solution:
Arithmetic art
1,47, (A1)

Geomeltric Pan
5, 10,20, ..(G.1")

1,d=4-1+3 10 .
e u(:n ay v 7d Here by = 5, r S 2
11703) b = by’
=22 - 5(2)
- 5(128) = 610
termol AGP. = aa. by
(22)(610)

= 14080

3. Consider the arithmetico-geometric  sequence
defined by arlthmetic part: a,,y = 2Zn+ 5 and

geometric port: b, , = %[-3)". Find the n™ term

and the sum of first three terms of the arithmetico-
geomelrie sequence.

2. Find the n'™ term of the arlithmetle-geometric
sequence, where the arithmetic part §s 3,7, 11, .
and the geomelrle partis 2,6, 10, ...

Solutlon:

Anthmetic Part
3,7,11,..(AP)
Hereay = 3,d=7-3 =4
an=m+(n=1)d

=34 (n-1)(4)

Geomelric Part
2,6,18, ...(G.")

Here by = 2, r=-g =3

by = 1
=3+4n-4 gir;].,|
=4n-1 =2, 3

n®term of A.G.P. = a, . b,
- (4n-1)(2.3%1)
=2(4n-1).3m

Solution:
Arithmetic Pant
Uney = 2N+ 5
Replacenby n-1
naet = 2(n=1)+5
e ~2n-2+5
s =2n+3

Geometne Pant
1
bog = =(-3)"
: 9( )
Replace nby n + 2

iy i
Onez-2 q( 3)
bo = 2(-3) (-3)
oLy

1 =
b = 5(-3)".9
= {-3)»

nthierm of AQ.P. =a, . b,
=(2n+3)- (-3)"

First three terms of A.G.P. are

=(2(1) + 3)(-3)% (2(2) + 3)(-3)% (2(3) + 3)(-3)*

= (5)(-3). (7)(9). (9)(-27)

=-15, 63, -243
Sum of first three terms of AGP =-15+ 63 - 243

=-195

4. Sum to n terms the following serles:

M 1243445847 16+
Solutlon;

LetS, =1:243.4+5-8+7-16+ton terms
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25, = Jnal _3_21?.3&-1
25, = 3+2n.3" 3™
25, = 3[1+2n.3"-31]

Multiplying both sides by -1

194 Unit 6 ) s.“"'“‘h -
Arnthmetic Part Geometric Part
1,3,57, ..(AM 2,4,8,16, .(G.P)
Hereay = 1,d=3-1%2 4
Qs = a, +(n=1)d Hereby =2, r 3 2
= 14+(n=-1)(2) ba = byret
=1+2n-2 “2.(2)t = 2™ Lo,
=2n-1
= Sa= 1:243:4458+7:16+...+(2n-1)-2" (D)

Multiply both sides by 2
25, = 1:443:845:16+...+(2n-1).2""
25, = 1:443:845:16+...+(2n-3).2" +(2n-1).2"" (2)
Equation (1) = Equation (2)
5,-25, = 1:24(3-1)4+(5-3)B+(7-5)16+...+((2n-1)=(2n=3))2" =(2n-1).2""
~Sa=242:442:8+2:16+,..+(2n=1-2n+3).2"=(2n~-1).2™!
=2+2:2242:2'+2.2Y 4., .42.2" - (2n-1). 2"
=2+2(22+2"42¢ +..42")=@n-1) 2" .
2} (2" -1)
2-1
= 242" -8-(2n-1)-2"" = -6+ (2" =(2n-1)-2'):2" = -6 +(4-4n+2).2"
=Sa = =6+(~4n+6):2" =-[6+(4n-6)2")

= I._‘. = 6+(4n—6)-2"|

() 2:34+44-3246-3>4+8-3% 4.
Solution:
LetS, =2-3+4+4:324+6-3"+8:3'+ - tonterms _
Arithmetic Part
2,4,6,8,..(AP)
Hereay=2,d=4-2=2
a,=a+(n-1)d

= 2+2{ }—-(gn-n).z"' =2+2' (2" -1)-(@2n-1)-2""

Geomelric Part
3,32,3,34,..(G.P)
2

Here by =3, r=-3§-=3

=2+(n-1)(2) = b !
=2+2u-2 b. b:r" n‘l:al
an=2n =31.3
= 5 =23+4.33 463 +8.3' +...+2n.3" ()

Multiply both sides by 3
35, =23 +4.3+6.3' +...+2n.3™"
35, = 2.3 +4-31 +6-3 +...+2(n-1):3"+2n.3"" _.(2)
Equation (1) — Equation (2)
S, -35, = 2:3+4(4-2).3 +(6-4)-3 +(8-6)-3" +...+(2n-2n+2)3" -2n.3""

-25, =2:3+2.3°+2.3°+2.3' +...4+2.3"-20.3™"

-25, = 2(3+3% +3" +3* 4. +3")-2n.3""! ‘
Tlﬂmnm:c!icnﬂj .
r" -
Using S, =a,£_11_]' “lrl>1

n - n_ o
-25, = z{%}-ma“" = Zg%_zng"‘ = 3(3"-1)-2n-3""

5= gu ‘(2n-1)3")

11
1 24_5.+-B—'+-—l+..<
( 4% 4

Solution:
Let S, :2;-"-»4Tf::71+. to n terms
Arithmetic Pant
2,5,8,11, ...(A.P)
Hereay=2,d=5-2=3
an=ﬂl+{n'l]d
=2+(n=-1)(3)
=2+ 3" : 3
=3n-1¢-

5 8 11 3n-1
= $a= Z+Z+F+-;-,-+.,.+ yo=

; 1
Multiply both sides by =
2,5,68 11 321

S- :-:'--I-F'&;; 4—"} 4*

_2,5 8 3n-4 3n-1
r " —E+'4—2+4—:+,_,+4—H.-+__4"
Equation (1) — Equation (2)

1
4
2

1 = 1 1 1 1
(1--4—)5,l 2+(S-2)-I+(B—S)--"T+(11-B)-4—,+...+(3n—l-3n+4).;.ﬁ_
3 {3 3. 3 " 3 }_3!1—1

;-f-;i--l-:'?'l- . ,’TI

%[I-G) -l] B

=5, =2+
4

40

=24

Geometric Part
33 1
04 l4z l‘l »

Here by =1, r=.l
4

by = b;r™! =1-(

G.r)

l]»-l | 1
n =

4»-1.

AN /

)

3.1 ]
41 3n-1

-1 4
4

3 5 7
(iv) 1+§+ST+-ST+...

Solution:

3.5 7
!.elS.=1+_.+._ i
5 S’+5’ +... lon lerms

3
4

3n-1
4"
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Unit6 ») Sequgncuw
Anthmetic Part Geometric Pant \
1.3.5.7. .(AP 111 ©o»m
Hereay=1,d=3-1=2 Mg &
=+ (n-1)d 1
=1+ (n-1)(2) Here by =1, r=<
=1+2qn-2 ..?
=2n-1 e
11 -1 1
=]1]= = —
6 =
e B 2n-1
= Sa lv5+-5?¢-§‘—+.,,1- = D
Multiply both sides by %
_1‘S~=173‘75T‘."“ 2n=1
5 S$ 5 by
le 2. 3 § 7 2n=-3 2n-1
SS. g*';:-va:#—s-‘--b 4—5—.—_1-7?- -‘:)

Equation (1) - Equation (2)

o 1 1 1 1 2n-1
Ll";‘]s. = 1"‘(3"1)--5-1-(5-3)--5-.;-—(7—5]-;,—*...+[Zn-l—vaZ‘)F-—-?—

is. = 1+(—2+£+—2-+,_,q.i)_2"_1
S 5 5 5 5~ 5
of ° -1
-0 .. Bl
S{ \S) ) 2n-1 _ S\ "5) 2n-1
B, 5 4 5
s 3
35, =2 dfat )t
S 2| 5" B
s=30,1 1 1 2n-1] 5[3 1 1 2n-1}
PO T sl L
4 2 25" s ] 42 25 &
15 SPa"™ & 1Y
S=—-=| -2(2r-1){=
s s\s) 3 )(5,
) 1»—+—+EE+...
-
Solution:
4 7 1
Lat 8, =le—sv—s—= to n terms
3 9 27
1 A 1
= T =t 10—_.. 1
Su=1+4-2+75+10—+... tonterms

Arnithmetic Pant
1,4.7,10, ..(A.P)
Hereoy=1,d=4-1=3
g-=ay+(n-1)d
=1+(-1)0)
=1+3n-3
=3n-2

Geomemic Pan
id. 1

==

3927

Here by =1, r=%

b= b;r"'":i-[

. (GP)

1)"" L
3 3™

CHOLAR 2> MATHEMATICS - 11
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4 7 10 3n-2
b e e S 1
&% Selegegrtmt P )
1
Auluply both sides by 3
1 =.]Lr-i -7-—*2? 3”-2
'3'5“ ERERES 3"
L X _-t_+3_ 10 +31'1-S+3|'|--2 e
-is. 3*3: 3 3 3 e
Equ-ll"?"'l” Equation (2)
5 s =14(a- 1}-‘-(7 4)—+(1o 7)_* +4(3n=2~3n 53022
73 < I
3 3 3 3 3n-2
(-2 =l -*FJ'?
=1
-7 e
2. _ .3 3 E UL I alk a 3n—2_1+_3_[:_ 1 ]_3n-2
-55-' + 1-1 3" -2_ 3" 2 3..| 3"
3
1 ]
2 - ?._3.(1]” ~(3n-2 [1]
3521437203 A3
53] -e-af3)
o L -(3n-2)| =
S lZ 2\3 ( ) 3
15 91\ 3 [1]
- =22_Zl2] -Z(3n-2)| =
s- 335 3e-a3
5, Sum the following infinite series:
3.5.7 S.=2+4
r—t—t...
P T b=4
Solution:
3.5.2 s 8 11
Let Sa = 14 +—tot., 0 ) 2Z4=+—+=—=+...
; 248 W 2+3%9*27
= 1.|+3.1+5.l1+7.l+_..m Solution:
$ 2 Let S--2+-s-+£+l!-+ @
Anthmetic Part Geometric Part 39 27 "
1.3.57...(AP) ar 3 4 1
o= G.P 1 1
Herea=1,d=3-1=2 i o r e 2145348 el gh e
Hereb=1, r=l.]r|¢1 Arithmetic Part Geometric Pant
2 2,5,8,11,..(A.P) 111 6p
Aswe know s.-i+-—‘ﬂ’"—z Here :=§ " '3'3"3"‘" '
-r 1_ =5=2=
@) 1 Hereb=1, r- Jdril<l
mm(—]
=(1[) 2 Asieliar B i
A IR 1-r Q-ry
A 8
. 3)(1)| =
| 1 - (2)(1),,[ i
S o = ) _ 1 1 3
1 1\ 1 1-= (1__]
= ([ L 3 <
2 [2) 4 l



L LLLL m“'*

azm
el
‘ 1._!
g3 (3
“w
--1._
. 129
£ -
4
-
pi
K, =
4
L] L] . 1]
6. Show that 25 4« e 160w = =4

Solution
1 ! 1 )
25 4% BY 16" =
1 L] L] )
LHS =2 g% g* 16 «

-4

“ (@)@ e

R e
=24 %0 e -2t A
las.=12e23,31, 010,
4 1] 16
Anthmetc Pan Geometric Part
L2334 (AP) BR11 1
Here a=1, %86 9P
d=2-1=1 ' 1
Here b= -
2
1
r--"--llrlxl
177
2
As we know S.'_"'_b_._':'.ﬁ"_..
1-r []—r,‘
1 {133
1) = 1) ==
o) oz))
- l * 2
=
‘ 2
11
-
11
2 4
-]*l
k-7
LHS =2¢ using (1) .
= 4= RHS (Proved)

= Show that 4 Y16 L6l "Q'N
L]
Solution: - \I‘
Jo 4is V53 WS = =16
LHS = 4% 16* 64* 250" «

| ] 1 (]

LA G AR C 0 L €A L

110 4
- 44-.‘_‘-'! u. = ‘4'.
Let S. -105«-‘1‘1. o
2 4 8 16
1 1 1 1
-]l ===t
i Y S e
Anthmetic Part Geometne Pant
1.2,3.4, .(AP) 111
Here a= 1, '2‘-"'.-.-..._ ©p
d=2-1=1 4816 ]
Here b-,!
2
1
-i.l
I l 'z'-li'I(I
2
d
As we know S.-a—b+ b

1-r (1-r)

of}) of2))

Y

"
LS S
+
EN T SN

Sa=1+41=2
LHS =4% using (i)
=16 = RH.S (Proved)

8. Sum ton terms the series 2 + 4x + 623 + 875
- wherex # 1

Solution:
Let 5, =2+4x+6x* +8x" +...10n terms

Anthmetic Pant Geometric Pant
2,4,6,8, .(AF) L .0

Hereay=2,d=4-2=2 e
@ =+ (n-1)d

Here by = 1, relex
=2+(n-1)(2) A

=2+2n-2 b/"b""“
‘2!‘! Ei.‘-
= eI

= s..2+4x+6x’+8r'+---*(zn)"ﬂ £

Muluply both sidles by x
xS, = 162 +3x +52% + 4+ (2n-1)x*"

25, = 1-x* +3x" +5x* + . +(@2n-3)x" +(2n-1)x""" ._(2)

Equation (1) = Equation (2)

(1-x)5, = Lx+@-1)x" +(5-3Nx" +(7-5)x" +.. . +(@n-1-2n+Nx" - (2n - )x™"'

=l xs(Zxt o2 e2.x"+ +2.x")-(@2n-1)x""!

2 (1-x"")
1-x
Dividing both sides by (1 — x) -
x A< -x"N) @n-1).
- -

(1-x)5, = x -@2n-1)x*"

1-x (1-x) 1-x
Npatd 1-,=1-2"’1._i
2n-1 2n-1 2n-1

2+l 2{(2;..11’_(2:1.11"'} @n-1). @221V _
s, -20-1, _\@n-1) @n-1yt) @n- "

-2 -2 ¥ .

=S~ =

“mm’mmmm-n 199
—
aaahiply both sades by ' T ) I
o ‘-‘.h-.-..'.!lu‘4 o (2n) »" . - on ¥
s ;g-‘l;¢f-ll°!'l.l edn-1D" e dn s 2} (1-2)8 -.' dneldy-22" -2} -2 1"
l'_,, a (1) - Equation (2) ! 1-»
¢ s 2e(d-Dro(6-4)a° o« (B-6)2" « S--: an”* - 2nx" o 2ma™
s@n-2nes”" - 204" (I-ojl-x)
. 2+ 2e200 4200 o oD 2" - 2uis® s 2-dns )" « 2™
l '3 - - - - - - .-_—-__
. 2e(xe2r o2¢ ¢+ 20" ) 2mr® L
i 2n+e1 _(2ne1) _(2ne1)
Fiad the sum to n terms of the series: 93( ]os( ).--
> 2n-1 \2n-1 2n-1
—
solatwn
Ine1 3ne1Y (2«1 _Zne1y*
: «3 5 +7 o " lerm
s SN0 @) ) ) ¢ ‘
n=1l
il vty
2n-1
= S..-IIGJI':CS.'I,'?X.' 1o n lerms
Anthmetic Part Geometne Pant
1,3.5.7. (AP .t Pt (G
Hereay = 1, d=3-1=2 3
d. =y + (n-1)d Hﬂ'eb‘-‘_;..'_.l
“1+(n-1Q) .
=14+2n-2 by = byr=!
=2n-1 -
-y
- Se=1-x+3x +5x’ + 76"+« (@n-1).5" A



200 UM!Q)»M~
1 ™ an - 1 s < 11 (3a-1) | 5 ki \
2 2 (2a-1 1 - 0 L)
1 .- 1 : ) .
~{ame] ——  — 1 ’—l - {im - 1] '“l‘— (3o
2 « @ (-1r] 2 (22 1) (2aqp
—(2n :\-{ e e T =3
2 2 (2m-1 -1}
1 1 1{2me1 1
~fam e 1) a2 - —— _— =it e ans -
2 '3 . 2(2e-1 n-17 2 R-sednal tns I
=l ]
0o that:
1 Prine ] " Pot s=lo=agndl-x 1
n
1e2 o= o31le=| o __wnterm = n’ "
\ n \ n 1 1
1-/1+ nYem
Soluton AR N 7 S— -
s - —t
1 1
Let S, 1«2 '-": “"r— - r m bormms ; X
Pal 1o=u=y n* l'”'l.lPﬂ!
- n {
.'\:.,= 11+ 23+ x4+ o n rems l.
Arithmetu Pan Geometre Pan =n=n l'-! "':[
L23 (AP Lx¥, . (GP) o A
Mereay = 1d=2-1=1 | . i
G ~@ye(n-1)d e Lreses " 1+ Zl 1) 31 I.
1e(n-1)(1) b = by S " n Th) to-lotemse
“leomn~-1 1.

1

= S #lle2x+3ctx" e, . enx"?

Multuply both sdes by x
=

w1 xe2x 3 ey e enx”
S «1-x+2x +3x" » _ «(n ™! enx”

Eguaton (1) - Equation (2)

S,-x85, = 1+(2-1)x+(3-2)x" +(4-3)x" + ..+

(n-ns1)x""!

(1-x)8, louxle'lolx'- o]x"')-nr'
-1
Q-8 =1 30-2 ") 0
1-x

Dicing both sides by (1-x)

S, =

1 x-x" nx'
.. . o A
1

1-x (1-x)
_ J-x+x-x" onx"
(1-x) 1-x

1-2* mx"

C(1-x) 1-x

and deduce the sum to infinity if |x] < 1,
Solution:
LetS, =2 14 5x+8Bx* + 11x" + - 1o n temy
Arthmetic Pant Geometne Pan

2,5,8,11, .(AP)
Herea; =2, d=5-2=3

a, “ay+(n-1)d

Hereby= 1, r=y

xS, «2.x+5x 4Bx' «. «(3n-9x""! +@Bn-1r*
Equation (1) - Equation (2)
S, -xS, = 2+(5-2)x+(B-5)x* +(11-8)+ .

(1-x)s, =2

.t
0—-——]"(1-' }—[3n-ljx‘
1-x

11. Sum the series lunlemnz-rSr-tﬂr!ﬂm =

———-...-

SCMOLAR T MATHEMATICS - 1

o1
m—
- - (1 -2a) ‘.
- 0
c ) t(l-» BRI T 1 » ('|_ f)
1-2 (-xy 1= MIERIES a-dnedn
(i< LOmr20un «n 0wy (- «y
e -0 (Im- AN :
5 ¢ - — s i s
I-x (1-x) 1-» (-}
m—— »
lhfmumr Progression (1LP.)
A 69 "n of numbers s called a Harmonn Sequence or Marmonse Progressson if the reciprocals of its terms are

a arthmelil PROZIesanon

; XA
For Exampie. the sequence }I.-‘ e 15 a harmonie seguence since their reciprocals 1LV S, Tare n A P
»  Remember that the reciprocal of zero is not deflined, so rero cannaot be the term of & harmonic seguence
he gencral torm of the harmonic sequence s l : ] . ]
: a, a»du-.‘,d a, »(n-1)d
J—
prample 22: Find the 7™ and 8% terms of UL P 1% 1
=58
solation:
111
Given that E;; saMnp
2.5.8. .. an AP (Reciprocal of terms of HP ) -
Here a, 2 d=5-2=3
ssweknow. @, =a, +(n=-1)d =2+(n-1)(3) = 2+3n-3

in-1
-3(8)-1 Putn-8ina,

FI
.

Thus, the n™ and 8" term of the given P are D it ek respectively
a,

3n-1 a, 23

l.x.x'_x’___ Gp

Frample 23: If the 4™ and 7™ terms of the H P are li anl.l rnmm* find the sequence

b = by
“2+(n-1)(3) = !
=2+3n-3 . 'r':|
“3n-1
> 85, =2 145xeBx o 11X o a@n-1e™ |
Multply both sides by 'x’
xS, =2 x+5x" «Bx + 116"+ (Bn-1)x"

(Bn-1-3n+4)x"" -(3n-17
(1-x)5, = 2+(3x+3x" «3x" «. +3x"")-0r-1/

Solnllnn.
2 2
== and =
InHP a, 3 and @, = 25
13 25
|“\P a, 3""2"' a, T

'3d—]23 - a.vM:z—: oA Using a, =a, «(n- 1}
Equation(n) - Equation(1)
a, + 6d - E
2
ra, +3d 12
2
3d - 225 }-2-3---‘;--6 =d=2 Putd=2ineq{i)




202 Unit & ) Sequences >
2 Sen, 2 MATHEMATICS
- HOLAR -11
a=L-3¢-18 30822 T seHc= 203
Hence, APis @, +(a, +d)=~(a, +2d)~... Exercise 6.9
_‘.—«[1¢2)+(1-2[2)]v ' 7. Find the 9" term of the following harmonic 64=9
2 \2 2 ) sequences: o
1 5 1 11 de=—=—
2.2 2 o 3757 5 3 25 3
i Now A s, + e D ¥S =2
I tion: B =—===1 =i, =-1
Hence the required HP. 1s —2-, 3_ E i, . e 1 I; .8 2 l
1'5'9' 13 111  isaHP. A =a,.2d=+§.z(3J:_E,E.-__'S"’_l SH.=2
Harmonic Mean (H.M.) " 2 2) 272z 2z
. . . " 3,5,7,...1san A.P. (Reciprocals of 1
A number H is said to be the harmonic mean (H.M.) between two numbers a and b if a, H, b are in 14 p, Here a,=3.d=5—3=z,‘:-,=9',,:=c-:ms°r"",) A =a, +3d=—£+3[%]:—§+%:—'52'9-%:2 :ff,:%
Let a, b be the two numbers and H be their HM. Then ~, 4, — are in A.P. Using  @n =01+ (n-1)d
= i as=a; +Bd A, :al+4d=_'r'.,4(§)=_s‘£ ‘5“12=1 =H,=3
1 1 b-a =3+8(2)=3+16=19 2 2 zZ 2 Zz 2 7
iy | e 5 S+
Therefore, A=2a_b__ab =ﬂ"‘b chumGMlerrnufgivan.P;l—;_ iy =ay ’5":'3'5[‘5“‘:""?‘5%55322=5=”;='§
2 2 2ab
2 2
Hence the five H.Ms between — and — an
and H= 1 _2ab . . =11 =
12 a+b (R“qu‘ed H@-) (il) _5-' 3 =L s l 25 : 13
2ab Sollulioln: _1'2"5"'7"3'
For example, HM. between 3 and 7 is 2ab _2x3x7 _2x21_21 <3 ~1,...isaHP.
a+b 3+7 10 § : I
n Harmonic Means between two Numbers: ;5- -3. ":" -- 28 ;“d’\-P-;lii-';lpr;cals t;r terms of H.P) 4 24
’ . ere 3 == @ = =24,n=9%ay="7 Solution;
Hy, Hy, Hy, -, Hp are called n harmonic means (H.Ms.) between a and b if @, Hy, Ha, Hy, .., Hp, b areinHp ip,, | Usie %=1 (n-1)d e - :
; 1 i »=ay+8d Let H, Hy, Hy, Hu, Hy be five HMs between —and —
want to insert n H.Ms., between a and b, we first find n A.Ms A;, A3, .., A, between = and%, then take (hey =-5+8(2)=-5+16=11 ; B o 4 and z4’m
) " = 1 o : e
reciprocals to get n H.Ms. between a and b, that is, i,—-—,., .,i will be the required n H.Ms. between a and} e SN Mt O Ve iEe n % o Bty o lle, 5. o T e
1 A, 2. lnsert ﬁvell:armonic means between the following ::Cliro:aj; ol‘:ﬂ:s 1::' Hzi . N
] —_— . A1 Ar, Ay, Ay, As, P
Example 24: Find three harmonic means between % and—-lF. gi;'en —— Herca; =4 :.1, -, 24 e
1 = and — -
Solution: —— ® 5 13 a, +6d=24 using @, =a, +(n-1)d
Solution: 4+6d=24 ol
Let H,, H;, Hy be three H.Ms. between l d l cay =4
g0 LetHi, Hi, Hy, Ha. Hs be five HMs between — and -2, then 6d=24-4
Ay, A, Aj be three A.Ms. between 5 and 17, that is, 5 5 5 13 6d=20
5,4, A, A, 17 arein AP. 5 HoHy By Hy H 2 isaHP. g=20_10
Here, @,=5 and a;=17 —a,+4d=17 =5+4d=17 —=4d=12 =d=3 Reciprocals.of terms of H.P S d
5 Now, 4, =a, +1d=4+20.12+10_22 E
1 > = A, A4 ALA 13 . v 1 +1d=4+—= = oH ==
Thus, A4 =5+3=8 =H, =— e ™ 3 22
8 1
1 Here q =—s. a, =E A =aq, +24=4+2[—30-]=4+£=M=3.2.=H. =i
11 13 . = = 10 30
. a +6d=-z— using as = ay + (n-1)d o +3d_4+3[‘:?)=4*_3'”12;30"“4_2“":’": -1
A,=5+3(3)=14 =—H=-L s ¥ 14
14 BT g a3 Ay=a, +4d=4+4[19)_ 4,40 _12+40_52 3
L X2 ; T 2 2 i ) s W
Hence —,—,— are the required harmonic means berween — and — 13 5 " =
8'11'14 g Wdo- 6da=—,2_13%5 18 A 10 50 12450 62
2 2 2 2 s=ﬂ|$5ﬂ=4+5[——)=4+.—_=___=_=u =_3_
3 3 3 3 ST 62




204

Hence the five H Ms between -:- and % are

UNILB 2 ssyuences gnqe”
'ltls.h

3.  Thefirstterm ofan H.I Is -%— and the fifth term

is ;— . Find Its 9'"® term.

Solution:
InH.P. a, =—1 5 0,‘=l y Gg=7
3 ]
InA.P.
m=-3 as=5
ay+4d=5 usingas=ay+(n-1)d
-3+4d=5 a,=-3
4d=5+3
4d=8
d=2
Now, as=ay +8d

as=-3+8(2)=-3+16=13inAP.

Hence the 9th term of H.P. = -1-15-

4. If5is the harmonic mean between 2 and b, find b.

Solution:
Herea=2,b=b,HM=5

We know that
HM= ﬁ‘l
a+b
5= 2(2)b
2+b
10+5b=4b
Sb-4b=-10
b=-10
1 1 1
5. Ifth bers —,
¢ numbers % 2kei and th1 are in
harmonlc sequence, find k.
Solution:
Since% ' 2k1+1 ' #‘_1 are in H.P., therefore

k. 2k+1,4k-1arein A.P,
(2k+ 1) - k = (4k-1)-(2k+1) (Common difTerence exists)
2k+1-k=4k-1-2k-1
k+1=2k-2
2k-k=1+2
k=3

a™ 4 p™ M 12 MATHEMATICS - 11 s
6. Find n so that —————— may be I, ’
a" +b L bety,, (c=b)ceh) "’“""’) weGM=4  |nm=18
a and b. b-c - ULEE using eq. (1) 5
Solution: e (@sb) (b0 7P 2eb 16
Given that: - b-c _ _(e=b)(c+b) ash 5
a*tagt _ ‘ (b))  (a+b)(b+c) ab =16 10ab=16(a+ b)
—— =H.M !
g ‘bcmccnawb b-c _ _(c=b) "=l_(1 ) 10(16) = 16(a+ b) cab=16
a*' b _ 2ab ab a+h b o asvb=10 (2)
a"+ 0" a+b b-c _ b-c (Common difference exists) Putting a"T in €q (2), we have
(@ +b™ )(a+b) = 2ab(a" +b") a+bh bﬂ+b e 15
el nel el mlo_ vl e Hence a * bhcta. btcarciniiz, —+b =10
- Rl 2a™"b+2ap™! 3 Ifthe ILM. and A.M. between two numbers are 4 b .
a™? +a™b-20""'b = 2ap™ —ab™ _pn2 9 16+b* =10bh Multiply by *b*
@™ —a™'b = ab™! and= pespeotivaly; fui v numbers: b*-10b+16 =0
1 a e s —_— b -8b-2b+16 =0
@ .a™ -a""b = ab™ -p' p Solutlon: _ b(b-B)-2(b-8) =0
" (a-b) = b™(a-b) Letaand b be the required numbers (b-8)(b-2) =0
py glven conditions ;
a1 Y E Either b-8=0 or b-2=0
"_l = (a-b) HM=4 AM= i b=8 : bh=2
b (a-b) 2 When b= 8, then from eq (1)
nml Eﬁ:‘i a"‘b:g a:E:z
& ™ a+h 2 2 8
i 2ab=4(a+h) a+b=9 (D) When b= 2, then from eq (1)
(E] _ (E)o af 2ab=4(9) usingeq. (1) a—-l-E-ﬂ
b b f (;] =l ab=18 2
Comparing both sides, we have - L @ Hence the required numbers are 2, 8 or 8, 2.
= n+1=0 b 10, 1f b+c-a c+a-b a+bh-c aro: s ATEL show
= n=-1 Putting a=£ in eq (1), we have . ® " o
7. Ifa? b? and ¢* arc in AP show thata + b,c4q b that a,b,c are in H.P.
and b + care in H.P. 18 9 Solution:
Solution: ] b Given that: b+c-a c+a-b a+b-c :
o PR 10+6'=95  Multiply by *b* T T D i
i:““ |' Y UiG “:HT =50 e b -9b+18=0 = bi-6b-3b+18=0 Adding *2" in each term
ere exists common difference exis a3 - - -
here ex e IS . b(b-6)-3(b-6)=0 = (b-6)(b-3)=0 b+c a:z,c+a b+2'a+b A
= Whell i b Biher b-6=0 or b-3=0 a b c
(b+a)(b-a) = (c=Db)(c+Db) b=6 : b=3 b+c-a+2a c+a-b+2b a+b-c+2c e ALP
A (c-b)(c+b) When b= 6, then from ¢q (2) a ! b 2 o
a+b - 0=18_3 a+b+c a+b+c a+b+c m—
Now, a+b,c+a,b+cwillbeinHP. = 6 T S
on 1 ) 1 ' 1 il bein AP.if b-lg then from eq (2) Dividing cach term by (@ + b + ¢)
a+b c+a b+c Gm—=6 l,l'l are in AP
T I S diit 3 abe :
e Mo (CopmondiIR Y Honethe required numbers are 3, 6 or 6. 3. By taking reciprocal of cach term ;
a+b-c-a _ c+a-b-c 9. If the (positive) GII:I and H.M. between two :’ :';_:-;““’d'“ ”-l:- (:;f:‘":d!:
(c+a)(a+b) (b+c)(c+a) numbers are 4 and 5 find the numbers, ; 3(a'_';3(cn:ed;= '(,;': C‘;‘a‘:‘f;)
c b]}r v a=b 5 Solution: Solution:
c+a)(a+ +c)(c+a :
5 ‘_} ( [b l[] Letaand b be the required numbers Sincolajbciian iln :’:' tlhcrel‘ore
—_—= By given conditi —e
(@+b)  (b+c) ve ons ~piog AP,
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1 1 1 1 As Hy, Hy are two HL Ms belween a and b, ¢
Let = x-Jd‘; s x~d,—=x 'd':j ~x+3d a, Hy. Hyb are in P
C
Taking reciprocal _l._.l_%.,.:_' are in AP
e it ey P )
= Do — ] —
x-3d'  x-d'  x+d  x+3d 2alal L
: e 1 H a b N,
Now,a~b = ——
x-3d x-d Ao 1.1
_ x-d-x+3d 2d H, H, a b
(x=3d)(x-d) (x-3d)(x-d) Hy+H, _a+b
b-c:-—l—‘__l.. HI. ”2 ab
x-d x+d By using ¢q (1) and eq (2), we have
- .t-sd—x+d= 2d Hy+H, _ A +4,
(x=d)(x+d) (x-d)(x+d) H,-H, G, G,
1 1
-d= = A, +A H,+H
: x+d x+3d => :‘;—“G—e - ﬁ (Proved)
_ X+3d-x-d _ 2d hr-e by
(x+d)(x+3d) (x+d)(x+3d) 13. The H.M. of two numbersis 4 . nm
1 1 G.M.,, G satisfy the relation 24 + G2 =323, g
a-d= -—3;- = the numbers.
x—
= 6d Sohetions
s = Let two required numbers be @ and b. Then
(x-3d)(x+3d) (x-3d)(x+3d) e Gmd
LHS =3(a-b)(c—d) " s T G =ab
~ 2d 2d _ @
= % a+b=2A (1)
(x-3d)(x~d) (x+d)(x+3d)
) 12d* Given :::11:4 2A+G =27
{xz_dl'}[xl _9d2] 2ab i = 2A+4A =27 '.'cl={l
RHS = (b-c)(a—d) == 64 =27
- 2d ) 6d R A=_Z_Z =nl=2
(x-d)(x+d) (x-3d)(x+3d) 28 an 6 2
R 24
124 G =4A ..(3)

(F =dh) (% -9d%)
Hence proved, L H.S = R.H.S

12. Ifbetween any two numbers there are inserted two
A.Ms. Ay, Az, two G.Ms. Gy, Gz and two H.Ms.

A+A, H,+H,

H4, Ha; show that
meeWN GG, a6

Solution:
Leta and b. be any two numbers.
Ao aiy,a); we two A.Ms between a and b, so
a,A;, Az, barein AP,
— Al -a=b-— f‘z

Ay+A;=a+b
As Gy, G, are two G.Ms between a and b,
so a, Gy, Gy, b are in G.P.

G _b

s —
a G

G, .G, =ab

Put A - ineq (1), wehave | Put A='§‘ in eq (3) wehsie

2
a+b= z(-") G = 4(3]
2 2
a+b=9 ..4) Gt=18
ab = 18...(5) usingg(l)
From eq. (4), we have
b=9-a
a(9-a) =18
9g-a* =18
0=a*-9a+18
a’-6a-30+18 =0
a(a-6)-3(a-6) =0
(a-3)(a-6) =0
Either a-3=0 or a-b=0
a=3 or a=6

Put thisiney
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—
When @ = 3. then from €. (5) | When a = 6, then from eq (5) | 4 - 2uc
3b -~ 18 6b = 18 = e
h-6 b~=3
bla + ¢) ~ 2ac
Hence the required numbers are 3, 6 or 6, 3. ab+ be = + o
14. First three of the four numbers a, b, c.d are In ab-ac = ac - be
A.P., and the next three are in H.P,, show that b i b
A i alb-c) = cla-b)
e a a-b
Solution: T g
Given four numbers a, b, ¢,d € b-c
\sa b, carein AP, so a-b _a
/ afiscgibie = s - (Proved)
= .a_‘-‘_c- A1) .
2 () (a-c) =(a+c)(a-2b+c)
Asb,c.d ereinHP., so Solution:
.!.,l,_l_ are in A.P. Since a, b, ¢ are in H.P., therefore
becd b =HM betweena and ¢
1 ; G| 2ac
2|=| = =+= o
= (c b d 9 a+c
2 _d+b RHS =(a+c)(a-2b+c)
< bd 4ac 2ar
= - Pu‘ b =
2bd = c(b + d) ["“‘)(" ufc"J ac

zd(%‘-] =c(b+d) usingeq.(l)
d(a+c) =c(b+d)
ad+dc =bc+cd
ad = be (Proved)

15, If a, b, ¢ are In G.P,, show that
log, x.logy x.l0g. x arein H.P.
Solution:
Since a, b, ¢ are in G.P., so
bt =ac

Taking log, on both sides

log, (b*) = log,(a.c)

2log,b = log,a+log,c

= log,a,log,b,log,carcin A.P.
1 1 1

By taking reciprocal of cach term y—
log,a log,b log,c

weinH.P,

> log,x,log,x,log.x arcin H.P.

Hence, il a, b, c are in G.P, then log, x, log, x, log, x are
inHP.

16. Ifa,b,care in H.P., show that

Solution:
Since a, b, ¢ are in H.P., therefore
b =H.M betweenaand ¢

[}

a(a+c)-4ac vc(o*r)]
a+c

{o+c)[

2

=g" +ac-4ac+ac+c

=g’ -2ac+¢’
(a=cy
= L.H.S (Proved)

17. f 2+ x,5+x and 9+ x are In H.P., find the
valae of x.

Solution:
Giventhat 2+ x,5+ x,9 + x are in H.P.
Reciprocals of terms

1 1 1
Zox'Sex 00 x are in AP,

= 2( 1 )"'—l—-i- 1
S+x 2+x 9+x

2 Q+x+2+x

S5+x  (2+x)(9+x)
2 _  2x+11
S5+x  1B+1lx+x*
2(18+11x+x%) = (2x+11)(5+x)
36+22x+2x* = 10x+2x* +55+ 11x
36+22x = 21x+55
22x-21x=55-36
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wemof AP 1 1 4,
2 a, ~a, «(n- 1
“le(m 1)(2)=Ve2n-2-2n 1
Let T, be the mih term of given senes, then
T.=(n-1y
» T = (@1

The su oof sguares of the first n naturel nambers = 17 « 2 2 31"« o _'
The s of the cubes of the Tirst 1 natural nombers = 1"« 2' <1 ¢ om Ei'

Weeraluste S k™ [k 1J7 | for any posstive integer m and we shall use this result to find out formelae

nprm-cml;;;dohwc -8k’ 1267 o6k 1
e 017 0% (27 1) (3 27)s o (meay [ﬂ—zf:-tn'-{n-lrltf Tumg 3 both sdes, we have

e

e

e, 11-:1&'-[& 1) =n" 'm- ‘m.
et [ E{*o“'o?‘?

» N -1.um{"&'-i-1"-n' -e.‘.'n-n . .
- ::,l (k-1) ' :::( ® Fon-of
=l -
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_ 8[n(n+ I)T _12[n(n+1)6[2ﬂ-t-ﬂ]+6[n{n21 1)]_n

2

= 2n’(n+1)* =2n(n+1)(2n+1)+3n(n+1)~n
= 2n*(n* +2n+1)~2n(2n" +3n+1)+n(3n+3)-n
= Zn[(n’ +2n? +n)—(2n' +3n+ l)]in(3n+3-1)

= Zn(n’—Zn—‘l]a n(3n+2)
= 2n(n’ -2n-1)+n(3n+2)
= n[2n’—4n—2+3n+2]

= n[Zn3 -n]: n[n(Zn’ - 1)]

= i*[2n?-1]

1 BT

Example 26: Find the sum of n terms of series whose n'™ terms isn? *%n’ +on+ g

Solution:

Given thar: T, = n 4.2,-,’ +ln+1
2 2
3 1

= T, =k +-£kz +Ek+‘l

n
Taking " both sides, we have

k=1

i T, = i(k’+%k2+%k+l)

k=1 k=1

="j§.nz.1_
Sa §k+22k+2

k=1 k=

-

k +
1

_ n*(n+1)* 3_n(n+1)(2n+1) lx[n(n+1)]+n
- " ¢ >

4 2

2

= %["(nz 4-2:14-1)-1-(2::‘-|»31!H-1)+(u-t-1)+tl:l:-:-;-(r:3 +2n% +n+2n% +3n+ 14041+

Sa = £[n’ +4n? +Sn+6)
4

Exercise 6.10

1. Sum the following serics upto n terms:

() 1x3+2x5+3x7+...
Solution:
1x3+2x5+3x7+...tonterms ~
nthtemof AP, 1,2,3,..
a,=a;+(n-1)d
=1+(n—1)1)=1+n-1=n
nthterm of A.P., 3,5,7, ...
by=by+(n—1)d'
=34+(n-1)(2)=3+2n—-2=2n+1
Let T, be the nth term of given serics, then

Th=a,xb,
To=n(2n+1)=2n*+n
= Te=2K+k

n
Taking 3, both sides
k=1

i:l;, = il?kz +k)
k=1 k=1

Sa= zik‘ +i‘_k
k=1

k=1
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sCHOLAR T2 MATHEMATICS - 11

n(n+1)(2n+1) n(n+1)
e 6 T
n(n+1) [2(2n+1)
= ._—-2 {—3 + 1}
_n(n+1)(4n+2+3
T2 ( 3 )
- n(n+ 1}6(4n+5)

(i) 1x5+2xB8+3x11+...
Solution:
1x54+2x8+3x11+--10nterms
nthterm of A.P., 1,2,3, ..
a,=a;+(n—1)d
=1+(n=-1)1)=14+n-1=n
pthterm of A.P., 5,8,11,...
ba=by+(n—1)d
=5+n—-1)(3)=5+3n—-3=3n+2
Let T be the nth term of given series, then
Ta=anX%Xb,
Ta=n(3n+2)=3n2+2n
= Tl=3kz+2k

Taking i both sides
=
in -33 kz-ik
k=1 P
5 = 3n(n+1)(2n+1) +zn(n+1)
6 2
& @{(Zn +1)+2}
5= n(n+1)(2n+3)
2

(iii)) 1x2+2x5+3 xB+...
Solution:

1x2+2x5+3x8+... to n terms
nhtermof AP, 1,2, 3, ...
gy=a;+(n—-1)d
=1+(n-1)(1)=14+n—-1=n
nthierm of AP, 2,5,8, ...
by=b+(n-1)d
=2+(Mn—-1)(3)=2+4+3n-3=3n-1
Let Ty be the nth term of given series
Ts=ﬂ.xb"
Ta=n(3n-1)=3n%*-n
2 Te=3k*-k

73 n
Teking 3" both sides
k=]

ir, - 35}!«2 -ik

k=1 b= k=l
e 3n(n+1)(2n+1) n(n+1)
& 2 2

= &";2{(2:: +1)-1}

_ n(n+1)(2n)
2
S»=ni(n+1)

(iv) 1x3x5+2x4x6+3x5+7+...
Solution:

1X3X5+2X4%X6+3%X5%X7+-10ntcrms

nthterm of A.P, 1,2, 3, ...
a,=a;+(n—1)d
=1+(n—-1)1)=1+n—-1=n
nth term of A.P., 3,4,5, ...
by,=by+(n—1)d
=3+Mm-1)1)=3+n—1=n+2
nthiterm of AP, 5,6,7, .-
= +n-1)d
=54+Mn=-1)1)=5+n—-1=n+4
Let T, be the nth term of given series, then
Th=a,Xb; Xc,
Tp =n(n+2)(n+4)
Ta=n(n®+6n+8)=n®>+6n%+8n
Te = k? +6k* + 8k

n

Taking ), both sides
k=1

3= i{k’ +6ic* +8k)
k=1

k=1

Si= SR +63 K 483k
k=1 k=1 k=1

= n*(n+1) . 6n(n+1)(2n+1) , 8n(n+1)

4 6 2

=n(n+1) +n(n+1)(2n+1)+4n(n+1)

= n(n+1){f$)-+{2n+l)+4]

2
- n(n+1)[n +n+ 8:+4+ 16}

= %n(:r:-i-i)[nt +9n+20)

=l 2
zn(n+1)[n +5n+4n+20)
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%hlﬂ s ANn(ne5)e4(ne5))

LD '|||'r|- 4)m = 5)
L]

3o

(V) 1 x2wd+2xduT+AudulDs,,.
Solution:
12 ud+IniInT+Indx]0+
nthterm ol AP, 1.2, 3,
Gy =a;+(n=1)d
wle+(n=1)(1)=14n=1=n
nthiermol AP, 2 3.4,
b= b+ (n-1d
w24(n=1)1)=2+n=1=n+1
nthiermof AP, 4, 7, 10,
Cu = +(n=-1)d
=4+ n=-1)(3)=4+3In-3=3n+1
Let T. be the nth term of given series, then
Tam= a,=h, g,
To=n(n+1)(3n+1)=n3n’ +4n+1)
To an’+4n’ +n
= Tu~3k"+4k’+k

1o n lermas

Taking Z hoth wdes

i:; - 3ik‘ + 42::’ ‘i"

=] =l hwl kel

_3n'(ne1)’ i 4n(n+1)(2n+1) n(n+1)
4 6 R

_ nins :]{3::(:“1)‘ 4{2».1)”]

S.

4 > 4 3
_ nlne 1}{9:1(:14 1)+8(2n+1)+6
z Chm

91’ +9n+16n+8B+6
n(n+1) -

n(n+1)(9r7 +25n+14)
6
n(n+1)(9n' +18n+7n+14)
12
n{n+1)[9n(n+2)+7(n+2)]
12
n(n+1){n+2)(9n+7)
12

5. =

(vi) 22+ 82+ 62+ ...
Solution:
2244246+ tonterms

nthterm ol AP, 24,6
ey ™= @y 4 (n=1)d
”(“"?‘f’l—i-h‘
Let Ta be the nth term of given senies, Then
To= (a.)’
To = (2n)! = 4n’
“ T, =4k

w24(n

Taking Z both sides
'

3 - 43¥

L]

g . An(ne )20 1)

&
_ 2n(n+1)(2n+1)
3

———

5.

(vil) 32 + 6* +9ls
Solution:
3467+ 9" + - 1onterms
nthtermof AP, 3,69, ..
a,=ay;+(n=1)d
=34+(n=1)3)=3+3n-3=13,
Let T,, be the nth term of given series, then
Ta= (3n)?
Th= 9n?
- T,, = 9k?

L]
Taking Z both sides
el

2% - 92K

k=1 kel

_ 9In(n+1)(2n+1)
6

_ 3n(n+1)(2n+1)
2

Sa

Sa

(vil)4 x 1247 x22+10x 32 + ...
Solution:
4% 1247 %22 + 10 x 3% + 10 n terms
nthtermof A.P., 4,7,10, ...
a,=a;+(n=1)d
=44 (n=1)3)=44+3n=3=3n+]
nthtermof AP, 1,2,3, ...
by=by+(n-1)d
=1+n-1)(1)=14+n-1=n
Let T,, be the nth term of given series, Then
Ta = ap % (b,)?
To=(Bn+1)(n?) =3n’ +n?
= Ti=3k*+Kk?

1)

e ael

s'(aet) A(eeD)@evh)

4 [
p{n=1)[3n(n+1) L s I‘
- .-——-2 2 —)
n{nol‘ 9!1["'“* 4“'2}

2 6
n(n+1)(97" +13n+2)

Se= ]2

(1) 3+(3+7)+(3+7+11)+ .

solution:
1e(1+7)+(3+7+11)+ tonterms

Let Tx be n™ term of given series, then
r_-].']a 11+ ..+a,

Mereay = 3.d~7-3=4 using §, *%[20‘ «(n=1)d)
o= S123)+ (n-1)()
- %{mu-ﬂ%{z.;nl

n
=2.20142n
z{ )

To=2nt+n
= Ti=2kivk

Taking Y on both sides
el

AR EON
[H ] sl LEl ]

- 2n[ml){2n&l].n[noll
6 2

< n(n»l][ﬂznd)'l]
2 3

_n(n+1)[4n+2+3

2 [ 3 ]

_nln+1)(4n+5

2 (T]

¢ a n(n+1)(4n+5)
6

Sa

1
l

) e 2)e(1’ 42 s )o
Solation:
Let Tobe the nth term of the given series, then
A TR T TR
I, - last)(2nel) wldn' sinel) 20" o 00 on

L] L] L

1
> To= =(2k" o2k o k)
S

Taking }._ hesthy sades

i‘,r, - -:;{z?;',lt' .J.i:'_.t‘ ..zj;‘klf

4

5_.._‘.121"‘"_'" _,_ntn-ntzn-u_nln.nl_
"ll 2 | [ 2

_1|2at (ner) In(ne1)(2ns1) nlne1)
o & . * 2

|-

n(ne1) nln e )20 I]‘n{n-l”
P 2 2

- ..l-n:l-(ﬂT‘l-}-{ﬂ(nvl}olﬂbl 1)

o

- 2221) (2 sne2ne2)
12

= n[nol](n‘ +3In+1)
12
o ﬂ(ﬂ.l](ﬂloz.ﬂvﬂcZ]
12
- n(n+1)[n(n+2)+1(ns+2)|
12
L n(ns 1)[(n+1)(n+2)]
12
s..n(ncl)'[non
12

2.  Sum the series:

() 12-2243* -4 s v (Zn-1) = (2n)
Solutlon:
Let Ta be the nth * ., of the given series, then
To = (2n-1) -(2n)'
To=4 *l—‘ﬂ‘-“ﬂJ
Tr® .=4n
= ’1-1“4k

T «ing 3 both sides
=t
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Sa= n- 4—(2%1—)

=n-2n(n+1)
= n-2n*-2n
= -2n'-n
Sa==n(2n+1)
13 2 2 2 1 2
@) T*l +2 1 *23 *3 . tonterms:

Solutlon:
Let T, be the nth term of the given series, then
7= 1422430+ . +n?
n
Aswe know 12 +2% 43% 4. 4 nt = A1+1)(20+1)
6
n(n+1)(Zn+1)
Tn = ———6___.
n
= h(n+1)(2n+1) (n+1)(2n+1)
6n 6
_ (2n*+3n+1)
e

= Tp=%[2k'+3k+1)

ming?': both sides
=1
- e l "
:2:,;?. E:L:;{Zk"»zk-rl}
So= %[zE::‘ +3ik+i1}
1{ n{u+l){2n+1] 3n[n+1) }

e 2
£{[ﬂ+1)(2n+1] 3{n+1]

6 2

_n (2n* +n+2n+l] (3n+3) 1
6 2

Q‘\

5{2(2:: +3n+1}+3(3n+3]+6}

B —(4n +6n+2+9n+9+16}
36

Sa = 3c(4n" +15n+17)

Slg

= T,,-Sk‘+2k+3

Taking Z both sides
k=l

ir, = Z":(Sk’ +2k+3)

ksl t-l

N sZk’ +2Zk+32(1)

o
s 5n(n+ 1}(2!1 +1) 2n(n+1)
) 5 N i

e .

ls(z:a‘ +3n+1)+5n+6+13]
n

6 p
=Don?
6(1011 +15n+5+6n+24)

Sa= E[wn‘ +21n+29)

(i) n*+2n-3
Solution:

Let T,=n'+2n-3
= T, =k*+2k-3
Taking )" both sides

3% = f]k‘+2k—3)

k=l k=1

So= ik‘ +2ik-3i[1]

k=1 k=1 k=1
. n(n+1)(2n+1) 2n(n+1) 3
6 i 2

SEICI I

N n{zn’ +3n+1+6n+6—18]

6

5, = A(2n’ +9n-11)
6

5
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scHO

- L wih Taking E‘ both sides
'[-lk""g z‘ o = asl
s

- i(gk" +5k+2) ir; - Z(:(‘+k-2)

::1 hal I:'I 4 r
o 32::‘ s)jr +2Z(1) - YK k=23 (1)

k=1
3,,{,..1){2:1* 1} Sn(nvl} ) ﬂ(ﬂ'illh-l)‘ﬂ(ﬂ*l]_zﬂ

P

6 [ 2
i (nvl)(2n+1)q5(n+l)‘z} . f(nvl}(h*l)'n‘lﬁz'
e ot g
N[ZH: +3n+1+5n+5¢4] {2,':*3"_*1,3".3_12}
- 2 =n 3

= Z(2n +8n+10) = Z(er* +6n-5)

= 'zzgfn- +4n+5) = Elr 3 4}
5, = (" +4n+5) 6

Replace 11 by 21t we have
5.0 = 20((20) +4(2n)+5)

5= %(r.‘ +3n-4)

Replace n by 2n, we have

- 4nt+8n+5
2n(4n ) . 2 %((zn)z +3(2n)-4)
1
@ n +n-2
Solution: S =%(4n 20a-5)
2
Lt T, =rf +n-2 n
> T ki +k-2 Sa ?[2"’ +3ﬂ"2]

Real Life Problems involving Sequences and Series:

Example 27: Vehicle Arrival Sequence
Vehicles amive at a toll booth at a rate of 4 cars every 5 minutes. Represent the number of cars amiving over lime

as a sequence and predict the total number of cars after an hour.

Solution:
The sequence of car arrivals is: 4, 8,12, 16,... (Anthmetic Progression)
Here, 0, =4, d =4, n=%= 12,a,,="7

Using the formula for arithmetic sequence
, =@+ (n-1)d
a;,; =4+(12-1)(4)=4+11(4)
= 44+44=48
Thus, after one hour there will be 48 cars.
Simple Interest on Loan (Arithmetic Sequence with Particular Term)

J.- Find the sum to n terms of!he series whose nth
terms ore glven.

4. Given n® terms of the scries, find the sum to2a

Example 28: To buy furniture for a new apartment Tayyab borrowed Rs. 50,000 at 8% simple interest for 11 years.

() Sn2+2n+3
Solution:
Let T, =5n*+2n+3

terms: How much interest will he pay?
3n® +5n+2 Solution:
(S?:Inti s Since 8% is the yearly interest rate, we have

Let T, =3n*+5n+2
= T=3k*+5k+2

Interest after one year = Rs.S0.000x%xl: Rs.4000
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{
Iitorest afier two yours ia-.._r.u,uuu\ﬂ-]-d <2 Rs.8000

Iherefore, we have the AP,

4000, 8000, 12000,
Here, ay = 4000,a; = 8000,d = a; = ay = 4000,n = 11
Using the formula for anthmetic sequence

a, = a, +(n-1)d
ay, = 4000+ (11-1)(4000)
= 4000+ 10(4000) = 4000 + 40000
= Rs 44000

Thus, Tayyab will pay a total interest of Rs. 44000 on borrowed amount of Rs 50,000 after 11 years,
Compound Interest on Loan (Geometric Sequence with Particular Term):

Example 29: Amna invests Rs, 200000 at 5% interest compounded annually. What total ﬂmounlw
10 years? Ay
Solution: e
Let the principal amount be P. Then,

The interest for the first year = 5% of P=Px l:O = P(0.05)

The total amount after first year = P+ P(0.05) = P(1+0.05)

The interest for the second year = P(1+0.05)x0.05
The total amount afler second year = P(1+0.05)+P(1+0.05)x0.05
= P(1+0.05)(1+0.05)
= P(1+0.05)
Similarly, the total amount after third year = P(1+0.05)’
Thus, we have sequence of amounts
P(1.05),P(1.05)},P(1.05)",... (G.P.)
Here, a, =P(1.05),r=1,05,n=10,a,, =7
Using the geometric sequence formula
a, = a,r™’
a,, = a,r'%!
P(1.05)x(1.05)°
(200000)(1.05)"°
= (200000)(1.62889)
=325778.92
Thus, the total amount Amna will get after 10 years will be Rs. 325778.92
Grid Column Distribution (Arithmetic Serics Sum of Terms):

]

]

+ P=200000

Example 30: A web designer is using a 12-column grid system where each column increases in width by 105
from the previous one. The first column width is 50px wide. Find the total width occupied by all 12 columns.
Solution:

This follows an arithmetic serics with:

First term = a; = 50, Common difference = d = 10

Numberof terms = n = 12

Using the formula for the sum of an arithmetic serics:

Sa= %[2:!, +(n-1)d]

§CHOLAR & MATHEMATICS - 11 2
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12 .
S 120500 0 (12 1)(10)) - 6100 + 110] = 6(210) < 1260p

Thus, the total widih of all 12 columns is 1260px

W 31 Motor Vehicle Leasing Uslng Arlthmetic Sequence
A company leases o motor vehicle with the following terms
o The first monthly payment is Rs. 15,000,
e Lach subsequent payment increases by Rs. SO0 due to nflation adjustments
e 1he lease term s 24 months
find
(i) Whatis the payment in the 24 ™ month? (1) What s the total amount paid over 24 months?
(iii) 1M the company can only afford to pay a total of Rs. 400,000, can they complete the 24 -months lease?
(iv) Find maximum months n such that total, payment S,, < 400,000
——
Solution:
Given that.  First term = a, = 15000
Common difference = d = 500
Number of terms = n = 24
(i Paymentin 24™ month:
Using the formula
a ~at(n-1)d
a, = 15000 + (24 - 1)(500)
= 15000 + 23 = 500 = 15000 + 11500 = Rs.26500
(if) Total payment aver 24 months using the formula

sn ' %(al ’an]

: %‘1(15000¢26500]: 12(41500) = Rs. 498000
(iit) Can the company afford the lease? No, total payments (Rs. 498000) exceed the budget of Rs. 400,000 by Rs. 98,000
(iv) Using: s,,:%[z«:l +(n-1)d)<400,000
Substituting the values:
g[z(lsooo)+(n-1)(soo)] <400,000

n[15000+250n-250] <400,000

n(250n+14750) < 400,000
250n +14750n-400000 <0
n* +59n-1600 <0
Associated cquation is n? 4+ 59n — 1600 = 0

i -591J{59]' - 4(1)(-1600)
2(1)
_ -594994
2

_ -59-99.4 -59+99.4

N = ——— & n= —mo———

2 2

n=-79.2 , n=202
Clearly n = 20 satisfy the incquality.,
S0,n = 20 is the maximum months such that payment S, < 400,000,
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L Asum of Rx 10400 is paid off in 40 instalment
soch that cach instalment s Ra. 10 more than the
precediag instalment. Calculate the value of the
Nrst instalment

solutwn:

Total sum = 10400

Let first instaliment = @

The seguence of instal!ments 18
2.a+10,a+-20

Hereay = . d= 10, n= 40, Se

.G iA P

] \‘ l _. 'J

As we hnow S, = -;::..:_ «(r=1))

40
Se = —{2a+(40-1)(10))

10400 = 20(2a » 390)
10400 _
—-—20 = 2a+ 390

520-390 = 2¢
2a =130
a =65

Hence, the value of first installment 1s Rs. 65

2. An wmvestor imvests Rs. 150000 at an annual
compound interest rate of 6% for 8 years. Find the
total amount will be get aller 8 years.

Solubon:

Principal amount = 150000

Rate of imterest = 6%

= r=1+6%=1-006=106

Here gy = 150000, n =9, 04=7

As we know Q. =ayr?
a« = 150000(1.06)*!
= 150000(1.59385)
= 23907750

Thus, the total amount the investor will get after 8 years
will be Rs. 23907750

|
|

3. The population of a town is 4084101 at present
and five vears ago it was 3200000. Find its rate of
increase if it increased geometrically.

Solution:
Population five years ago = ay = 3200000
Current population = g4 = 4084101

As we know Qe = ayr=!
Ge = Qyre? Putn=6
4084101 = (3200000)r5
4084101 .
3200000

1.2762815625 = r®

—Strm

By wakong fifth root of both ssdes
1
r=(1276l815625)*

r=105
r=1+005
g
= ] e—
100
re1+5%

> Rate of increase = 5%

4. Determine the total worth of a yum

b

investment after 20 years if the interesg ey 55

compounded annually.
Solution: e
Current amount = 5000
Rate of interest = 5%
= r=1+5%=1+005=105
Here @y = 5000, n=21,85:1 =7
By using sum formula
§, = ay(r*-1)
r-1
- 5000((1.05)"' -1)
i 1.05-1
- 5000(1.78596)
0.05
= 178596

Hence, the total worth of the investment afler 20 yeary 5
Rs. 178596

5. A water tank develops a leak. Each week, the tag).
loses 5§ gallons of water due to the leak Initially,
the tank is full and container 2000 gallons.

(i) How many gallons arc in the tank 20 weeks later?

(i) How many wecks until the tank is half-full?

(in) How many weeks until the tank is empity?

Solution:

If the water tank starts with 2000 gallons and loses §

gallons each week due to leakage, then

Sequence: 1995, 1900, 1985, ., a. (A.P.)

(1) Here ay=1995.d=1900-1995=-5
n=20,a:0=7

As we know a.=ay+ (n-1)d
a0 = 1995+ 19(-5)
=1995-95
= 1900 gallons

Thus, the tank contains 1900 gallons after 20 weels.
() If the tank is half full, then
a,=1000,n=7,a,=1995.d=-5
As we know gs = +(n-1)d
1000 = 1995 + (n - 1)(-5)
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1000 - 1995 = -5n+ §

995-5 Sn
-Sn -1000
1000
Mo —

5

n = 200 weeks
hus, e tank 15 half-full after 200 weeks
(i the tank 15 empty, then
g =0.n=70a,=1995 d=-§
As we know @ = ‘(ﬂ-”'d
0 = 1995 + (n-1)(-5)
1995 -5a+5 =0
Sn = 2000
n =400 weeks
Thas, the tank 1s empty after 400 wecks.

& A drug company has manufactured 7 million
doses of a vaccine to date. They promise additional

T. At a toll booth, the number of vehicles passing
through during the first minute is 100 . Due to
road congestion, each minute only B0% of the
vehicles from the previous minule manage (o pass.
Represent the number of vehicles passing cach
minule as a sequence.

Find the total number of vehicles that pass
through in 15 minutes

(1i1) What is the maximum number of vebicles that can

pass in the long run (as time § — o )

om

Solution:
(1) Number of vehicles dunng 1™ manute =~ 100
Number of vehicles dunng 2nd minute = B0%(100)

H
80 (100)- 80
100

Number of vehicles during 3" munute = B0%(B0)

. B9 (80)-64
100

production at a rate of 1.4 million d J th

Sequence: 100, 80, 64, . (G P)

over the next year,

How many doses of the vaccine, in total, will have

been produced after a year?

The general term a,, describes the total number of

doses of the vaccine produced. Describe the

meaning of the variable n in the context of this

problem. Find the general term a,,

() Find the value of @, and interpret its meaning in

words.

-s;I:tinn:

According 1o the statement, we have the sequence
7,84,98, ..0,(A.P)

i Hereay =7, d=14,n=12,ay:=7

Aswe know @, =ay + nd
ai:=7+12(14)
a;; =7+168

a3z = 23.8 million doses
Hence, the company will produce 23.8 million doses afler
avear.
(i) The general term @, is
a,=ay+nd
a. =7 +n(14)
where @, 1s the total no. of doses in millions and n is the
number of months passed since now.
() Hereay=7,010=2,n=10,d=14
Asweknow @, =a; +nd
ap =7+10(14)
=7+14
= 21 million doses
Interpretation: After 10 months, the total number of

() Number of vehicles during 1™ minute = ay =~ 100
Rate of decrease = 20",
= r=1-20%=1-020=080
Here n = 15 and 515 = 7
By using the sum formula
5 » 1~ )
1-r
5, = 1001 -(080)"")
1-080
_ 100(1-0.03518)
0.20
100(0961482)
0.20
Sye = 4B2.41 = 482 approximately
(m) Hereay = 100, r = 080,5.=7
As we know S, = T.i'- lrl=080<1
-r
100
1-080
. 100 .
0.20
5. =500

8. Asum ofRs. 5000 is inverted at 8% simple interest
per year. Calculate the interest at the end of cach
year. Do these interests form an A.P.7 Ifso find the
Interest at the end of 20 years making use of this
facl

Solution:

Total sum = 5000

vazeme doses produced is 21 million.

Interest at the end of 1" year = 8%(5000)
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i ]
= —(5000) =400
100
Interest at the end of 2™ year = 2 » 8%4(5000)

- 2L-n— -5000)
100

2(400) = 800
Interest at the end of 3" year = 3 « 8%(5000)

- 3(%cso00)
100 J

= 3(400) = 1200
The sequence of interest is
400, 800, 1200, ...
As  B00-400 =1200-800
= 400 = 400
So, the sequence form an A P
Here ay = 400, d =400, n = 20, 020 = 7
Using ay=ay*+(n-1)d
@z = 400+ (20 - 1)(400)
= 400 + (19)(400)
= 8000
Thus. the simple interest at the end of 20 years is Rs 8000

{Common difference exists)

9. Amachine is purchased for Rs.20,000. Depreciates
at 6% per annum for the first four years and after
that 8% per annum for the next six years.
Depreclation being calculated on diminishing
value. Find the value of the machine after a period
of 10 years,

Solution:
Initial value of machine = a; = 20000
Rate of depreciation for first four years = 6%
= n=1-6%=1-006=094
For value of machine after four years
m=5as="7
a, = a""
as = 20000(0.94)%1
= 20000(094)*
= 156149792
Leta=as= 156149792
Rate of depreciation for next six years = B%
= n=1-8%=1-008=092
For value of machine afler next six years ny =7

Using

Value after ten years = ﬂrg""
= (156149792)(0.92)™
= (15614.9792)(092)*
= (15614.9792)(0.60636)
= 946830 approximately

10. Two cars start together in the same lllrmm
the same place. The first goes with uniform
of 20 km/h. The second goes at a speeg
12 km/h in the first hour and increase the
by 1km/h each succceding hour. After
many hours will the sccond car overtake the firy,
car if both cars go non-stop?
Salution:
Suppose the 2™ car overtakes the first car after ¢
Then, the two cars travel the same distance in t hours,
Distance travelled by 1% caras
Dy =20+20+20+ .
Here ay = 20, a, = 20

—

.+ 20 (Arthmetic seriey)

t
D= Elﬂn +a,)

t t
« =(20+ 20) = =(40)= 20t
zl ) 2( )

Distance travelled by 2 car s

Dy =12+13+14+ lnfknm(ﬁnﬂlmt“}
Hercay =12, d=13-12=1

D: = £(2a, +(t-1)d)

L2(12)+ (2 - (24t
-2-{..(12] (e-1)(1)) 2(z-l t-1)

. -;-(: +23)

As Dy = D:
t
—(t+23
2( )

= 20t

40t =2+ 23t
0=0-17t
t(t-17) =0
= =-17=0
t=17
Thus, the second car will overtakes the first afler 17 hours
11. 150 workers were engaged to finish a plece of
work in a certain number of days. Five worken
dropped the sccond day, five more workemn
dropped the third day and so on. It takes 10 more
days to finish the work now. Find the number of
days in which the work was completed.

(e=0)

Solution:
Let n be the number of days in which 150 worls
complete the work.
According 10 the given condition
150(n) = 150 + 145 + 140, ... to (n + 10) days
4 Anthmetic Senes
Hereay = 150,d = 145- 150 = -5

Using S, :i'z-(za, +(n-1)d)

SCHOLAR T2 MATHEMATICS - 11
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_ 150n= 22 (2150) (n+10-1)(-5))
300n= (n+10){300+(n+9)(-5))
300n = (n+ 10][300—50—451
300n=(n+ 10)(255 - 5n)
300n = 255 - 5n* + 2550 - 50n
Snie 500+ 300n - 255n - 2550=0
Spi + 95n - 2550 = 0
ni+19n-510=0 (Divide by 5)
pi+34n-150-510=0
a(n+34)=15(n+34)=0
(n- 15)(n + 34)=0

n-15=0 or n+34=0

n=15% or n=-34(Not possible)

Number of days  =n+ 10
=15+10=25

Thus, the work was completed in 25 days.

12. A radioactive product has a half life of 5 years. If
the radioactivity level is 68 microcuries after 20

years. Determine the original Jevel of
radioactivity.
Solution:
Letonginal level of radio activity = ay
After S-vears life of radioactivity = %"1
After 10-vears life of radioactivity = 1(’:} ] lu
{4 e =l W
’ 227
After 15-years life of radioactivity = l[lal ):.!.01
204 8
After 20-years life of radioactivity = -I-[lu,]=.l_gl
2\8 16

Then the sequence of radiocactivity life is

1
a,,—a

1 1
9.3 3 vE‘h-Eal

2
Hereoy=a r‘ln s
1=aq,r==,n=

2

As ndicactivity level after 20-years is 68 microcuries, so
we have

as = 68
airs! = 68 sa; =g

ayrt =68

n,[-;—] = 68

a; = 68 x 24 = 1088
This, the onginal level of radioactivity was 1088
microcuries

13. An object moving in a line Is given an initial
velocity of 4.5 m/s and a constant acceleration of
2.5 m/s?. How long will it take the object to reach
a velocity of 20 m /s ?

Solution:

Let Initial velocity = gy = 45 m/s
Constant acceleration = d = 2.5 m/s’
Final velocity = @, = 20 m/s
Sequence: 45,7,95, ..,0.(AP)

Using a, =ay+nd

20 =45+n(25)
20-45=25n
155 =2.5n
25
62=n
Thus, it will take the object 6.2 seconds to reach a velocity
of 20 m/s.

14. In an integrated circuit with an initial current of
1080mA, the temperature in the components
decreases from 20% to 17% to 14%. Assuming
that each temperature decrease Is caused by a
decrease in the initial current, what is the value of
the current at fourth measurement?

Solution:

Initial current = 1080 mA

The sequence of temperature decreases is 20%, 17%,
14%, 11% (A.P)

Current of 1 measurement = 1080 - 20%(1080)
20

= 1080-—(10
100[ 80)

=1080-216
=864 mA
=864-17%

17
= - (10
864~ (1080)

Current at 2™ measurement

=864-183.6
=680.4 mA
= 680.4 - 14%(1080)

14
= 680.4-——(1080
ey T

Current at 3 measurement

=6804-151.2
=529.2mA

Current at 4* measurement = 529.2 - 11%(1080)

= 529.2-—--(1080)
100

=5292~-1188
=4104mA
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IS, Show that the amount of & certain sum of money " _l p a—
at compound interest of F3% per year for  year | The st for e yeaes = £ 1+ .‘ 0 "'“‘“'1'-& = Multiple Choice Questions (MCQs)
S ooy T -
Let the pnncipal sum of money = P \ II]I‘.] l"
1. Asequence bs a function whose domain s a setof - - - - -
Annual rate of compound interest = r % (A) real numbers (V) natural numbers (C) integers (1) none of these
The amount for one yea s r%ol P ( \ 1. Sequence Is denoted by - - - - -
o o e " The amount for n years !'ll'T:Tﬁ (A) & (1) La. (C) (a0 (D) 15
P o P Bartnse Y 1 Aninfinite sequence has no - - - - -
100 e 2 (A) 17 tlerm (B) maddle term (C) venth term (1)) last term
r Pl1+— [1.-— [ ) P i Hau-aei=n+2,ay=2thenay=-----
Pl1s SPl1er Y
\** 700 \ "’"J “’“J 100 A I (A6 ()4 ()1 (D) 17
: ; ". & The next term of the sequence 7,9, 12, ... is:
he amoun for two vears = j‘l 1.L|.r~z\,..[Pi].-r_] r \ r d " (A) 16 (n)1s (Cyia ()18
R D - I [ Exercises2
r . . s -— ; Exercise 6.2
Plls = o [] " —] p(t + r pl1 6. A sequence () is an arithmetic sequence IfVY n e Nand n > 1:
100,/ 100 . 100 ‘1_6 - s
. |a\lTl\' same (D) a, = a. 0 s same (C) ey = ey 15 dilTerent tl)i‘:“ 1% same
34 r [ i
PLl _'_J = [ ) ( ] (Common rar 1
100 100 100 e . ||' ] I Ve =are in AP then the common difference Is ==« -«
So, sequence (1) forms a G.P.
-c atc
5= (Ill O 5= tl)}"‘T—'
Formula Sheet du a-c 2a¢ ave
- 8 WMas-y=2n=5itsnth termis -----
. a,=a,+(n-1)d 2 A _a+b (A)2n+ 1 (B)2n+3 (C)2n-2 (D)2n -8
ol 3 2 9. The 7th term of an AP, whose first term Is 2 and common difference is zero is « - -
Anthmetic —— (A) 14 (B)7 ()2 (D)o
n n -
3 5, = E[zul +(n=1)d] 1.5, =E(a| +a,) 10, w,m+d,m+ 24, ... Is the general form of:
A)G.P. ) AP Py »
5. 0, e R — (MG () / (C) LI (D) none of these
S——- 21.“_1 ay(r"-1) . Middl rul : »
S, = H 8 S, =_I_'|r|;.1 [} A ¢ term of three conseculive terms in AP s the = -« - -
r-1 (AVAM (B)GM (C)HM (D)) none of these
9. §, = ab , _dbr _[as(n-1)d]br" 1. Arithmetic mean between ‘:' um!% I ==uu-
" 1-r o 1-r
:\(l"ﬂhmcllcu— (1 ’) (1 r) ‘Ma +hb () ath c 2ab ab
jeometric - ab_, _dbr ab 2ab ©vs 15) berary
i T (-r) 13. The arithmetic mean between 2 +\ﬁuud 2 -\ﬁ Is ccun-
Harmonic 1 : 2ab (M2 (B)V2 (©)0 (D)4
1. a, :m 12. H= > . 115 1s AM. between =5 and b, then b s cqual to ----.
1 (A)O (B)15 (C)-5 (D) 10
13. 3(a, +b,)=Ya, +3b, 14. Zua. =uZa, Exercise 6.4
b=l =1 =1 k=l 3
] 15. Sum of terms of an AP, Is called ===«
Sikscellenesus is. ﬂ(k"' ~(k-1)" ] _— 16. z‘:k = n(n+1) l.v\] geomelric serics (B) arithmetic scrics (C) arithmetic progression (D) harmonic progression
Serics oy o 2 16. Formula for the sum of n terms of AP, (Arithmetic progression) ls - - - --
n 2 n a(l=r
17. Z,,.-M 18. ):k’=[—"("z”’] (Mo, =a+0-Dd  B)S,=Ze+0) (@522 oy =
i A=l et |17, Thesum S, =a; + a3+ ay + ...+ aa Is called - - - - - of the sequence (a. ).
(C) 3rd partial sum v ) none ol theve

(A) nth partial sum (B) sequence
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15, No term ol a geometric sequence can be <« <«

1 | _ Ihe reciprocal of the terms of ILP fs - - - -«
A) O 1) - (1 AL
(A) (ms5 )y (MATP marp (Cc)ne
= I J f o harmonle se pcan be -c---
19, ll' 2t bt und “ 5 are in GO then common ratio is equal (o = - - - | i :::'l:m' e — “("Ill;t;.“ e (©) 1
« & 35, The harmonic mean hetween two numbers u and b s - - - -
(A ! J: () + J_ () ',’,, ’e (15)] v/ - 2
. . L
a < M7 (1) + Ak (€)==
20, Moy bycarein G and a>0,b >0, ¢ =0, then the rechprocals of ay by e form = - - - =

(AADP (mar «Ccynpe (1) none of these |
= &£ 0000 & AT S| et
21. The sequence S “2‘ T N T — | (A)inG I
(A) senes (B)AP C)a.r. ()ynpe

Exercise 6.8 :JT. i" cquals fo:

22. Ifa, G, b be the G.P, where a, b are numbers then G.M. Is equal to - - - - - el

(A)\/ab (B) -afab (C) 1[ab (D) ab (A)n
2. G.M between 1 and <16 is:

nin + 1)
(A) ()4 (C) +4i (m% N™3
= LN Ll
24. For what value of n, ;!TT:':E is the positive geometric mean between a and b? 39 Zk Isequalto ----
=1
(Ayn =~ )1 (c;% ()0 A5

Exercise 6.7

25. Sum of n terms of G.P, with first term 'a’ common ratio 'r' is = = - - -

Exercise 6.9

(BymATP

(13)4n

38, 1fnis any positive integer then 17+ 20+ 3 +

" 1
(o 1

n+|
2

Exercise 6.11

40, Vebicles arrive at a toll booth at a rate of 4 cars every 5 minutes, then the sequence of car arrivals [s:

et n? rqunls -

©) n!n + 1)

(CymHp

Exercise 6.10

(©)

(©)

&n

nin-1)

2

(1)) none of these

()0

(D) all of these

(D)2n

(D) n‘fn.‘f 1)

D) n(n+ 1)

2ab
a+th
36, 1TAG, I are arithmetic, geometric, harmonic means between a and b respectively then A, G, H are

2

ath a(l = 2ab n (A) 4,10, 15, 20, . (3) 4,4,4,4,.. (C) 4,8,12,16,... (D)5,5,5,5,
(A) 2 (B) "lL_rJ" O ath (D) 2 {2a + (n-1)q) {1, Vehicles arrive at a toll booth at a rate of 4 cars every 5 minutes, Total number of cars after an hour will
26. 1fS, tends to a definite number limit as n =» «, then the serles Is === - - be:
(A) convergent (B) divergent (C) oscillatory (D) none of these | (A)4Bcars (B) 50 cars . (C) 20 cars (D) 28 cars
27. An Inl‘lnlie geometric series is divergent if - - - -- 42 A web designer Is using n 12-column grid system where each column increases in width by 10px from
(M b} B)[r]> 1 (C) both (A) & (B) M)lr|<1 ' the previous onc. IF first column width is 50px wide, then the width of 5™ column will be:
l ra (A) 150 (B) 200 (C) 350 (D) 300
28. “ q 35 Y 125t e Infinite geomeltric serics, then sum Is: ANSWER KEY
5 4 3 1. B |2 Cc |3 D |4 C |5 A |6 B |7 A |8 A |9 C |10. | B
U\)s (B)"?“ (C)-g (I))z f. | AJ12 | B |]13. | A |14 B | 15 B |16. | B J17. | A |18. | A |19. | B |20 B
2.1 CJ22 | C |23 | C |24 C 125 | B |26. | AJ2r. | c |28 | A |29 | D J30o. | D
w |03 [B |33 | A3 [ D [35 | D |3 | A|ar.|B [38 [ C[35 |04 ]c
29. The sequence formed by multiplying the corresponding terms of A.P. and G.P. is called - - .. “jalelc
(MADP, B)aG.pr. (C)H.P, (D) A.G.P.
um ofthe terms of = = - < = is called arithmetico-geometric series. = .t. i
(A)ADP. (B)G.P. (C)A.Pand G.P (D) AG.P.

31. The series of the form ab+(a+d)br+(a+2d)br? +...+{a+(n=1)d}br"" is called - ----

(A) anithmetic serics (B) geomelric series (C) harmonic series(D) arithmetico-geometric series
32. Sum to infinity of arithmetico-geometric series Iy - ----

a ab dbr dbr ab dbr
N) S, s B)S, =— C) S, s—t=——(D) S, =———t———
W 1-r ) l—r*(l—r]'( ) 1-r [] r) i l+r (1+r)
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Permutations and
Combinations

a— .

Introduction

m) life, permutations and combinations play a vital role in counting total number of possibilitics. as well

a5 in arrangements and selections of objects. They are used in many fields of science. For example,

o Inprobability theory, permutations and combinations are used to compute how many times an evenl can occur
in varous scenarios and to estimate the odds of winning a lottery.

« Inbiolopy, these are used 1o find out the total numbers of possible DNA sequences.

e Incomputer science, these are used to count the possible number of passwords of a given length by using some
specific characters

«  Morcover, these are the important parts of many encryption algorithms to ensure the privacy and integnity of
adata set

Fundamental Principle of Counting:

El;il:ngr:
Danish wants to prepare invitation cards of 5 different colours (red, blue, green, orange
and yellow) by changing any of 3 shapes (circle, square and rectangle). How many

Challenge:
Make a tree diagram and
find how many cards can

cards can Danish make? Daoiih make?
1" Way: By making tree diagram

Circle Square
Recungle

From tree diagram, it is clearer there are 15 choices for Danish to make cards of 5 different colours (red, blue, green,
crange and yellow) by changing any of 3 shapes (circle, square and rectangle)
1 Way: To find the total number of difTerent cards Danish can make, multiply the number of colors by the number
of shapes

Total number of cards made = Total no. of colours x Total no. of shape

=5x3 = 15cards

Problem:
Danish's father wants to buy a table and has asked his son to hzlp him decide. He narrowed down his options for
manufacturer, types of material (wood, plastic, glass and marble) and types of shape (circle, square and rectangle)
Find the total number of table choices from the above options.
Again the problem is to count the total number of ways in which Danish's father can choose a table.
1" Way: By making tree diagram

Glass

Marble

l\q.l.uc ] 'R“l.‘l’i_ﬂ]:l [ Square I IR«L.Ln_uI:I [ Squarc ] [Rccun;lu:]
[ Curcle ]

From trce diagram, it is clearer there are 12 choices for Danish’s father to buy a table with one type of material and
oz type of shape.

|Rttm\g:lc]




