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Improper Rational Fraction:
P:x; is called an Improper Rational Fraction if the degree of the polynomial P(x) in the
X

A rational fraction

numerator is equal to or greater than the degree of the polynomial @(x) in the denominator.
X (x=-2)(x+1) ¥ -xiex+l
2x-3" (x=1)(x+4) X’ +5

Mixed Form: Any improper rational fraction can be reduced by division to a mixed form, consisting of the Sum of
a polynomial and a proper rational fraction.

3x%+1 3x+6

For example,

are improper rational fractions or improper fraction

For example, ~= is an improper rational fraction. x-2) 3x2+1
By long division, we obtain +3x% T6x
3x%+1 _ R 6x+1
x=2 - D 6X312
= (3x+ 6)+l—3 &
x=-2

|

i.c., an improper rational fraction has 3x been reduced to the sum of a polynomial 3x +6 and a proper Fationg]

fraction 1—3
x=2'

» Whena rational fraction is separated into partial fractions, the result is an identity; i.c., it is true for all valye
of the variable in the domain of identity.
The evaluation of the coefficients of the partial fractions is based on the following theorem:
“If wo polynomials are equal for all values of the variable, then the polynomials have same degree and (b
coefficients of like powers of the variable in both the polynomials must be equal".

For example, if px® +qx* —ax+b=2x> -3x? =4x+5,Vx then p=2,9=-3,a=4 and b=5.

P(x)

.

Resolution of a Rational Fraction

into Partial Fractions:

Following are the main points of resolving a rational fraction Ptﬁ into partial fractions:

(i) The degree of P(x) must be less than that of Q(x). 1f not, divide and work with the remainder theorem.
(1) Factor the denominator Q(x) into its irreducible factor, write the rational fraction into partial fractions.
(i) Multiply the identity with the denominator of left hand side.

(iv) Equate the coefTicients of like terms (powers of x).

(v) Solve the resulting equations for the cocfTicients.

We now discuss the following cases of partial fractions resolution.

P(x)
Q(x)
The polynomial Q(x) may be written as:

Q(x)=(x-a,)(x-a,)...(x~a,), wherea, #a, #...%a,

Case I: Resolution of

into partial fractions when @Q(x) has only non-repeated lincar factors:

A A
PO B, B =2 Banidentity.
Q(x) x-a; x-a, x-a,

Where Ay, A3, ..., Ay are numbers to be found.
The method is explained by the following examples:
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7x+25 :
sample 1: Resolve m into partial fractions.
] 7x+25 . - B M
SUPPOSE TR (x+4)  x+3  x+4 '
fultiplying both sides by (x + 3)(x + 4), we get
Tx+25=A(x+4)+B(x+3) (2)
: tx+3=0=x=-3ineq.(2), we have Putx + 4 = 0 =x = —41n ¢q. (2), we have
7(=3)+25=A(-3+4) 7(—4) + 25 = B(—4+3)
-214+25=A(1) -28+ 25 = B(-1)
ting values of A and B in eq. (1), we have
7x+25 _ 4 = 3
dence, (x+3)(x+4) x+3 x+4 ’
x*-10x+13 .
le 2: Resolve ————————— inlo partial fractions.
- (x-1)(x* -5x+6) ¥
lution:
polynomial x* =5x+6 in the denominator can be factorized and its factors are X — 3 and x - 2.
x*-10x+13  _  x*-10x+13
(x-1)(x* -5x+6) (x—1)(x*-3x—2x+6)
. x*=10x+13
(x=1)(x(x-3)-2(x~3))
__ x*-10x+13
(x-1)(x-2)(x-3)
! xX*-10x+13 _ A B _C ;
PPOSE G-D(x-2)(x-3) x-1 x-2 x-3 0
fultiplying both sides by (x — 1)(x — 2)(x — 3), we get
x2—-10x+13=A(x—2)(x—3) +B(x - 1)(x—-3)+ C(x - 1)(x = 2) ..(2)

tx—=1=0=x =1ineq.(2), we have
(1)*-10(1)+13 = A(1-2)(1-3)
1-10+13 = A(-1)(-2)
4 =.2A

Putx =2 =0=x = 2 in¢q. (2), we have
(2)2-10(2)+13 =B(2-1)(2-3)
4—-20+13=B(1)(-1)
-3=-B
2)

Lx=3=0=x =3 ineq.(2), we have
P -103)+13 =C(3-1)(3—-2) =9-30+13=C(2)(1) = -8=2C=[c=-4
fulling values of A, B and C in eq.(1), we have
2
e, X -10x+13 _ 2 : 3 4
(x-1)(x*-5x+6) x-1 x-2 x-3
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Example 3: Resalve - nto Partial Fractions.

x(2x+3(x-1) Frample 4: Resolve L-ll nto partial fractions
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Solution: (x+2)'
2x" e x? -x-3 sz"xz—x—S : & 1 l Solution:
x(2x+3x-1)  x(2x* +x-3) 2x ”.-3‘% xax-1 A B c
3 G| Suppose —— T —— e «
‘M (Improper Fraction) 2% t"’t!. (x+2) ol Gl ey ]
2x’ +x° -3x P Muluplying both sides by (x + 2)7, we get
.. : P ax-1=Ax+27 +Bx+2)+C P
D Putx+2=0=x==2mncq (2). we have
20 «xf-x-3 _ - 2x -3 | (=2’ +(-2)-1=A(0)+B(0) + C
(2x+3)x-1) x(2x+3)(x-1) Wl = .
- | Re-armange ¢q (2)
Suppose Ix-3 =4 .9 c h +x—1=Ax* +4x+4)+Bx+2)+C
*QRe+3x-1) x eI x-1 g K Ax—1=Ax’ +4Ax +4A+ Bx + 2B+ C
Multiplying both sides by (x = 1)(x = 2)(x — 3). we get | X +x=1=Ax" + (4A+B)x + (4A + 2B + ()
m— x=3=A2x+3)(x-D+ B(x)(x = 1) + C(x)(2x + 3) | _: Equating the coefTicients of x* and x, we gel
. 5 4 and 1=44+8
Putx = 0 inegq (2). we have Put2x+3=0=>x=-5 in eq. (2). we have s 1 sdbB = E
2(0)=3 =A@ +3)(0-1) 3 3V 3 Purting values of A, B and € in¢q (1), we have
0-3= @D {3)-o(3) ) A T
-3=-34 (x+2) x+2 (x=2F (x-2)
E=1 —6=B[-—§)[—5)=:—6=B[E]:—6x s =B i 1
2 2 4 15 = nh; Example §: Resolhe ——————— nto partial fractions
| (x=1)(x*-1)

Putx—=1=0=x=1lineq (2) we have

1 Solution: ~
2N =3= MW +3)=~-1=C() =|C=-¢ ® . S— 1 . 1
(x+17(x*=1)  (x+1)(x-1)(x+1) (x-1(x+1)’
Pumiing values of A, B and C in eq.(1). we have 1 A B c D
5 - ————————————— T — i — i — . — . ]
2x-3 3K 8 1 i uppose (x-l)[x~l]’ x=1 x+1 (x-.”z {.‘K"‘lr h
x(2x+3)(x-1) x 5@2x+3) 5(x-1) Multiphying both sides by (x = 1)(x + 1), we get
Fremaeg; (a) weiliave : 1=AE+1P +B(x+1Px-1D)+C(x—1)(x+1)+D(x—1) D)
. 7 I - ‘:1+_1- s 3 hl!x—11=-0A=(:fl=))1 ineq. (2). we have Putx + 1::’0:;_:_:1;.1 ineq (2). we have
x(2x+3)(x-1) x 5(2x+3) 5(x-1) - -
Case II: When Q(x) bas repeated linear factors: 1= A(8) = A=E 1=D(-2) = |D= E
3 : = A P(x) Re-amange eq.(2)
If the polynomial @(x) has a repeated linear factors (x — @)™, n = 2 and n is a positive integer, then —— mr geeq "
a - Q(x) 1=A(x* +3x3 +3x+ D+ B(x* + P —x = 1)+ C(x* - N+ D(x—=1)

1=(A+B)xX’ +(BA+B+C)x* +(BA—B+D)x4 (A= 5=C—D)

written as the following identity: !
Equating the cocfTicients of x? and x3, we get

Plx)__4 A A

Qx) (x-a) (x-af  (x-a) 0=A=8 = B=-A = B*-—%
where Ay, A3, ., A, are numbers 1o be found. 31 2 1
The method is explained by the following examples: ol FRIMBL = Qe < Gl aw G
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Putting values of A, B, Cand D in eq (1), we have . pux+1= 0=x=-lineq(l) Putting value ; =
| QR TR 1 2-D+I=A(=1+2)(=1+3) %% valuos.of 4,8 and € in eq (1)
s LB &, & . 3 M TR N S
(x-D(x+1) x-1 x+1 (x+1) (x+1) -2+43=AN)@2)=>1=24 =4 % (e D(x+2)(x+3) x+1 x:2 x+3
Hence. R 11 1 px+2=0=x==2ineq (1) TOVPRIN ... N, [ TP
(x+1)'(x*-1) B8(x-1) B(x+1) 4(x+1)" 2(x+1) A-2)+3=B(=2+1)(-2+3) (x+ D(x* +5x+6) x+1 x+2 x43
-443=B(-1)()=~-1=-R :*!H_ﬂ These are required partial fractions
Em-:_ pux+3=0=x=-3mncq(l) 4x" 45x?
-3x-2
Resolve the following into partial fractions: 2 —_ 2-3)+3=C(=3+ N(=3+2) = __7.]_—
2 . o 2= OV -1) = -3 = -3| | s :
L 2 (x+1)(x-1) 6+3=C(-2(-1)>-3=2C = C=_2.. Solution:
x"-1 4x +5x% -3x-2
Solutlon: Solution: | puning values of A, Band Cineq (1), we have __-—_x‘ : (Improper fraction)
1 2 -
2 2 x*+1 x*+1 ) 1 -3 Y el
S SRR S = Improper Fract = - 4x” +5x"-3x-2
T DD Eok=T)  x=q Umpeoperiraction) 3 2 1 .2 - e .
L 2 A B P 1 eDx+2)(x+3)  x+1 x+2 x+3 AP D

¢l — e o — = Q+—

(x-1)(x+1) x-1 x+1 il D-, x'-l) x4+l Hence. Axvsd " N S 2 e

Multiply cach term by LCM(x = 1)(x + 1) = le—= sxiz1 (e Dx+D(x+3) 2x+ 1) x42 2x+3) A= 1} x> +5x* -3x -2
2=A(x+1)+B(x-1) @) x* =1 ———— ] These are required partial fractions +4x! F4x

Polx=-1=0=x=1ineq(2) 3 2 2
2=A0+1)=2=24 = Q=] 0.3 SN VR ... Sx* +x-2

Putx+1=0=x=—1incq(2) (x +1)(x-1)  (x+1)(x-1) -~ (x+1)(x? +5x+6) +5x? %5
Z=B(-1-1)=Z=-2B = Let 2 _ Al B i Salation: x+3

Putting valucs of A and B in eq. (1), we have (x +1)(x=1) x+1 x-1 N X edx S v edxeS

2 _ 4 1 Muluiplying cach term by L CM. (x+ 1)(x - 1) = — = (4x +5)+ x+3
(x-Dlx=1) x-1 x+1 . 2=Ax-D+Bx+1 il (x+1)(x*+Sx+6)  (x=1)(x" +3x+2x+6) e
ut x+1=0 =x=-lineq () 2 4x' +5x% -3x-2

Hence, o s e 2=A(-1-1) X _sdines - 3 OO O, .. (RN

¥ -1 x=1 x+1 =_24 (x+ D(x(x+3)+2(x + 3) X -1 (x-D(x+1)

These are required partial fractions. = H=-1 X-+4x+5 Let e S +3 = ——-A +-——B 1
L. Put x-1=0  =x=1ineq(i) . (x+D(x=2)(x-3) PE0cek)  R=l w s
(x-a)(x-b) _;::3(1 +1) s : i 2 Multiply cach term by LCM (x = 1)(x + 1)

=2B b Jal 4 x+3=4 -
Solutiont 1 — oy x (x+1)+B(x-1) i
ah A B = . (r=D(x+2)(x+3) x+1 x+2 x+3 AN Puix—=1=0=x=1ineq(2) *
cl ___{!-'0)(x~b) e ._._x -b m Putting \aluzcs of A and]B n o;q (1). we have \!..-'nr:) cachterm by LCM(x + 1)(x + 2)(x + 3) Pa : 1{‘; 3I=A(1+1)=4=24 =
. = Fadr+ 5= A(x + 2)(x + 3) + B( - tx+1=0=x=-1lineq(2)

Muluply each term by LCM (x = a)(x — b) Gl =1) xel x-1 (x+2)(x+ D+ Bx+1)(x+3)+ -1+3=B(-1-1)=2=-28 =[B=-]]
a=-b=A(x-b)+B(x-a) .(2) | Fromeq.(a). weh Clx+D(x+2)..Q) | py : g =

Pulx—a=0=x=aineq (2) o e Mis1=0>x=-1ineq (2) “'"5“"““‘;” and B in eq. (1), we have

x+1 1 1 TY] X+ 2 1
==is b SN s 1P +4(=1)+5=A(=1+2)(-1+3 —— = ——
a-b=Ala b)‘_""';__b' =2 E (1*1](1-1)‘ x+1 x-1 1-4+5=A(1)(Q) 4 ) (x-1)(x+1) x-1 x+1
Pt Bl b W oa 2} These are the required partial fractions. FEE From eq. (@), we have
a-b=B(b-a) 2x+3 Mrs2=0>x=-2i " Hence, X7 +5x" -3x-2 2 A
a-b=-B(a-b) 4. 0=x=-Zineq (2) ence, ————————=(4x+5)+ =
(x+1)(x+2)(x+3) (=2)} + 4(=2 = x* -1 x-1 x+1
a-b : — )+5=B(-2+1)(-2+3) These are required pantial fractions
b= oD — Solution: A i . E 4=B+5=8(-1)(1) - i
X+ -
? P . S— L 1=-8 =[=2] 3x"-12x+11
Putting the values of A and B ineq (1), we have (x+1)(x+2)(x+3) x+1+x+2’x+3 3 F“t'+3=()=-1r=-3 ineq(2) T (x=1)(x-2)(x-3)
jisnso: _a-b _ 1 1 Multiply cach term by LCM (x + 1)(x + 2)(x + 3) )+ 4(=3)+5 = C(-3+1)(-3+2) Solution: :
(x-a)(x-b) x-a x-b 2x+3=A(x+2)(x+3) +Blx + D(x+3)+ 9-1245 =C(=2)(-1) z
These are required partial fractions. C(x+ 1)(:4-2]'---{:' 2= Let i L = i.., Bl
=2C '—"EI (x=D(x-1:-3) x-1 x-2 x-3 (D)
i,
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Multiply each Term by LCM (x — 1)(x — 2)(x = 3)

3x? =12x+ 11 =A(x = 2)(x =3+ B(x - 1)(x=3)
+C(x — D(x =2)...(2)

Pulx—=1=0=x=lineq(2)

3(*=-12(1)+11 = A1 =2)(1-=3)

3-124 11 =A(=1)(=2) = 2=24=[a=]]
Putx=2=0=x=2incq(2) ; :
3(2)°-12(2)+ 11 = B(2-1)(2-3

12— 24+ 11 = B(1)(=1) = -1 = -B=[B=1]
Putx—3=0=2x=3ineq(2)
3(3)* - 12(3)+ 11 =C(3-1)(3-2)
27-36+11=C(2)(1)=2=2C
Putting values of A, B and C in eq(1). we have
3x% -12x+11 1 1

— . = e o w—
(x-1)(x-2)(x-3)

x-1 x-2
These are required partial fractions.

=|c=1

1
i i i
Hence -3

(x-1)(x-2)(x-3)
(x-4)(x-5)(x-6)
Solution:
(x=1)(x-2)(x=3)
(x=4)(x-5)(x-6)
(x-1)(x*-5x+6) _ X’ =5x +6x-x’+5x-6
(x=4)(x*-11x+30) X —11x* +30x—4x" +44x-120
(x=1)(x-2)(x-3) _ _x’-6x*+11x-6
(x-4)(x-5)(x-6)  x*-15x* +74x-120

(Improper fraction)

R
= Q....E
1
x’-15x=+74x-120) X - 6x3+11x-6 ]
+x* $15x% £74xF120
9x?-63x+114

9x% -63x+114
X3 =15x% +74x-120
(x-D(x-2)(x-3) _ ., _9x*-63x+114
(x-4)(x-5)(x-6) (x-4)(x-5)(x-6)
L 2X-63x+114 _ A B C
(x-4)(x-5)(x-6) x-4 x=5 x-6
Multiply each term by LCM (x - 4)(x - 5)(x - 6)
9x? =62 "+ 114 =A(x=5)(x—6) +B(x—4)
(x—6)+C(x=4)(x—5)...(2)
Putx—4 =0=x=4ineq(2)
9(4)* - 3(4)+114 = A(4-5)(4-6)
144 — 252 + 114 = A(=1)(-2)

...(2)

(D)

6=24 =[a=3
Putx—-5=0=x=5ineq(2)
9(5)% - 63(5)+114 = B(5-4)(5-6)
225 - 315+ 114 = B(1)(-1)
24=-B =
Putx=-6=0=x=6ineq(2)
9(6)* -63(6)+114 = C(6-4)(6-5)
324-378+114 = C(2)(1)
60 =2C =
Puuir;g values of A, Band Cin ¢q. (1), we have
9x*-63x+114 3 24 30
(-9 (x-5)x-6) x-4 x-5 x-6
From cq. (a), we have

(x-1)(x=-2)(x=3) 3 2
Hence, =1+ 4
(x-4)(x-5)(x-6) X=4 ;:g*;g-?a
These are required partial fractions,

X: __--""‘"--.\

(x* +a)(x* +b)(x% +¢)
Solution: R
2
X
Putx? =

(x* +a)(x? +b)(x? +¢) M
Let Y et B ¢

O+ +b)(7+c) y+a y+b yae
Multiply each term by LCM (¥ + a)(y + b)(y + 0

y=Aly+b)y+c) +B+a)(y+c)+
Cly+
Puy+a=0=y=—aineq(2) RUAD!
-a = A(-a+Db)(-a+c)

-a=-4 =D - A= a
a (a-b)(c-a) = ____(a—b)(c-a]

Puy+b=0=y=-bineq(2)
-b = B(-b+a)(-b+c)

b

-b = -B(a-b)(b- B=———
(a-b)(b-c) = @05

Puy+c=0=y=—cineq(2)
~ = C(~-c+a)(-c+b)

= -C(c-a)(b-c) =|C=

.
(c-a)(b-c)

Putting values of A, B and C in ¢q (1)

N et W
(y+a)(y+b)(y+c)
a b ¢
_ (a=b)(c-a) , (a-b)(b-c) . (c-a)(b=c)
y+a T y+b Ty

From eq. (2), we have
x=A(x*+1-2x)+B(x*=1)+Cx+C
x=Ax*+A-2Ax+Bx*—-B+Cx+C
x=(A+B)x*+(=2A+C)x+(A—B +C)

Equating the coelTicients of x2, we get

AvBR0 = -Legu0 =|Bua
4 4
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puty = ¥? Puthng the values of A, B and € in eq (1), we have
x* _ a " A1 .
Hence: T ca)(x* +b)(x* +¢) (a-b)(c-a)(x* +a) S S L . |
b 5 (x+1)(x-1) x+1 x-1 (x-1)
(a-b)(b-c)(x* +b) (c-a)(b-c)(x* +¢) i 1 Lt 1
These are required partial fractions. (x*-1) 4(x+1) 4x=1) 2(x-1)
o+l These arc required partial fractions.
10. ™71
(x-1) " 3x* +4x-5
Solution: - x-1)
x+1 A B
Let - = s ...(1) | Selution:
{xl-ll : % 1b (:(;;'3( " Lo dx-s_ A B C i
Multiply cach term by X= —a =i Ty T
x+1=A(x=1)+B (2 B A, g R e
pux-1=0=x=1lineq(2) Multiply cach term by LCM (x = 1)
1+1=8 3x2 +4x=-5=A(x-1) +B(x-1)+C .(2)
= ] Pulx—1=0=x=1inecq(2)
From eq. (2), we have 2 e
Ix+1=Ax—A+B ALY+ =Swe
Equating the cocfTicients of x, we get = IE‘
From eq (2), we have
putting the values of A and B in eq (1), we have Ix?+4x-5=A(x*+1-2x)+Bx-B+C
i (N 3x?+4x—-5=Ax*+A-2Ax+Bx—-B+C
Hence, (-1F x-1 (x-1) 3x?+4x—S=Ax?+(~24+B)x+(A—B +C)
: f 2
These are roquired partial fractions. Equ:mn_g ;ocmc:cms of x? and x, we get
i xex and -2A+B=4=-2(3)+B=4
T -1y B=4+6
Solution: -EEE
o ex x(x+1) % Putting the values of A, B and C in eq (1), we have
(x*-1) C(x+1F(x=1)  (x+1)(x-1) Hence, 3xi+4x-5 S B
X A B c (x-1  x-1 (x-1F (x-1)
Let D1 x+1 x-1 y 17 +(1) | These are required partial fractions.
Multiply each Term by LCM (x + 1) (x — 1)2 1
x=A(x-1)2+ B(x+1)(x= 1) +C(x+1) ...(2) T ox(x+1)
Pulx+1=0=x=-1ineq.(2)
1 Solution: c .
-1=A(-1-1=-1=44 =»A=-; - Ui 4B oG < 6D M
Pux-1=0=x=1lineq(2) x(x+1) X x+1 (x+1)' (x+1)
1=C(1+1)=1=2C o C=l Multiply each term by LCM x(x + 1)?
: 2 1=A(x+1P + B(x)(x+12 +C()(x+ )+ D(1)  ...(2)

Putx = 0 ineq. (2)
1=A(0+1)
1=401) =[a=1]

Polx+1=0=x~ Linéq{Z)

1=D(-1) =[=1

.
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i og (2). we have | dr' Bxed cASE o 2AC)n e (p "Q s g both sudes by (27 + 1)(x + 3), we get
1 o i i e Sn)e A ¥ eleln)elx s}l I . .."-_._"_,'--TI"\.".’I ) 1 'Il"lfh.””|"I'rl';‘l) )
! 4 . ) X -
R PR N T TR Cvebe | Al+lmdnlsli=d E fr = 11 = (A+C)x* 4 (JA 4 B)x + (2D 4 0)
T the sev ol A B ad C inegil
1= (Aelix s(JA+2B+Cx" +13A«B+C+D)x+ A e - -‘IJ ‘ ‘qll,nth.n. +3=0D » x¢ -J;n:qth_nc..-ﬁ
B e cocfficients of r® and 1°, we gt T oLt L S TP P s 9-11=C(9+1) > E
L+ B ) g+ * 0 (xed)x-1) x+1 x-1 (x-3p )
1+ B =0 (1) + 1 1)+ ( 0 These are reguered partial frag tons R‘.m.r_--"‘i"" y .o =
E» '.l i-2+C=0 S b e Jr=11 ~Ax* 4+ JAx 4+ B 4+ 3B 4 Cx* 4 C
E § — =11 ~(A+C)x* 4+ (3A+ M)x + (3B + ()
f . ! { ) ty ~ i I‘_Zr(‘.z)‘ T 1s “‘K" and W el
. " l'q_“ -',;ﬂ.{‘ cocihicnis o X, W ¢
T 1 1 R Solution B B AGE e “E
Wby o F(xe1) 125" 48 Y 2230 3°34+8 =B=3-30 =B=3-6= [--3
These are requared partial frat . .- 2 + ¥ x - 27 + 27 oy .
- - (R=2)\+2) (x-2F{x+2) (»-& t"Z]‘ pm.p,;ulucsole.ﬂ.md(.'m eq (1), we have
b Sx-3xe1 R -1l 2%-3 2
(x=1)(x-1) (x-2)(x=2) Hmc'{x:'l)(*‘”“ Tes xe3
Swlution —_12 —" . ~ o H
Loy 3X 3.1 A B _C itk (x-2)(x+2) x-2 x+2 A Example 7: Resolve :lx_-B‘ wito partial fractions
(x+1)x-1) ¥+1 -1 (x-1) Multiply cach term by LCM (x = 2)(x + 2) x +2x*+9
Multiply cach term by LCM(x + 1)(x — 1)F 0” ’”f +2) ‘f”"" 2) Solution:
3 -7 = = = 2 . (2
4x° - Ix -1 Mx 1) s Bixs 1) x-1)sClx+1)..42) ring=4 Sl sl 12 4x? 4 Bx _ ax’ +Bx
Pitx+1=0=x==1ineq(2) = Aey A =>!E a2t 49 () 434 2(3)(x) - 23)(xT) e 2xF
A=1)F =3-D+1=A(-1-1)° . y
i Putx+2=0=x==2ineq(2) _ Ak w B
4¢3-1-44 ,A-:.n 12 (X3 T ookt
4 12 B2-9=8-= =[] (x*+3)"-6x" +2x
Pilx-1s0=2x=1ineg(2) e 4By
1) =3(1)+1=C(1+1) Puting values of A and B meq (1), we have e, S A, SRS
- 12 3 3 (x +3) -(2x)'
4-3+1=20=C 33@ (x-2)(x+2) x-2 x+2 4x’ +Bx
. - . 2 il
From eq (2), we have . 4 Pisice. IZx‘ - 48 - 3 3 (xl 02:1-3)(:: ~2x+3)
4x -3xe1 « Alx"+1-2x)+B(x" -1)+Cx+C (x-2)(x+2) x-2 x+2 5
4x° -3xel = AXf e A-2Ax 4 B B+ Cx+C Fhese are required partial fractions. Suppose - e '8," B “"’"B - f"” n
(x* +2x+3)(x" -2x+3) x"+2x+3 x"-2x+3

Definttion: A quadranc factor is arreducible if it cannot be written as the product of two lincar factors with read
coctlicients For example, x + x 4+ 1and x* + 3 arc inreducible quadratic factors.
Case HI: When @(x) contains non-repeated irreducible quadratic factors

Muluplying both sides by (x* +2x +3)(x* - 2x + 3), we get

4x? +Bx = (Ax + B)(x? = 2x + 3) + (Cx + D)(x* + 2x + 3) .
) may be written as the identey Ax? 4 Bx = Ax? = 2Ax? + IAx + Bx? = 28x 4 38 + Cx* 4 2Cx? + 3Cx + Dx? + 2Dx + 30
4B =(A+C)x" + (=244 B+ 2C 4+ D)x* + (3A =28 + 3C + 2D)x + 30 + D

Equating the coelficients of x', x?, x and x°, we have

I the polynomial Qx) contams non-repeated irreducible quadratic factors then

having partial fractions of the form

Ax v B :

m\slu.r:::l.mdﬂaulllcnumbcrswbnluund 0=A+C 4=-2A+B+2C+D 8=3A-20+3C 2D 0- 38430

Ilie method 1s explaned by the following examples Az-C ..(2) |PutA=-CandB=-D PutA=-Car B=-D B=-0 ..(3)
p— = 4=2C-D+2C+D B=-3C« ++3C+2D =3
Example: 6: Resolve (.1—3 into partial fractions 4=4C =m putineq(2) |B8=4D = E putineq.(3)
X + X

Jx+3) Putng values of A, B, Cand D in eq (1), we have
Selution: A 4G B e
s 3x-11 Ax<B C , Hence, > : - — - — —
uppc se . -l (' +2x+3)(x* -2x+3) x'+2x43 x* x+3

( <1)(x+3) x' <1 x+3
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Case IV: When Q(x) has repeated irreducible quadratic factors N
If the polynomual Q(x) contains a repeated imeducible quadratic factors (ax" +bx+c)".n=2andnis @ poyy,

Plx)
(x

152

mteger, then may be wnitten as the following identuity

P(x) 31105. A“IQB‘, o ;l_xvﬂq
- - . -
Q(x) ax’+bxsc (ax® +bx+c) (ax* +bx +¢)
, A, B,, are numbers to be found. The method is explained through the follo“mg €xamy,

4x* T

into partial fractions.

where "‘I.IBI'AI- B;,

Example 8: Resolve

(x* +1)'(x-1)

Solution: %
ax* ~ Ax+B Cx+D E
Suppose - - = —_ . - —
(x* +1)(x-1)  x*+1 (xF+1) x-1 al

Muluplying both sides by (x" + 1]’(;( -1), we get
=(Ax+B)(x*+ D(x-1)+(Cx+D)(x—-1)+ E(x?+1)?

Putx=-1=0=2x=1mn(2 l. we get
AR =EQ?+1) =a4=4E = [E=1]
Re-arrange eq(2) )
=(Ax+B)(x* =x? +x=1) +Cx? = Cx+ Dx =D + E(x* + 1+ 2x?)
4x*= Ax* = Ax? + Ax? = Ax + Bx® = Bx? + Bx =B+ Cx* =Cx + Dx =D + Ex* + E 4 2p
=A4EX'"+ (~A+B)x* +(A-B+C+2E)x*+(-A+B—-C+D)x+ (-B-D+f)
Equating the coefTicients of x*, x3, x2 and x, we gel

0=A+E = A=-E >

N
‘el

0=-A+B = B=A =

4=A-B+C+2E = C=4-A+B-2E=4+1-1-2 = :C= |
and 0=-A+B-C+D = D=A-B+C=-1+1+2=2 = [D=2
Putting values of A, 8, C, D and E in eq.(1), we have

4x? -x=-1_ 2x+2 1
Hence, = + +

X341 (xF+1) x-1

g Eercise52 oo

From eq (2), we have

(< +1)(x-1)

Resolve into partial fractions:

2x% +3x+3 2x2+3x+3=Ax* + A+ Bx? + Bx+Cx+(

e d)P+1) 2x* +3x+3=(A+B)x?+ (B +C)x+(A+0)
SR Equating coefTicients of x* and x, we get

2 +3x+3 A BxsC il i el =
Let —= :x”; ot (D) 1+B=2 1+C=3

(x+1)(x" +1) X"+ B=2-1 Cc=3-1

Multiply each term by LCM (x +1)(x* +1)
2x* +3x +3 = A(x* +1)+(Bx+C)(x+1) ...(2)
Putx+1=0=x=-=1ineq(2)
2(-1) +3(-1)+3 =A((-1)*+1)

2-343= za:m=§g|E]

=1
Putting the values of A, B and C in eq (1), we have
2x? +3x+3 iy 1x +2
(x+1)(x* +l] X+l x4
These are required partial fractions.

Hence,
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2x+1 204 32 = (AsB)x" +(-2B+ O +(4A+28-20 « D)¥ +

T -
¥ (x-2)(x7+3x45)

solution:
2x+1 . A Bx+C

Lot '(-;_.?)(31033-5) x-2 x*+3x+5
Muluply cach term by LCM (x = 2)(x* + 3x + 5)
2x+ 1= A(x" +3x45)+(Bx+C)(x-2) ..(D)
Pulx-2=0=x=2m-cq.12)
20+ 1 =A((2)* +3(2) +5)

5 1
= A1) = A== A==
5= A(15) = s = 3

From ¢q (2). we have
21+]=AI':+ 3Ax + 5A + Bx* = 2Bx + Cx - 2C
x+1=(A+ 3).(: +(3A =28 +C)x + (54 =20C)

Equating coeMicierts of x* and x, we get

A+B=0 3IA=-2B+C =2
1 ’l] ( l)
-+B =0 3=]|=-2| = -
i 3 3)7C€ 72
B:-l C= Z_I_Z:l--z-
3 3 3
=2
3
Putting the values of A, B and € in eq. (1), we have
1 -lx+-l-
2x+1 __3 & 3 3
(x-2)(x* +3x+5) Xx-2 x"+3x45
2x+1 _ 1 x-1

e (x-2)(x* +3x+5) 3(x=2) 3(x?+3x+5)

These are required partial fractions.

2x+32
(x-2)(x* +2)
Solution:
2x+32 A Bx+C  Dx+E )

(x-2)(x* +2)' x= T .2‘[.: +2)
Multiply each term by LCM (x = 2)(x* +2)?
2x432 = A(x* +2)° +(Bx+C)(x-2)(x* +2)+
(Dx+E)(x-2)
Pulx-2=0=x=2ineq.(2)
2(2)+32 =A(22 +2)?
36=36A =
From eq. (2), we have
20+ 32 = A(x* +4+4x%)+(Be+C)(X »fza-—zxz -4)+
Dx* -2Dx +Ex-2E
= Ax' + 44444 + Bx* + 2B -2B -4Bx +
Ox +2Cx -2Cx* -4C + Dx* -2Dx + Ex-2E

(-4B«2C-2D«F)x «(4A-4C -2F)

Equating coellicients of x* ' «*
A+li=0=214+8=0
—
=2B4+C=0224C=0
=¥

M+28-2C+D=0
D +2A=1)=-2(=2)+D=0

= D=-¢
-48+2C-2D+E=2
-4(=1)+ 2(=2)-2(-6)+E =2
4=-44+12+E=22E=2-12
=

Putting values of A, B.C, D and E in g (1), we have

and ¥, we get

2x + 32 l.r—:.-u--m
(x=2)(x*+2F x=2 x*e2 (x°+2)
2x +32 1 1-2 2(3Ix +5)
Hence, - — -

x-2

(x-2)(x* + 2) Xt a2 (x° 2
These are required partial fractions.

3x'+3
x' 41
Solution:
3 43 _ 3x*+3
x' 41 (x;l}{x* ~x+1)
3x*43 A BxC

(x+D(x -x+1) x+1 ¥ -x+1
Multiply cach Term by LCM (x + 1)(x* = x + 1)
3P 43 =A(x* -x+1)+(Bx+C)(x+1) i)
Pulx+1=0=x=-1ineq (2)
3(-1)'+3 = A({-:)‘u-l):a:%:@
From ¢q. (2), we have
3xP 43 = Ax - Ax+A+ Bx® +Bx+Cx+C
3x'+3 = (A*B)x +(~-A+B+C)x +(A=C)
Equating coefTicients of x* and x, we get
A+B=3 -A+B+C=0
2+B=3 =2+1+C=0
B=3-2 -1+C=0

Putting the values of A, B and C, in eq (1), we have
Ie3 2 . lxel
(x+1)(x*-x+1) x+1 x*-x+1
Ix*+3 2
el xel xioxel
These are required partial fractions.

x+1

Hence,
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6{2)" «00q2 I+ 2NT -4 o -20° -4y -2 B0 (-2F «oF
%8 —— _"' r-q
3 + |4 f = 16D = . — ™
i e 4 4 3 it L} “ y Tee i
From oy (0L we have
TR M2eaWa" 188" )BT 2 )" ' s LB i el EaeFYe-1)
e o 404 M2a" = 12 1860" =0 + 1 =0 ¥ e ’ e -Ba )
2o DN 1o-2" - o )e 4B - B AP
61" « 40 ' e LA 1A - " - M [ D * 148 # 1l - B’ « 160 -0t e
N R AR TR T
Ga' . W0 A-B-O)e = (2A+20-Dva” « |8 i THY L Fio' » (164 - 168 « 160 « 4 s
[32A+ 528 « 16D+4F)
Eguatiog conlfwnia of 2°, ¢ 2! ad 0¥, wy g
A-8-( ) sA=2N D s A ) - IbAS LY -F=-0
1-1-d J AU - L 1) - -4 16d1) = 1641) - F =48
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(ave | Hesolubion of £12) imbos partial frat o my mben (1) has snh pos-repeated hncar lactor
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Multiple Choice Questions (MCQs)

L Arclation @ whah the cqualiny o true for caly Aaste valees of snknowns is called a/an:
(A} sdentiy (N conditnnal ogeateon  (U) mgoeometx agaatan (D) slgebrax relation

L Weren-e=0@ ---.-

(A) comdtional cyuaten (V) adentin U proper fracton (D) mmproper fraction
LR TR TR SR TN I e

1A ) onpeas 1) e teon C) adontan (D) conditional equation
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Sequences and Series

Introduchon

- om0 e e ol = v » e s ods g ardthemet,, geometrn. . and harm s
ol -t thew renl world apy # e Stadenty w whentily varows wguerwe e
arwl . wrad o IR bgTie ™ Akl wih they will eaphore practvcal soenarvms wach
. ‘ i onc) T 8l o stz Thas ! also emphanizes apphy ing these
adong henthoars Toaree sred rafTe oudelng | malhy stadents will b able to wilve
ol amdl " . - - 2 asd wrreey ™M teve
.- ’ -
i 1 ‘ 4
s 4
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. 4 » formad £ &L e peey e senbers Hemoe o speci P paftern s
. —_ . N ST S e - g~ -y overy mamter oy odtaingd by multipiving
& ey wr ' weil ™ ewgeTe ool e
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. -y oF 1o tery The s tery o g wgermor arr waed 2 teveme Yoo domeote the lirst term of 8
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as he ; o obarmn of the wgurnc e and e lerma smesedugic S procedng o are called the (7 - 1) et

) imite amad laflaiie Seyjoraes

Fisite Seqpueme: A swoguemce wha b comunts of 8 foe naembder of terms o called @ finste sequence For example

e hB 1L 1417 20 1) oo teae soguonce of § termm

Iaflaite Sequence A wguenes whah (oot of 0 @ lae semder of terms o called an nfinite sequence For

cammple » (0 1T 24 Y a0 e segereay. of mawr gemeralhy a8 3101724 JTn-4, o show how
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