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For example number of the elements of the in matrix 3 2 6 is4x3 =12, F
4 1 -1

General Definition of a Matrix: Generally, a bracketed rectangular array of m - n clements ay(1,2,3, m:
1,2,3,...,n),arranged in m rows and n columns such as; L

9y G ay ay,
. 0 O 0y 92n (i)
w Opy Opy 0y 3 L

is called an m by n matrix (written as m X n matrix), where m X n is called the order of the matrix.
» The matrices arc usually represented by the capital letters such as 4, B,C, X, Y, ctc,,
> Smallletters such as a, b, ¢, I, m, n, or ay;, 8,2, 8,3, ., ¢lc., are used to indicate the entrics of the my:

Let the matrix in (i) be denotediby A. The { th row and the j th column of A are indicated in the r°”°“'i"'8labqg :

representation of A.
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2 31 1 2 4
For exumple A & & and 3 -1 gl rectangular matrices of orders 2 X 3 and 4 X 3 respectively.
0 1 2
Square Matrix: If m = n, then the matrix of order m X n is said tobe a square matrix of order n or m.
Or
The matrix which has the same number of rows and columns is called a square malrix.
2 T 1 2
For example: [ll)].l:'_1 G]nnd 2 -1 8| are square matrices of orders 1,2 and 3 respectively.
3 5 4

Diagonals of a Matrix: Let A =[aﬂ] be a square matrix of order n, then the entries ayy, a3, a33, ..., Gpy form the
principal diagonal for the matrix A and the entries @y, @z n-14@3 n-2¢ s @n-1 2, @ny form the secondary diagonal

for the matnx A.
For example,
a}l @ n.'ll
SN

the entrics of the principal diagonal are ayy, @33, @33 and the entrics of the sccondary diagonal are ay4, @22, 3.
» The principal diagonal of a square matrix is also called the leading diagonal or main diagonal of the matrix.
. Diagonal Matrix: A square matrix 4 is said to be diagonal matrix, if all of its clements are zero except the principal
, diagonal clements. Although some of the elements of principal diagonal may be zcro but not all.
Or

Sccondary Diagonalé— —> Principal Diagonal

b

Jth column
<
’-a" G O3 .- Gy .o Q4
) O3 Gz On azy 20
gy, @5 ay a3y -+ O3, .
A= : ; : H .. (i)

ithrow—|a, a, a; a, ... @,

_aml Onz Gn3 anv e aﬂlll'-

The elements of the ith row of A are ay; @z a3 ...ay; ...a, while the elements of the jth column of An
Qyy Az Q3) .y ooe A+

> Wenote that ajy is the element of the ith row and jth column of A.

> The double subscripts are useful to name the elements of the matrices.

2 -1 3
For example, the clement 7 is at a3 position in the matrix[ s 4 7].

> For convenience, we shall write the matrix A as: A = [ay]mmor A= [ay). fori=1,2,3,...,m;j=1,2,3, 1
where ay is the element of the {th row and jth column of A.

> ayyisalso known as the (i, f)th element or entry of A. | Note:

> The clements (entrics) of matrices need not always be numbers but in the | The matrix A is called real nen

study of matrices, we shall take the clements of the matrices from Ror C. | ifall of its elements are real.

Row Matrix or Row vector: A matrix, which has only one row is called a row matrix. e.g., 1 X 3 matrix of &}

form[1 -1 3 4] is said to be a row matrix or a row vector.

Column Matrix or Column Vector: A matrix which hus only one column is called a column matrix. e.g., en 311
2

-1
3

Rectangular Matrix: II” m # n, then the matrix is call2d a rectangular matrix of order m X n.
Or

The matrix in which the number of rows is not cqual to the number of columns, is said to be a rectangular malgt

matrix of the form is said to be a column matrix ¢r a column vector.

[

Let A =[a¢] be a square matrix of order n. If @, =0 forall { # j and at lcast onc @, # 0 for { = j, then the matrix
A is called a diagonal matrix.

ot Ly 5
For example, the matrices [7],|0 2 0] and % 6 2000 are diagonal matrices.
0035
000 4

Scalar Matrix: A square matrix 4 is said to be scalar matrix, if all of its clements arc zero except the principal diagonal
. elements and also all the principal diagonal elements are same non-zero scalar.
' Or

. Let A=[au]bcnsqua.r¢ matrix of order n. If a;; = 0 forall { # j and ayy = k (some non-zero scalar) forall [ = J,

- then the matrix A is called a scalar matrix of order n.

e
Forcxnmplc.thcmalriccs[ 7], 0 a 0f(a=0) and T are scalar matrices of order 2, 3 and
00
% 0003

' 4 respectively.
- Unit Matrix or Identity Matrix: A squarc matrix A is said to be unit or identity matrix of order n, if all of its
. clements are zero except the principal diagonal elements and also all the principal diagonal clements are ¢!* we
. denote such matrix by /,, or simply 1.

Or

' Let A= [ay] be a square matrix of order n. If a;=0 forall i jand ay=1 for all /= j, then the matrix 4 is called a
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unit matrix or identity matrix of order n . We denote such a matrix by I, or simply I and it is of the form:

100 0

010 0

I,=|0 0 1 0

000 -1
100
For example, the identity matrix of order 3 is denoted by /5, thatis, /;=[0 1 0
001

Null Matrix or Zero Matrix: A square or rectangular matrix whose cach element is zero, is called a null or 2210 Mgy

Or
An m X n matrix with all its elements equal to zero, is denoted by
are some examples:

o,

ven+ Null matrices may be of any order. He

—
o o o fo ol @0 ? Felis -,
[0 [0 0 0], § .|0l.]o 0 0o 0O 0 may be used to denote null myy,
0 0 0] |0 O ol lo o 0o m'n.nyordl:ri‘l'lllttcisI1o|:on1'|,|,m,,.'Iq

are null matrices of order 1, 1x3, 2x3, 2x2, 3x1, 3 X4 respectively.

Equal Matrices: Two matrices of the same order are said 1o be equal if their corresponding entries are equa),
Or

Two matrices A = [ay)n.n and B = [by)m.n are equal, i.c, A= BifTay=byfori=1,2,3, ..

other words, A and B represent the same matrix.

Transpose of a Matrix: If A is a matrix of order m X n then an n X m matrix obtained by interchanging the oy,
and columns of A, is called the transpose of A. It is denoted by A°.

wmj=1,2,3, ..,

Or
Let A= [a,;]m“. then the transpose of A is defined as: A' =[°<'J].... wherea) =a;, fori=1,2,3,..,m/:
1,2,3,...n
b,
by, by, by by - ::l :il
Forexample, if B=|by, by, by by, |, then B' = i
B b s, (b i D7
by by by

Note that the 2°® row of B has the same entries respectively as the 2™ column of B® and the 3" row of B* haste}
same entries respectively as the 3™ column of B etc. E

Matrix Operations

Matrix operations involve various techniques and procedures applied to matrices. These operations are foundatios
in lincar algebra and have applications in numerous fields such as computer graphics, physics, statistics, efc. e
are some key matrix operations:

Addition of Matrices
Two matrices are conformable for addition if they are of the same order.

The sum A + B of two m X n, matrices A = [a;;] and B = [by;] is the m x n matrix € = [cy] formed by adda}
the corresponding entries of A and B together. In symbols, we write as C = A + B, that is:
[cv] [a +b, ] wherec, =g, +b, fori=1,2,3,....m; j=1,2,3,...,n
Subtraction of Matrices
IfA = [au] and B = [bU] are matrices of order m X n, then we define subtraction of B from A as:
A-B = A+(-B)
= [g,)+[-b,)=la, +(-b)]=[a,~b ) fori=1,2,3,...,m ; j=1,2,3,...,n
Thus, the matrix A — B is formed by subtracting each entry of B from the corresponding entry of A.

nif

- of k and A, denoted by kA, is the matrix formed by multiplying cach entry of A
| by k, thatis kA=[ka, ]

. Obviously, order of kA ism X n,

' SCHOLAR T2 MATHEMATICS - 11 o
i 0 =R 2 1 3 1
 Example 1:1fA=|3 1 2 SlandB=|1 3 -1 4 |, thenshow that (AsBY = A +
| 0 -2 1 6 3 1 2z -
Solution:
[1. 0 -1 272 -1 3 A
A+D=|3 1 2 5|+1 3 -1 4
0 -2 1 6] |3 1 2 -1
[1+2 04(-1) -1+43 241
=[3+41 143 2+4(-1) 5+4
(043 =241 142 6+4(-1)]
[3 -1 2 3
=4 4 19
3 -1 3 5
3 4 3
-1 4 -1 ‘
t ()
 and (A+B) = o % 2 0
(3 9 5]
. Taking transpose of A and B, we have
1 3 0] 2 1
0 1 -2 -1 3 1
i d B'=
A 12 1 and B B <l 3
22 5 6y 1 4 -1
[1 3 2 1 3)1[3 4 3
01 -2||-1 3 1| [-1 4.1
¢ $ = = Leh ‘e
= A +B P + 3 .49 5 s i)
(228 6Jil1 4 =1 |3 9§

From (i) and (ii), we have (A+B) = A* +B*
Scalar Multiplication
IfA =[a‘,] is m X n matrix and k is a real or complex number, then the product [ poe-

If n Is a positive integer, then
A+A+A+ ..tonterms = nA.

Multiplication of two Matrices

. Two matrices A and B are said to be conformable for the product AB if the number of columns of A is equal 1o the

number of rows of B.
Note 1. In general, AB = BA
Note 2. If the product AB is defined, then the order of the product can be illustrated as given below:

Orderof A mxn
Orderof B C nxp
Order of AB m x
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1204(-1)«4+00
250+3444(-1)=0
1-0+(-2)=4+3<0

(n)

Ex
SCHOLAR & MATHEMATICS - 11
2 -1 0 [2 -2 3] e r3 i a0
Example2: I A« 1 2 -3landB=| -1 -4 6/ then compute A8 Ill 7 z
S J lo -5 s . &
‘ 2 -1 072 -1 0] 1 -1 02 0 1]
Solution: A = A:A=[1 2 -311 2 -3 saly » a2l « al
. ! ' .
1 2 -2j1 2 -2 1 -2 33 0 6|
§-1+0 -2-2:0 0+3+0] (3 -4 3] 152+(-1)=140+3
242-3 -1+4-6 0-6+6(=[1 -3 0
D : | 2x2+3x14(=1)x3
242-2 <1ed4-4 0-6+4) (2 -1 -2 1x2+(-2)x1+3x3
3 4 372 2 3 1 4 -1
A'B 1 . 1 -4 o6 =|4 12 2
(2 -1 -2j0 -§8 5§ 9 -8 15
6+4+0 -6+16-15 9-24+15] [10 -5 O Thus. from (i) and (i1). AB = BA
124340 -2412+0 3-18+0 'IS 10 -15
(44140 -4.4410 6-6-10! |5 10 -10
Nole: Powers of square matnces are delined as 1. IfA=[ul1-s then show that
A' = AxA, A" AxAxA h ha=A
A" = AxAx<A~» - tonfactors. Solution:
A=A
Propertics of Matrix Addition, Scalar Multiplication and Matrix Multiplication ' a, a; @, a
If A, B and € are conformable for the indicated sum or product of matrices and ¢ and d are scalars, then followsy As A=loasod=ioy Oy Oy Oy ) ad
propertics are trug; Gy, Gy dy 4y,
(i) Commutative property w rt addition: A+B=8+A 100
(i) Assocative propenty w.r.t addition: (A+B)+C=A+(B+C) =0 10
(iii) Associauve property of scalar multiplication: (cd)A = c(dA) 001
(iv) Existence of additive identity: A+0=0+A=A (0 is null matrix and A is a square matrix) LHS =M
() Existence of multiplicative identity: JA=Al=A (I is uniidentity matrix) e g % % T G
S = 4 Op Gy a
(vi) Disinbutive property w.r.t scalar multiplication: (a) ¢c(A+B)=cA+cB (b) (c+d)A=cA+dA e n %2 ‘n O
0 0 1fjay, 0y 0y a4y,

(vii) Associative property w.r.t. multiplication: A(BC) = (AB)C
(viii) Lefl distnibutive property: A(B + €) = AB + AC
(ix) Right distributive propenty: (A + B)C = AC + BC

(@, +0+0 0@, 4040 @, 40+0 a,,+04+0
040, +0 0+0;,,+0 0+0,+0 0+a,, +0

(x) ¢(AB) = (cA)B = A(cB) [0+0+ay, 0+0+a,, 0+0+a,, 0+0+ay,
2 0 1 1 -1 0 a, G Oy Oy
& : =lay, @y 06y ay | (Proved)
Example 3: Find ABand BAif A={1 4 2|and B=|2 3 -1
30 6 1 -2 3 [0 Oy Gy Oy
2 0 1)1 -1 0 (i) A=A
Solution: AB =11 4 2|2 3 -1 Solution:
3061 -2 3 sy
2x140x2+1x1 2x(~1)40x3+1x(-2) 2x0+0x(~1)+1x3 e N il
= [1x1442242x1 1x(-1)+4x3+2x(-2) 1x0+4x(-1)+2x3 s A= [@ha so A=|ay an 0y 0y
Gy Gy 0G5 Oy

3x1+40%x2+6x1 3x(-1)+0x3+6x(-2) 3x0+0x(-1)+6x%3

[1 00
010

I,=
001
000

LHS=Al
[0,y a,; ay
Tlay gy 0y
(051 Oy Gy,

114(-1)%2+0x6)
251+ 3%2+(~1)=6 |
121 +(-2)«2+3x6

Note:
Matnix - muliiphcation
commutative in general

not

0
0
0
1|4

1 0 0 0]
:"[n 1 oo!
#lo o0 1 0’
“lo 0o 0 1)

[a,, +0+040 0+0,,+0+0 0+0+a,+0 0+0+0+c,, |
= |, +0+0+40 O+ay +0+0 0+0+a, +0 0+0+0+a,
0y, +0+0+0 0+ay, +0+0 0+0+3,+0 0+0+0+a,

[0, @y, ay, “u]
=lay, @ @y ay|=A=RHS (Proved)
10y 0y Oy “sc_‘
0o -1 2 2 1 -1
2. It A=|3 2 1|,B=|1 2 4 and
-1 0 4 -1 2 1
[1 0 -2
C=|-1 5 0 |,then find
(3 4 -1
M A-B
Solutlon:
[0 -1 2] [2 1 -ll [-z -2 3]
.md:ifﬂ"'IiZI-IZ"- 0o -3
-1 0 4] [-12 1] |0 -2 3
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5. MA =

-1 2 3

1 0 2|, then find A+A,A-A,
-3 53

AL, AAuna (AY.

96 Unit 4 ) Matrices & Dete :
: : rl'llll-la,.‘tl
(i B-C -6i-3i -343i oun#mn‘mmnﬂs 11
Sdltion: 4-20 =i+ 2-1+(-1 '
2 1-1[1 0 =2 AL BT -;*m‘ 1+2], 20 =218 1+28%
gani el | il [3::(31) ok et sl thed S
518 | 3 4 -1 cacier; 8 o it
1 11 1431 3 s z:‘ 11 |zier 1-22
Y 9 R.H.S = A(BC) 3(-1) ][ 1+2(-1) "
-4 -2 2 ='! 2illM-i 1M 2i 1 [2[-1) 1-1] |2i+(-1) 1-(-1)
(1 —i\l21 1f{=i i 0 :z]
(i) (A-B)-C : [nz 1=t -1e2t 2
Solution: n[' ZJ][-ZIZ h _‘”] _[-3 =-2+4
(A-B)-C 1 —1)| 4 =i 2+ R'H's'[n: 3_,]
0=t 24[. 2 % =& [1 0 =2 _[r )21 n] o | Henceproved LHS =RHS
g it | ol i i 1 =IA-1)-1 3 Ihl ‘4, IfA and D are square matrices of the same order,
=1 0412 14 & @ = I 2 2-i © then explaln why In general:
-2 -2 3[4 0 =2] [~ =2 & B ] R (1) (A+B)1»A1+2AB+ B2
=l 2 0 -3|-|-1 5 0|=| 3 -5 -3 e 2 Solutlon:
02 3|34 <alls s 4 | 0*6'2],:['““3" o (A+ B) %A1+ 248+ B?
L 2-1=41+1"  0=31"] [2-3i+2 _3u| | Consider (A + B)?
_[-61-3(-1) 6(-1) =(A+B).(A+B)
(Si::u;?n;-(n-q [2+31+(-1) —3{—11] fay =A(A+B)+B(A+B)
3 (3-61 -6 =A.A+A.B+B.A+B.B
A-(B-0) RHS = ] =M1+ AB+BA+ B
0 -1 2 21 -1 10 -2 (1431 3 o
2A1+ 2AB + B? ~ In general AB # BA
=13 2 1l-1|l 1 2 4]-l<1 5§ 0O Hence proved LHS =R.H.S Hence (A + B)2 # A2 + 248 + B?
-1 0 4| ||-1 2 1 3 4 -1
() A(B+C)=AB+AC
0 -1 2 1 11][-1 -2 1 Solutlon: () (A-B)2=AX-2AB+ B
=13 2 1|-| 2 -3 4|=s|] 1 5 -3 LHS =A(B+() Solution:
w1 0 4 =¥ =2 2 2 2 i zx][[-; 1]*[21 1]] 5 i{:'[?";;:‘”””"
= onsider (A -
1 -i\l2i 1) |-i ¢ |
1 21 21 1 - =(A-B)(A-B)
e, R [ ] [Zf 1] t'dc’."[-lr r]'m" |1 & 2] =A(A-B)-B(A-B)
show that: '1 ~I|lf 1+i =A.ﬁ-ﬁ.3-B.A+B.B
O (AnC=A(BO (1420 20+2+21 § =A-AB-BA+R
Solution: e fsf? 2fmfl . #A-2AB+B? = In general AB = BA
L.H.S = (AB)C : Hence (A< B)*» A~ 24B + B?
i 2~ 1z 1 _[ 3 ars2i
=[[1 —1][21 1]) - i - 2-i-12 () (A+B)(A-B)»A?-pB2
Solution:
3(-1)  4+2(-1 L
i2+dir 1+21 [2‘ 1] =[ {[ :] z_:_([_-l))] 1 =] (A+B)(A-B)»A2- Bz
=28 1-i -t | ki ::unslder(.ha)m -B)
-1 3z 1 gy |LHS= [ = :,] =(A+B)(A-B)=A(A-B)+B(A-B)
= | e == =A.A-A.B+B.A-B.B
2-i 1~ RH.S=AB+AC =A-AB+BA-B
A -t + In gencral AB = BA

eIk

g

1o )

Hence (A+B)(A-B)=At-B?

Solution:

AA

AA =

(ch =

(-1
1

3 -1
2 ﬂﬁ' =
3
3
2|+
& 3
[-1-1 241 3-3] [-2 3
[ :
7
3

1 1
20
3 2

wwn |
—

040 2+5|=| 3
-343 542 343

-1 2 3] [-1 1 ~
102205
3533 2 3
-1+1 2-1 3+3l

0 1 6
1-2 0-0 2-5|=|-1 0 -3
-3-3 5-2 3-3] |-6 3 0

-1 2 3[-1 1 -3
1 02[2 0 s
-3 5 3|3 2 3

[1+4+9 -1+0+6 3+10+9
=14046 1+0+4 -3+0+6
[3+10+9 -3+0+6 9+25+9
14 5 22
3
43

-3-1 2 3
51 o2
3 3)[-3 5 3

[ 14149 -240-15 -3+2-9]

A
NO MWW’

—2+0—15 4+0+25 6+0+15
| =3+2-9 640415 9+4+9

[11 -17 -10
-17 29 21

-10 21 22

[
=

- 3T [
5|= X
3 at

w o~
N O -
=
nomw

IWNWI

(]
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6. Solve the matrix equations A2 =54 +4/-X=0ir |-—5 -1 3|4 00 S s .
2 0 1 x=|-1 -7 -10|+]0 4 0 Cofactor of an Element: The cofactor of an clement a;; of a squarc matnx A denoted by Ay is defined by
I =1y
a=|2 1 3 s 4 2|00 4 A =(17M, e
1 -10 [-5+4 140 =340 i Forexample, Ay () M et 2 CHee] b
. n 9n o On
50lull;|:-”‘ A X=|-1+0 -7+4 -10+0 Determinant of a Square Matrix of Ordern = 3
. |-5+40 440 -2+4 @ 0y
; ‘: ; ; 2 ; ra <1 -3 E If A is a matrix of order 3, that is, A=|a,, a,; a, |,then:
= Gy Gy Gy
1 -1 0f1 -1 0 X= -; ‘;3 ";“ : |4 = 6,y A, +0,3A; +a54, fori=1,2,3

|A] = a,,A,, +ay; Ay, +ay,4y, forj=1,2,3

or
7. IfAand Bare two matrices such Ihlmn'.-.-gu‘ " Forexample, fori =1,/ = 1and j = 2, we have
BA = A, show that A* + B* = A+ 8. |A] = a3 Ayy +8y2A,; + 0,34, (i)
—_—|

44243 0+41-3 243+0

44041 040-1 2+0+40
2-2+0 0-1+0 1-3+0

12 z -; : . or 14] = a4y + 0345, + 05,4y, . (i)
’ 0 sigy ez Civen el Af N ‘: ok or [4] = @212 + 8345, + 05,4y, o (i)
) ; LHS=A*+8B (iii) can be written as:
Given Equation: A: =5A+4/-X=0 =A-A+B-B 1Al=a,,(-1)"**M,, +8y (=172 Myy +055(~172M,,
AP -5A+41=X = A(BA)+ B(AB) *A=BAAB=p 1Al=-0,,My; +a3,My; —ayMy; ... (iV)
i H r " " .
Putting values of A2, A and | By associative law Similarly (i) can be written as:
5 -1 2 2 0 1 1 00 - |A|=a, My, —a,,M,; + ;M (v)
X=19 =2 sl-slz 1 3l+4l0o 1 0 = (AB)A + (BA)B My =0y + 0130y,
0 -1 -2 1 -10 001 =BA+AB | Putting the values of My, M3 and My, in (v), we obtain
=A+D 0y Op a3 Oy O Opn
s -1 2110 0 $][4 00 * A =l o dreal,  lvesl
X=|9 -2 s|-|10 5 15|+|0 4 0 =R.H.S (Proved) 1z o 1 » n On )
0 -1 -2/ |5 -5 0] |0 0 4 or || = ay,(022053~0053) =813 (034053 = 02203, ) + 013 (03403, = 8503,) ... (Vi)
or |A] = 0,030y +0,305,8y, +0)303,053 = 04,0y, = 03303033 = 0y38550y, ... (Vii)
Determinants 1 Equation (vii) is the required expansion of determinant of square matrix of order 3.
The determinants of square matrices of order n = 3, can be wriltten by the following pattermn. For example, ifn : | 1 -2 3
a, a, a, a, 4; G | Example 4: Evaluate the determinant if A=|-2 3 1
4 -3 2

A=|agy ay ay [, then the determinant of A=|A|=|a;, @ an

Oy, Oy Gy Gy, Oy Oy 1 23
s . . : Solution: |4 =|-2 3 1
Now our aim is to compute the determinants of matrices of various orders. 4 =3
Minor and Cofactor of an Element of a Matrix or its Determinant | Expanding by Ry, we get

Minor of an Element: Let us consider a square matrix A of order n, then the minor of an elementa,, denot

[ I =1
M, is the determinant formed by deleting the {th row and the jth column of A(or|A]) . '

3 1 -2 1 -2 3
-3 7J"("2’14 2!”[4 —3|
= 1[6-1(-3)}+2[(~2)(2) - () ($)}+3[(~2)(-3) -12)

@y Ay Oy = (6+3)+2(~4-4)+3(6-12)=9-16-18=-25

For example, consider a square matrix A of order 3, A=|g;, @;; 0n

1 -2 3
Gy 9 Oy :
Example 5: Find the cofactors 4,;,4,, and A, of A=|-2 3 1| andfind|4]. .
To find the minor of the element ay5, delete the first row and second column of A 458512

1
--ferr - ap--as -

Gy Gp; Qg [.thatis M, =

1
ay @ Ay
L]

Solution: We first find 4,;, 4;,; and 4,,, :

a4y Oy )
by = (—11“‘|; ﬂ=t—x)’(—4-4)=-1(-a)=s

ayy, Oy
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Ay = l-n“‘l: j-( DNY2-12)=1(-10) « <10

SCHOLAR B MATHEMATICS - 11 o

Adjoint and Inverse of a Square Matrix

15 3 =
Ay - n"-l 1 A1) (1= (-6)) = - 1(7) = -7 .
n = 3 4 ( a=( ™ LT T T An An Ay
Mere 0y = -2, 0y =3, 0y =3 LetA=|ay @y @y |, then the matnx of co-factors of A w| Ay, Ay, Ay, |, then
Loy, @y oy An Ay Ay

Fxpanding by R, we get

A = 0y, A, + 0,4, a4, Ay Ay A
2)8+ 3(-10 (-7 . 5 ad) A = (matnx of cofactors of A)' = | A, A, A,
(-2)8+3(-10)«(-3)(-7)= -16-30+21=-2 s A

Inverse of a Square Matrix of Order n = 3 : Let A be a non singular (| A# 0) square matrix of order n. If there
exists a matnix B such that AB = BA = |, then B is called the multiplicative inverse of A and is denoted by A~
It 15 obvious that the order of A™V is n X n.

Thus, A =Land A™'A=1,.

Properties of Determinants

« Forasquare matrin AJA|=|A|

i 11 a square matmix A, two rows or two columns are interchanged, the determinant of the resulting matriy i -
e 1 a square matnx A has two identical rows or two identical columns, ﬂwn|¢|[ =0,

I A is non-singular matrix then A™ _Ildladu

iv. Il all the entnies of a row (or a column) of a square matrix A are zero, then |A| = 0.
v. If the entnes of a row (or a column) in a square matrix A are multiplied by a number k € R, then g
determinant of the resulting matrix is k|A|.

vi.  Ifeach entry of a row (or a column) of a square matrix consists of two terms, then its delerminant can be wring,
as the sum of two determinants, ie., if

¥ 0 @
Example 7: Find A if A=[0 2 1.
1 =} 3

Solution:

a, +by, a,; a, 0y +by 0y gyl oy @ oyl by 9 gy 1 0 2
B o=lay by gy ay | then |B] =g, +by ay ayl=|ay @y ayl+|by a9 a6y A-[ﬂ 2 l}
gy +by, ay ay, ay, +by, ay, ay| oy, ay ay| |by 9y, ay, b & 1
vii If any row (column) of a determinant is multiplied by a non-zero number k and the result is added 1 g |14]= ll-zl :l-—l}[? :IOZ? _21 Expanding by Ry

corresponding entries of another row (column), the value of the determinant does not change.

- - - - —-2)= —-if- - =1
viii. Ifa matnix is in triangular form, then the value of its determinant is the product of the entrics on its main diagoey 1(2+8)-042(0-2) = 1[3)+0+2(-2)= 3%0~4m=10;00A™" eulss.

We first find the cofactor of the elements of A.

[Nﬂt: We shall define tnangular matrices on following pages (page no. 113). 2 1 wft 0
j A.l-t—u"‘l_l [Fr@en=3 ""'“""1 _‘|-{—11(-l-0]-1
x a+x b+c = walo 1 alo
Example 6: Without expansion, show that |[x b+x c¢+a|=0 Ap=(-1) ,l II-(-”(D_H-I Ay =(-1) |Z ﬂ-l-(0-4)-4
X c+X a+b 0 2 1
w(-1)*? =1(0-2)==2 u(=1 .'l z‘- - =-0)=-~
Solution: Adding the entries of Cj to the corresponding entries of C;. A=) Il —l' ( ) Aa=(=3Y 1 | =50-0)=-2
x a+x b+c 1] 0 ZI ,Il OI
Ay =(=1 =(=1)(0+2)=~2 A= (-1 =1:(2-0)=2
LHS =|x bex c+a "lll—ll()( ) ”()"oz -0
i A"_[_u"'l: :,ﬂl'(l-n--l

x a+b+c+x b+c
3 1 -2
=|x a+bsc+x c+a By C; + C. _ Ay Ay Ay
5 RS Matrix of cofactorsof A= | A, A Ay |=|-2 -1 1
x a+b+c+x a+ Ay Ay Ayl |4 -1 2
1 1 b+c 3 <2 -4
taking common x from €
= x{a+b+c+x)]1 1 c+a [byd : n: = '] adj A = (matrix of cofactorsof A)' = [ 1 -1 =1
11 a+b snd(a+bds+o4n)fromC, -2-1 2
= x(a+b+c+x)0 *+C, and C, arc identical. y i i3 2 4] [3 2 4
i singg A™' = —adjA=—| 1 -1 -1|=[-1 1 1
0 = RH.S (Proved) 14l Y2 2|2 4 -2
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L. Evaluate the following determinants:

1 -2 4
m |3 -1 =3
-2 3 2
Solution:
1 -2 -4
3 -1 -3
-2 3 2
Expanding by Ry

-1 -3 3 -3 3 -1
=1,3 zl'(_zll-z 2 ’Hll-z 3]
=4(-2+9)+2(6-6)-4(9-2)
= 1(7) + 2(0) - 4(7)
=7%0-28=-21

a+b a-b a
(i) a a+b a-b

pfr_/a a+b

Sol ’on:
Ta-rb a-b a

a a+b a-b

a=-b a a+b
Expanding by R
- a+b a-b a-b a a+b
(‘Hb)a a+b ! -b a+b+ a-b a

= (a+b){(a+b)* -a(a-b) -(a-b){a(a+b)-
(a-b)y)+a{a®-(a* -b*))
= (a+b)(d* +b* +2ab-a* +ab)-(a-b)(a* +ab-

a* - b? +2ab)+a(d* -a* +b*)
= (a+b)(b* +3ab)-(a-b)(3ab-b*)+a(b?)

= ab® +3c%b+ b +3ab® -3a*b+ab? +3ab? -1 +ab?
= 9gp?

&n 3w
(i) |y 2y y
- SO
Solution:
2x x =x
Yy 2y y
z Iz 2x

¥ ¥
z 2z

2y y
z 2z

= 2x

y 2y
zZ 2z

X

= 2x(4yz - y2) - X(2yz - y2) + x(yz - 2y7)

= Bxyz~2XyZ-2XyZ + XyZ + XyZ-2xyz

= 10xyz -~ 6xyz = 4xyz

2. Without expansion show that:

789
@M |5 6 7|=0
Z 3 4
Solution:
78
LHS=|[5 6
23
ByCi+ G
16 8 9
=112 6 7
6 3 4
By taking 2 common from C;
8 89
=216 6 7
33 4
=2(0)
=0 =R.H.S (Proved)

- WD

+ Cyand Czareldm

5 6 -1
(n |12 2 o|=0
2 -8 10
Solution:
5 6 -1
LHS=|2 2 0
2 -8 10
By G2+ (3
5 61-(-1) -1
=12 - 2+0 0
2 -8+10 10

5.5 41
=22 0
22 10

=0
=R.H.S (Proved)

** Cy and C; are identid

SCHOLAR %2 MATHEMATICS - 11

103

i

-a 0 b
@p |0 a -€|=0
c -b 0
Solution:
-a 0 b
LHS=|0 a ~-¢
¢ -b 0
Multiply and divide Ci by b, C: by ¢, Gy by @
-ab 0 ab
L_Il.S‘—l—' 0 ac -ac
beal be  —be 0
By Ci + (C2+ &)

-ab+0+ab 0 ab
= —| 0+ac-ac ac -uac
abel pe_bes0 -be O

0 0 ab
=—|0 ac =-ac
abcly _pe 0
= -l-[D] = Cyis zero.
abe
=0=R.H.S (Proved)

t m+n 1
(iv) |[m n+t 1|=0
n (+m 1
Solution:
{ m+n 1
LHS=|m n+t 1
n {+m 1
ByCi+Ci

t (+m+n 1

=lm (+m+n 1

n {+m+n 1

By taking ({ + m + n) common from C;

t 11

=(t+m+n)m 1 1

n 11
= ({+ m+ n)(0)

=0=R.H.S (Proved)

** C3 and C; are identical,

21 3x
23 9%
3 5 15x
Solution:
21 3x
LHS=|2 3 9x
3 5 15x

(0] =0

By taking 32 common from €,

21 8
-3xj2 3 3
355

= 3x(0)
= 0= R.HS (Proved)

be a a*| |1
(vi) |[ca b Kl=|1
ab ¢ Z| 1

Solution:

v €y and Cy are identical

a a
v
& &

be a o
LHS=|ca b M
ab ¢
Multiply and divide Ry by a, R: by b, Riby ¢
abe o o
B ﬁ abc b* b
abe & ¢
By taking abc common from C;
1 @ d"
- E—E—;(abc] 1 B B
@ e

148 &
=|1 ¥ B

1 ¢
= R.H.S (Proved)

3. Using propertles of determinants, show that:

3 5 0 310
(h |5 25 10|=25]11 1 2

7 25 4 7 51
Solution:

v
(=]

LHS=

—
o

v un

m\lmw
NN

=

n from C;

|

mmon from R;

By taking 5 com

o3

1

o

=5

~Nwnw
[

5
5
5
By taking S co

S
1
5

L ]

5
3
5.5|1
7
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3 so By interchanging Cy and €y
=251 12 i 2 =
781 -1 y y
= RHS (Proved) L & o
a+x a a By interchanging C; and Cy
() | @ a+x a -:'(3.+x) TR
a a a+x - (-)(-1)t ¥ ¥
Solution: 12 2
a+x a a .
LHS=| 0 a+x a 1 e ol
e @ asx =|1 y »| =RHS (Proved)
ByCi+(Cie ) 1 z 2
da+x a a
= 3a+x a+x a
3a+x @ a+x 1 x X
By taking (32 + x) common from C, v 1y Y |=(x=y)y-2)(z-x)

1 @ a
= (3g+x){1 a+x a
e aorl
By Ri=Ryand Ry - Ry
1 0o
= (30+x)0 x 0
0 0 x
By using property of determinant of a triangular matrix.
=(3a+x)(1.x.x)
= x*(30+x)
= R.H.S (Proved)

1 x yz
(m 1 y =
1 z xy

Solution:

n %
o

1 x yz
1 y =x
1 z x
Multiply and divide Ry by x, Ra by y, Ry by z
x X oz
-Lly ¥ o
e 2 0z

LHS=

By taking xyz common from C
: ¥ 9
--n—,z(m y F1
r £ 4

1z 7
Solution:
1 x 2
LHS=]1 y
1z
By R2—Ry and Ry - Ry
1 x
=0 y-x y-x*
0 z-x Z-x*
Expanding by C;
y=x y-xt
z-x z2'-x?

=1 =040

y=x (y=x)(y+x)
z-x (z-x)(z+x)

By taking (v - x) and (z - x) common from R; and Ry
respectively.

- U’-l]("‘)ll y+xl

1 z+x
=(y-x)(z-x)(z+x-y~-x)
= (y-x)(z-x)(z-y)
= (-1)(x-y)(z-x)(-1)(y-2)
= (x=y)(y-2)(z-x)
= R.H.S (Proved)
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1 1 1

() | esl bel esd |w(a-b)(b-c)(c-a)
[{as1)' (be1) (con)
Solution:
1 1 1
LHS=| e+] bel r-l’
(@e1) (bel) (con)
1 1 1
- a+l b+l ce1
. a'+20+1 b +2bel & a2eel
By Ri-Ri.Ry-Ry
1 1 1
- a b [ 4
a*+2a b +2b Fe2c
By Ry-2R:
1 1 1
=la b ¢
o v &
ByGi-C.Gi-Gi
1 0 0
=la b-a r-n\
at b -at it -dt
1 0 0
=|a b-a c-a
a' (b-a)(b+a) (c-a)(c+a)

Taking (b~ a) and (c = a) common from C; and G,
respectively.

1 0 0
= (b-a)(c-a)]a 1 1
a® b+a c+a
Expanding by Ry
1 1
= (b-a){c-a){l T -0+0}

=(b—a)(c-a)(c+a—-b=-a)
=(b—a)(c—a)(c-b)
=(-1)(a=b)(c=a)(-1)(b~-c)
=(a=b)(b=c)(c—a) =R.HS (Proved)

a+t 2 2
v | @ B+ @ |=4dbPE
b ¥ Fad
Solution:

o o ‘s
Lus=| & b @
W ¥ o ed?
Dy Ry = (R; + Ry)
20« W e2F 240 2
- o Waedt a
» b et
By taking 2 common from R,
o' et Vedd A ed
=2l & WM+ o
b [
lly ﬂj-RgllﬂRl—Rl
et Vel A ed
=2 - 0 -
-a’ - 0
By Ry + (R: *+ Ry)
o ¥
-2-* 0 -
-a@ ¢ o0
Expanding by Ry
ot e 2
-’ 0 ~a® -

= 2(~b*(0-a'c? )+ & (b'c* -0))
= 2(a’be? +a’b*e*)
= 220 ) = 40’ ¢ = RUS (Proved)

a b c

(vil) |b+c c+a a+b|=a’ +b’ +¢’ -3abe
a+b bs+c c+a
Solutlon:
a b c
LHS=|btc c+a a+b
a+b bec cea
By Ri+ Ry
a+bsc a+bec a+bec
=| b+c c+a a+b
a+b b+c c+a

By taking (a + b + ¢) common from R,
1 1 1
= (asbec)|bec cea aeb
a+b besc cea
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By G -Ciand Gy - G a-b-c 2a 20
1 0 0 LHS = 2b b-¢-a 2b
“ (asbsc)|brc a-b a-c 2c 2c c-a-h
a+b c¢-a c-b Dy By + (Ry + R,)
Expanding by R: a+bsc a+b+c avbaec
i il =] 2b b-c-a 2b
- (ﬂ*b*f)[l b ol -0*0} 2c 2c  c-a-b
Taking (@ + b + ¢) common from Ry
= (a+b+c){(a-b)(c-b)-(c=a)(a-c)} ¥ 1 1 1
= (a+b+c)(ac-ab-be+b ~ac+c® +a’ —ac) = (a+bec)2b b-c-a 2
2c 2c c-a-h
- (n-&bu‘}[a'-rb: +c? -ab—bc—m) By G-CG-G
= a* +b +¢* ~3abc = RH.S (Proved) » i %
= (a+b+c)|2b -a-b-c 0
2c 0 ~a=b-¢
e, @ » By determinant of a triangular matrix
o) b b+t b |st*(asbecet) =(@+b+O)(1(=a=b=c)(=a=b~
c c o+t = (a+b+c)(—l)(a+b+c)(-—l)(qq.bh‘
Solution: =(a+b+c)’
a+t a a = RHS (Proved)
LHS=| Db b+t b S ——
c c o+t grenae '

By Ry + (R: + Ry)
a+b+c+t a+b+c+t a+bac+t
= b b+c b
c c c+l

By taking (@ + b+ ¢+ t) common Ry

3 "2 1
=(a+b+c+t)]b b+t b
c £ .ot
By Gi-Giand G -Gy
100
= (a+b+c+d)lb ¢ ©
c 0¢

By using property of determinant of a tnangular matnix.
= (a+b+c+t)(1:-t-1)

= t¥(a+b+c+t)

=R.H.S (Proved)
a-b-c 2a 2a
() | 26 b-c-a 2b |=(a+b+c)’
2c 2c c-a-b
Solution:

(x) X y
2 ¥y 2
Solution:

y+z I+Xx X+)y
LHS=| x y z

T [=(xeyez)(x=-y)y=2)(ey |

e e o3
By R+ R:
X+ Y42 X+y+I X+y+2
=l X y z
o » P :
By taking (x + ) + 2) common from Ry
1 1 1 ]
=(x+y+z))x y =z
x} y3 :l
ByCG:—-Ciand G -Gy
1 0 0
=(x+y+z)]x y-x z=x
x* -xt Zr-x?
Expanding by Ry
-X =X
= (x+y+z) [1 i, > S —0+0]

[I_\ CI = C;
. =(b-a)(c=a)
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o y-x =X

(y=x)y+2) (2-x)z+x)

By taking (v = ¥) and (2 - x) common from Cy and C;
1 1

Yrx o ozex

w(xeyez)(y-x)(z-x)(zex-y-x)

“(xeyez)(y-x)z-x)(z-y)

s (xeyez)(-1)(x-y)(z-x)(-1)(y-2)

= (xeyez)(x-y)(y-2)(z-x)

= RS (Proved)

(xeyer)

= (xeyez)(y-x)(2-x)

1 1 1
a'+1 b4l ctedfs
a'+a b'+b e
(a=b)(b=-c)(c=a)(ab+bc+ca=-1)
Solutlon:

(D

1 1 1
@+l bal
la*+a b +b e

LHS =

By Ri- R
1 1 1
X ul bl rl

ava b +b e

By G-G.6G=-0

1 0 0
-| @ b -a* T
@®+a b +b-d"-a +c-d’-a
1 0 0

a (b-a)(b+a) (c-a)(c+a)
a +a (b -a')+(b-a) (c’-a’)+(c-a)
1 0 1]
¢ (b=a)(b+e) (¢=a)(c+a)
o' va (b-a)(b' vabea’)e(b-a) (c-a)(c* +ac+a’)+(c-a)

Taking (b—a) and (c—a) common from C; and G,

respectively
1 0 0
= (b-a)(c=a)| o* b+a
a+a b*+ab+a*+1 cF+ac+at+1
Expanding by Ry

= (b-a)(c-a)

c+a

b+a c+a

b*+ab+a+1 ¢*+ca+at+1

b-c c+a
b ~c* +ab-ac S +cara+1

u)l b-¢ cra \
(Bec)b-c)ralb-c) ¢ vcusa’ 41
Taking (b = ¢) commuon (rom €,

1 +
« (b-a)(c -a)(b-r)l 3 , - l

tC+ad C

= (b-a)(c-

+cava’ 41
= (=1)(a=b)(c~a)(b-c)(c* +ca+a® 4+ 1=bc-

. ba~c* ~ca-ac-a*)
= =(a=0)(b=c)(c=a)(=ab = bc = ca+1)
=(a=b)(b=c)(c=a)(ah+bc+ca=1)
= R.HLS (Proved)

1+4a 1 1
1 1+b 1
1 1 1+¢

Solutlon:

(xihy =abc+ab+bc+ca

l+a 1 1
LHS=| 1 1+b 1
1 1 1l+c
By Ri=Ry, Ry= Ry
1+a 1 1
=|-a0 b tll
-a 0 ¢
By Cy-C:
1¢4a 1 0
=|-a b =b
-a 0 ¢
Expanding by R,

= (1+a)

b -b] |-a- -b
0 ¢ -a ¢
= (1+a)(bc=0)-1(-ac—ab) +0
= be(l +a)+ac+ab

=abc+ab+bc+ca
= R.H.S (Proved)

-1 -0

a*-be
b* -cal=0

& -ab

la
(xip |1 b
1 ¢
Solution:
1 a a*-be
1 b bP-ca
1 ¢ -ab
By R; — R, and Ry — R,
1 a a* =be
=[0 b-a b*-a*-ca+be
0 c-a c*-a*+bc-ab

LHS =




Uit & 3D Matrces &

h ™ a -
-\o b (PeaNb -a)ecid u:

W ¢ ¢ (crefe-0)eMc-a)

|
Tohing (M =a)lic = a) vomewm Som E, o &, |
reupeg ey !
e ¢ -k
1 .o.’ns]

S O -

|
- b cu;-ai
i I eebeg

“(b=aMc -a¥0)
-0

- W MHS (Poosed)

A, and B, sre slemacal

2xe) wel pea
i) 2asS m+d aebh
2aeT wed mac

Sl linm

=0 wherr Jhsascm AP

2neld aed sea
LMS = |20+ a+3 asbh

ab+sT gel Eeg

dbmaec
a=2b-¢

LHS= (28¢5 5} e b
ax+T xed PRy
MR -F, el R, - R,

-3 1 b-c
“12x+S xe) xeb
B 1 c-b

2xed 5+ 103&--(| {

Iy K, * R,
0 (1] 0
“|lneS xed xeobd
2 1 ¢c~b
-0 R, 1 zero
= RS (Proved) )

a b ¢

c o ’|-(Io.ot)(lohoﬂ']

b ¢ o
{0+ b’ +cw), where @ is an imaginary cube root
of wauty.

Saolulion:

xv)

LHS =

Lo €, »{C; =C,)

IFl-l-. s lE
“|leskec @ &
I.o’.( « ‘l

Tehing (@ + b # ¢) coemmon from C,
1 # ¢

“(gebecHl @ &

11 ¢ @

By B - Ry el By - R,

1 ] €
= [@ebechD a-b b-(l

0 ¢c-b a-c

Fxpandmg t» C,
[ la-b b-c
-to-b-c}il(_’ s

-o-o}

-(-+|¢¢){[n-b}(¢-c)-(r—b)[b-‘"
-(n&b-u)(a’-ur—d*k-k*c‘-pp_i
“(a+b+c)a®+b'+c?—ab=-bc-ac)
LHS=a'+b" + ' - 3abe k
l_}ls-(¢¢bor](n¢h+c.‘)(e+b.l.“j
w(a+b+c)la’+abe’ +acm+abe + by,
bew!+ace? + beot +eiy
=(a+b+c)a’+deo'+cdo’+ab(o?+0)s
be(n? + o) 4 acle+ ¢
Since © 1 an imaginary cube root of unity, so
siein-le'=le'=0
RHS=(a+b+c)a®+b(1)+c?(1)+
ab(=1) + be(=1) + ac(-;
=(a+b+c)a® +b? 4+’ —ab=be-gq)
“a'+b' 4" - Jabe
Hence proved LHS = RH S

1 2 3 -5 -2 5
4 If A=|O0 -5 0O lldl--3-l-l|
-2 -2 7 -2 -11

then find:
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ez dn = -Lan =0 on"

1 .'|
s = -17) -5 -0)= 5§
{ . .

4 = 3 5 Q

| vpaenteg B Co we have

AL oA sandy, cau A,
a (-IN-10) « (D) -2)» 7(-5)
#W-0-~35=-5

(et By Bya By and |B)

~oda e
[-§ -2 5]
8= -3 -1 4|
-2 -1 2]

4
-

By = (-1 :; :l.“-B.SI-—J

" aw
& & "

T N8

() A Az, Axyand 4]
Solution:
1 2 -3
A=l 0 -5 0
-2 -2 7
0

‘U P (-‘lhll-z

-
_2|-uo—1o}--m

An = (-1 _'2 _zzl-(-m-z.q--z

] i ~20+15)=5
B = (-1 I_] ‘I Y )
a3 Yea(s-6)e-t
Eu"[ ll’ I__3 3 l )
e,
-§ -2 §
g =[-3 -1 4
-2 -1 2
Here by = -2 by = =1 bn=2
Fxpasding by Ry
18] = by, By, + by, Byy + by, By,
=(-2)(-3) « (-1)(5) = (2)(-1)
=6-5-2=-1
S8 Fiad values of x il
: 3 x|
m |-1 4 -3|=5
x 1.0
Swlutios
2 1 =
-1 -4 -3|=5
« 1 0
Fipanding by R,
-4 -3 -1 -3 ~1 -4
1 ol" 2 o|"l. 1]-5-0

20+3)-1{0+3x)+x(~1+4x2)-5=0

6-30-nete’ 5.0

4 Aevr-0

(2= -1F =0

Toh o wpases rowst v Soth e
i

x-1=0 p jpe=
1 «-1 3
-1 el JI-‘
2 -3 =
Solatmn
i1 =-1 3
] 1 ael 2|=9
3 3 =
Expanding by R,

IIOI .:I (._'41 JI.'il l-ll pa
-3 = 2 = 2 J

Wl exob)-(e-1){-w-4)e HTI-20-2)-9-0

e cneb)eln - 1peed)e Ml 20)-9-0
W onsbos’ sde-4ed-br-9-0

20 -2 -4=0
Divading by *2°, we have
g =-21=D
H-lrex=-2=0
x=+l(x=2)=0
(r+D(x=-2)=0
Lither x+1=0 o x-21=0
> =1 o 2=2
2 3 %
() |2 x 2|=0
36 x
Solution:
111
2 x 2] =0
3 6 =»
Lxpanding by R »
‘x ;"2 2.12 "l e
6 x 3 =x 3 6

Ua? =12)-1(2x~6)+1(12-32) =0
£ -12-2x+6+12-32 =0
 -Saes6 =0

£ <Ja-2u+6 =0



X Q-
X =

Eather

x(x-3)-2(x-13) <0

(x-2)(x-3)~0
0 or x=-3=0
2 3 x=3

6. Find JAAY] and JA*A] T

-3 2
A-
® 2 1
Solution:
A=
= A=
AAt =
lAAY] =
AA =
|AA =
Expanding by Ry
5 1
= 13 -
,1 10|

-1

y

[-3 2 1

2 43

(-3 2

2 1

-1 3

8 2 -1] ‘: f
23

. -1 3
(94441 -64+2-3
[-6+2-3 4+1+9

14 -7

-7 14

(14 -7

-7 14

196 - 49 = 147

[-3 2

i g [-3 2 -1]
13 . % 3
[9+4 -64+2 346
-6+2 441 =243
‘3+G =243 1+9

S/ |

-4 1 -4 5
(—4)|9 w-&‘! |

=13(50 - 1) + 4(-40 - 9) + 9(~4 - 45)
= 13(49) + 4(-49) + 9(-49)

=637 -196 -

441=0

11

iy A=|2 2

1 3

Solation:

A=
= A! =
AAr =
|aaT =

Expanding by R

I |

2 2

) 3
321
v 2 8
(3 1

2 2|} 7 3]
¥ 3

[9+1 6+2 343
6+2 444 246
343 246 149

—
o= g
—

omﬂ‘

-

=
o

OO0 5o
=2 &

8
6

—
=]

8 8 8 8 B 8
- -8 +6
o uf o uf46 4

8 10

=10(80 - 64) - 8(80 - 48) +§(64 - 48)

=10(16) - 8(32) + 6(16)
=160-256+ 96

=256-256=0
) 31

A = ? ; ;] 2 2

L 13

|l

[9+4+1 3+4+3
[3+4+43 14449
14 10
10 14]

14 10
10 14

=196-100=96

]

SCHOLAR = MATHEMATICS - 11

7. IfAls a square matrix of order 3, then show b

kA = K3)A].

Solutlon:
ay,
Let A=|ay

ayy

a; Gy
ap Op
Gy, 0y

111
kay, kay, ka,, ~2(0-2.)-4(0-2)+5(2+4) =0
- kA = | kay,  kay,  ka,, 2h 08450420 ~0
l"“'u "“"H ka,, ?_'5.’ 28
LIS = [kA| b= - > A= =4
kay,  kayy  kay, :
= |kay, kay, kay, ¥ Z 1
ka,, ka,, kay, 9. Find the Inverse of A=| -5 0 4| and show
Dy taking ‘k" as common from Ry, Ry, Ry 5 40
thatA'A=1
0y Gy Gy - .- -
| 4 Solution:
21 12 £ 1 2 1
g O Oy A=l-5 0 4
= k¥A| = R.H.S (Proved) S 4 0
8. Find the values of A If A and B are singular 1 2 1
423 -2 4 5 m=l-s o 4
A=|7 2 6|B=[1 -2 1 5 % 0
2 31 2 a0 —
Solution: 0 4 s 4 -5 0
423 “'“L o|"2|5 o s 4
A=|7 » 6 =1(0 - 16) - 2(0 - 20) + 1(-20 - 0)
231 =-16+40-20=4
Since the matrix A is singular, therefore Since |A| # 0, so we can find A1,
(A] =0 Cofactors of elements of A are
0 4
423 An = (1) |-1(o—15)=-|s
= 7 ) 6=0 ) 40
oS #
i Ay = (1) l:-l{o-zo)=zo
Expanding by Ry 5 0
x 6] |7 6| |7 a wal-5 0
-2 3 =0 Ay = (-1 =1(-20-0)=~
4]3 1| |z 1|' lz 31 n= W 4N poiin
-18)-2(7- = = 2 1|
4(x-18)-2(7-12)+3(21-22) =0 Any = (<13 =-1(0-4)=4
4).-72410+63-62 =0 9
e = 11
i J A= (11| o|.1(o-s)=-s
-2\ =-1 =>2|."'E
1 2
Since the matrix B is singular, therefore An = (<137 5 4 =-1(4-10)=6
181=0 2 4 -
-2 4 5 Au"(-l]mlo 4=1(8-—0)-B
=1 -2 1] =0
1 1
2 % 0 An = (-1)*? p l=—1(4+5)-—9
Expanding by Ry = 4
21 1| -2 = 3| 1 Zl
-2 L = An = (-1 =1(0+10)=10
|x ﬂl 4'2 0|+5‘2 :.‘ 0 17 g o|=1(0+10)
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Ay Ay Ay
Matnx of cofactors of A= | A, A,y A,
Ay Ay Ay
[-16 20 -20
a 4 -5 6
. 8 -9 10
adj (A) = (Matnx of cofactors of AY
-16 4 8
adjA=| 20 -5 -9
" |-20 & 10
Asweknow A"-I%I;dm
-16 4 8
N2 5 -9
-20 6 10
We want to show that: Ad-1 =,
LHS=A4"
1 2 4 -16 4 8
- -S 0 4 20 -5 -9
4 0 -20 6 10
. -16+40-20 4-10+6 B-18+10
:— B80+0-80 -20+0+24 -40+0+40
-80+80+0 20-20+0 40-36+0
40
0 4 D
* 00 4
100
=/0 10
001
=l =RH.S (Proved)
10. Verify that (AB) = B'Atil:
1 -1 2 11
m A= 0 -3 1 and B=|-3 -2
0 1
Solution:
e i
A=[; "; ﬂandan -8 2
| 0 1
L.H.S = (AB)
-zt
1 -12 gl
Mg -3 4 -3 2
. 0/ 1|

14340 14242
[0+940 040641

(4 5 49
“lo 7]"[5 7]
RIS = Bt
(1 1
e
[0 1 Rl
1 0
<1 -8
2

[1+3+0 04940 4 9
- =
[142+2 0+6+1 5 7
Hence proved LHS =RH.S
ie, (AB) =DBA

(1 -3 0
1 -2 1

12
1
() A=|1 4| and 8=[ 2 -f]
z 4

Solutlon:
1 2 .
A=|1 4|andB= 12 _13]
21 -
L.HS = (AB)'
'3 - L]
12 f1 -3
=fln e o
(L2 l_L ¢
1-4 -3+2 -3 -1 :
=|1-8 -3+4| =|-7 1 ['1 ~ °]
2-2 <641 0 asi]] E1 N
RHS=BA
- 3] 12 .
= 1 4
=2 1l

_[1 =21 1 2
-3 1][2 4 1]
_[1-4 1-8 2-2][-3 -7 0
[-3+z -3+4 -6+1]"[-1 1 -s]
Hence proved LHS=R.H.S
ie., (AB)t= Bt

\ﬂm\
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- Elementary Row Operations on o Matrix
Usually, a given system ol lincar equations s reduced o a soaple equivalent system by apply g elementarny

eperations which are stated as below
(1) Interchangimg two cquations
(1) Multgplyeng an cquation by a non-zero number
ol -\ddmg o Ill|l|inj'||; ol one cguation lo another coguation

Cotresponding 1o these thiee clementany operations, the Tollowing

clementary row operations are apphied 1o
matrices fo obtam equyalent matnces

(1) Interchanging two rows
Note:

Matrices A and B oare equavalent of ft
can b obained by applying in tum a
finite number of row operations on A

(1) Multiplying a row by a non-zero number

() Adding a multiple of one row 1o ancther row
Notations that are vsed 1o represent row operations for (1) to (i) are
given below

®  Interchanging R, and R is expressed as R+ R,
e Kktimes Rjisdenoted by kR, > R
*  Adding Kk times Ry 10 R, 15 expressed as Ry + kR, = Ry
( R{ is the new row obtained after applying the row operation)
For equivalent matrices A and B, we wnte A R 11
7 WARBWenBRA

Upper Triangular Matrix: A

square matrix A is called an upper tnangular matnx af all elements below the
* principal diagonal are zero.
Or

A square matnix A = [ay,] is called an upper triangular mateix if a, ~Oforalli:=

Lower Triangular Matrix: A square matrix A s said to be lower lﬂalmular matnix if all elements above the
principal diagonal are zero

1 Or

A square matrix A = [a;;] is called an lower triangular matrix if a, =0foralli<j

Triangular Matrix: A square matrix A is named as triangular matrix whether 1t 15 upper tnangular or lower
triangular.

v2 8 Ly 3o
For cxample, the matrices [0 1 4| and & 3080 are tnangular matrices of order 3 and 4
006 5
-1 2.3 1

| respectively. The first matrix is upper triangular while the second is lower triangular.

gut =

[ Remember! Disgonal matrices arc both upper triangular and lower tr

Echclon and Reduced Echclon Forms of Matrices

In any non-zero row of a matrix, the first non-zero enltry is called the leading entry of that row,
Echiclon Form of a Matrix s
Anm X n matrix A is called in echelon form if:

(i) In cach successive non-zero row the number of zeros before the leading entry is greater than the number of
such zeros in the preceding row.

() Every non-zero row in A precedes every zero row (il any).
(1) The first non-zcro entry (or leading entry) in cach row is 1.
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For examples, the matrices ] and [ are in echelon form — 2 5 -1]
| 0 0 0 0 0o o Example 9: Find the inverse ofthematrix A={3 4 2
Reduced Echelon Form of @ Matrix: Anm x n matrix A is said to be in reduced (row) echelon form 1 2 -2
non-zero enlry (or leading entry) in Ry lies in €y, then all othicr entries of C; are zero "mt
010 4 1200 Solution:
B o
Forexamples, the matnices [0 0 1 2| and [0 0 1 0 are in (row) reduced echel i
0 0 0 0 000 1 . HaCmshielon [Al=]3 4 2[=2(-8-4)-5(-6-2)-1(6-4)~ -24 +40-2=40-26 - 14
1 2 -
2 3 -1 9 As |A| # 0, so A 1s non-singular.
Example B: Reduce [ 1 -1 2 -3 10 (row) echelon and reduced (row) echelon form. 2 5 -1 1 00
gy > 2 Convder [A1]=[3 4 2 010
Saolutlon: | 1 2 -2 001
2 3 19 12 -2 001 :
Let A= |1 -1 2 -3 RI3 4 2 010 By R, «»R
3 1 3 2 2 5 -1 1 00
1 -1 2 -3 1 2 =2 00 1
2 =1 9| By R «R, #lo -2 8 01 -3 ByR, +(-3)R, —» R}, and R, +(-2)R, —» R}
@ 2 3 2 01 3 :10 -2
1 -4 2 -3 (1 2 -2:0 0 1
rlo -5 15| ByR, +(-2)R, —»R; and R, +(-3)R, =K, 1 3 1
- -4 0D = = -_— R
0 4 -3 1] ot 2 2 R i
14 -1 2 -3 o1 3 1 0 -2
Rlo 1 -1 3| Byle g .
Lo 31 5 10 6 o 1 -2
'y <t 2 -3:| : Rlo1 4 o0 --;- -:. By Ry +(~1)R, =+ R; and R, +(~2)R, —»R;
RIO 1 -1 13 By R, +(-4)R, - R, 1 7
[0 0 1 -1 abathd l 2 2.
[t 0 1 o 10 6 : 0 1 2.
RIO 1 -1 3 By R, +1.R, - R] (Echelon form of A) s 8 :
i | 0 - = By =R, —»
00 1 RO 1 -4 E § y sk
(1 0 0 1 oo 3 :1 L 1
RIO 1 0 2 By R, +(=1)R, =+ R{ and R, + 1.R, = R; (Reduced Echelon fom of 4, L 7 3% 2
[0 01 1 100 _g % 1
1 -1 2 1 00 1 4 3 1
Thus, [0 1 =1 3 |and |0 1 0 2 |are (row) echelon and reduced (row) echelon forms of te R[O 1 0 ; 7 " 5 By R, +(~6)R, = Ryand R, + 4R, - R;
0o 0 1 0 01 -1 00 1 1 1 1
maltrix respectively. 7 14 z .

Inverse of a Matrix: Let A be a non-singular matrix. If the application of elementary row operations ca 4
succession reduces A to 1, then the resulting matrix is/ : A™,
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4 3 1 Method-1: Reduced Echelon Form
Thus, the inverse of A s | $ - - E ! Ilht“' arc following steps 10 solve a system of non-homogencous linear cquations
1 1 1 ] % b ¢ 4
| 7 14 'f (1) Convertto augmented matrix be, A, =[a, b, ¢ | &
Rank of a Matrix: | ct A be a non-zero matrix. 117 i the number of non-zero rows when it [N reduced y, a9 b ¢ | d,
form, then v s called the rank of the matnx A m‘%,‘ (n) Coavert to reduced cchelon form
T -1 2 3 \ (1) Solve by back substitution
: = 11: Solve the following and explain si and
Fxample 10: Find the rank of the matnx |12 0 7 -7 Esample 11 £ praivarcoamson Inconsisient system
mm—— 7]
L3 1 12 =11 w 2x+5y-7 =5 (1) x+y+lr -1 () x-y+2z .1
Solution: Ix+4y+2z =11 2x-y+7z =i 24-6y+52 =7
M -3 2 <8 xe2y-22 =-3 3x+5y+4z =-3 Ix+Syedz =--3
20 7 7 Solutlon: B E
3 1 12 -1 rix=A4,=|3 4 _2 -
# i gmented maltrix = A, = i
(1 -1 2 -3 1 ( As m : 1 2 =2 i -3
a‘lo 2 34 By R, +(~2)R, —» Ryand R, +(-3)R, —» R, . . " .
. . < R34 2 im By R, +>R,
[r 2 2 3] 25 -1:s
Rlo 1 2 21 ByIm oK, 12 -2 3]
6 R|O0O -2 8 20 By R, +(~3)R, = R; and By R, +(-2)R, —»R;
L ] 0 1 '3 i 1 ; '
1 -12 -3 (1 2 -2 ¢ -3] i
Rlo 1 3 3 By Ry +(~4)R, —» R} RIO 1 —4 : -10 By -—R, - R;
- 3 N . 2
Y : 01 3 ¢ 11
e - 8 10 6 : 17
As the number of non-zero rows i3 2, s0 5 g x =
il Fapstrir RlO 1 -4 : 10 By R, +(~2)R; = Rjand R, +(-1)R, —» R}
00 7 ¢ 21
System of Non-Homogeneous Linear Equations 1 0 6 : 17 -
Three lincar equations in three variables such as: RO 1 -4 : -10 By _-;-R, -R;
ax+by+cz =d [0 0 1 3 |
ax+by+z =d i) 1 0 0 : -1
ax+by-cz =d, RlO 1 0 : 2 By R, +(~6)R; —» R} andR, + 4R, —» R}
is :.:ﬁ' a s)-siail; of non-homogeneous lincar equations in the three variables x, y and z, if constant tem: 0 0 1: 3 .
and d, are not all zero. sgedl - ; S . .
Consistent: A system of linear equatiggs is said to be consistent if the system has a unique soluies o m::‘m‘:::'::::‘“x Ly=2andz=3, lherel'ofg the given system of lines- ,cations has unique solution
infinitely many solutions. ’ 1 01 2 : 1
Inconsistent: A system of lincar equations is said to be inconsistent if the system has no solution. . .
() Augmented marix=A,={2 -1 7 : 11
Solution of System of Non-Homogeneous Linear Equations: 3 5 4 : -3
Now we will solve the system of non-homogeneous linear equations with the help of the following mee - )
(i) Using reduced echelon form . 11 2 1
(11) Using matrix inversion method Rl0 -3 3 : 9 By Ry +(-2)R, —» R; and ByR, +(-3)R, = R}
(111) Using Cramer’s rule [0 2 -2 -6
L
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RO 1 -1 -3 By -=R, = R;
0 2 -2 ~6j $
Il 0 3 4"
RO 1 -1 _3j ByR, +(-1)R, =R, and R, «(-2)R, =R,
(000 o0

The given system is reduced to equivalent system
x+3z =4 ()
y-z =-3 ..(Q2)
0z =0 = 7=t where t is any real number

Putz =t in equation (1) and (2), we have
x+U=dh = xud-2
y=t=-3 > y=t-3

Since the given system, 1s salisfied by x « 4 =32, y «t-3and 2 = ¢ for any real value of ¢

Thus. the given system has infinitely many solubons and it 1s consistent

(1 -1 2 : 1"
(1) Auvgmented matnx = A, =12 -6 5 © 7
3 5 4 0 -3
fa ¢ 2 : 12
Rlo -4 1 : S By R, «(=2)R, =R and ByR, «(-3)R, - K,
0 8 -2 ¢ -6
jo ¢ 2 ¥ 3}
e 8 oL i 2 B)--l-R.-aR;
s 4 * g
0 8 -2 : —GJ
1 7 1
10 = —
4 4]
RO 1 -% '%.' By R, 1R, =R and R, «(-8)R, =&,
o0 0 4 *
|

1

o= E —
4

,1, .S
4+ 4

0r =4

The third equation 0z = 4 has no solution, 5o the system as a whole has no solution. Thus, the system is
mconsistent.
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Nole:

We sec that in the case of the system (1), the (row) rank of the augmented matrix and the coelMicient matrin of the 1y atem
1 the same, that 15, 3 which 15 equal 10 the number of the variables in the system (i)

Thus, we observe that a linear system is consistent and has a unigue solution if

Rank of the coefficient matrix (A) = Rank of the augmented matrix (A,) = Number of variables

In the casc of the system (1), the rank of the coelTicient mamix is the same as that of the augmented matriy of the system
put it 15 2 which is less than the number of variables in the system (1)

Thus, we observe that a system is consistent and has infinitely many solutions if

Rank of the coefTicient matrix (A) = Rank of the augmented matnix (Ay) < Number of varables

In the case of the system (1n), we see that the rank of the coeflicient matrix 1s not equal to the rank of the augmented matnix
of the system

Thus, we observe that a system s inconsistent ift Rank of the coefficiont matrix (A) @ Rank of the augmented matrin (Ay)

119
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Method-2: Matrix Inversion Method
The matrix inversion method 15 a way to solve a system of lincar equations using the inverse of a matrix.

xl—Zx,+x,=—4

Example 12: Use matnix inversion method to solve the system 2xy = 3x; + 2xy = =6
2x, +2x;, + Xy =5
Solution:
The matnix form of the given system s
1 -2 1] x, -4
2 -3 2|x|=|-6
2 2 1s] s
Let AX =B )]
1 -2 1 [x, -4
“'htl'tfl-[z -3 Z-XE[" and F = -6]
(2 2 1 x 15]
ot 32| |22 |2 -3
|A]= ; -23 fﬂ’z 1!--22 1"1!2 2 Expanding by R,
“U-3-4)+ A2~ 4)+ 1(4+6) = 1(~T)+ 2(-2)+ 1(10)
=-T-4+10=-120, so A~ exists and (i) can be written as
X=Aa'p — i)
Cofactor of the clements of A
A= 2|=1-(-3-4)=-7f an=¢-0f - =
e - L S |ren@e -6

"n'l-ll"’E ﬂ=(-1)l2-4)=2 A,,a[-n""_' ;I:l-(--‘-t_}):—!

“'n"'{"nh’; ;Ivl.(lo&)alll

)
4u=(—1)"2 ;'=(-1)(2-z)=-o

aft 1 =
Ay =(-1) 2 1|-=(--'l){—2—2)=4 A,,-(-])’"E _3;1.{.A3+4)=1

A, -(-nml; :l. 1L(1-2)=-1
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Ay, Ay A5l (-7 2 10 Apb, + Ayb, + A,
Matrix of cofactorsof A= | 4,, A, Ayl=| 4 -1 -6 " 141
Ay Ay Ayl -1 01 X |= Ayby */:zjfl’z*”lub;
e _1‘ i Ayaby + Ayib, + Ayb,
adj A = (matnx of cofactorsof A)=| 2 -1 0 14
9 -6 1 b, a, oy .
7 4 -11[7 -4 1 b, ay ap
Using: A" =I—’1‘-adj.rl =-‘—1 2 <1 olsf2 2 © e w210 *”i:l-’l rohy b al:l 9n . i)
10 -6 1 -10 6 -1
_ , . : ay by ay
Putting values in cquation (i1), we have a,, b, ayn
X= A_'la ' - bA+bAp+biAy, _|ay, By ay . (iv)
(5,1 [7 -4 17[-4] [-28+24+5 : |4] |4]
x|=[-2 1 0|-6|=| B8-6+0 : i a,, a5, b
%) [-10 6 -1)[5] [ 40-36-5 _ @y 6z b
e d o br‘!u*bzdu*'bzﬁn 1% % b, (V)
%] [1 & 4] l4]
Mg 2] =Bt xy=-1 The method of solving the system with the help of results (iii), (iv) and (v) is often referred to as Cramer's Rule.
(%3] L-1 _ ) 3x +x,-X; =4
Thus, the solution setis {(x;.X;,%;)} = {(1.2,-1)} Example 13: Use Cramer’s rule 1o solve the system. x, +x, 2%, =—4

Method-3: Cramer’s Rule =X, +2x,~X; =1

Consider the system of equations, Solution:
! 3 1 -1 .
@y X, + 8%, +0,3%; = by 1 -2 1 -2 T 4 .
Gy Xy +0yyX, + QpyXy = by (i) Here 14|= _1] ; ‘—j _3,2 -llpll—l —II—I,—I 2 Expanding by R;
0y, X, + 033X, + 033 X3 =
ki & _ |A|=3(-1+4)-1(-1-2)-1(2+1)= 9+3-3=9
These are three linear equations in three vaniables x,, x;, x3 with coefficients and constant terms in the real field R 4 1 -1
We write the above system of equations in matnx form as: " Lt & -2 4 1 =2 1 P, (e -4 1
AX=B ) = s B :1 3 Iz -1'" ll —1]'1|1 zl
B b, | =—4(-1+4)-1(4+2)-1(-8-1)=-4(3)-1(6)-1(-9)=-12- =-
vase AaTa ) el amls - ’[ )-1(4+2)-1(-8-1)=-4(3)-1(6)-1(-9) 6+9=-9
Xy b; = xl =lﬁ =_?9=_1
We know that the matrix equation (ii) can be written as: X = A™'B (if A exists) 2 -4 -1
g -2 4
We have already proved that A™' =iadp§ l"‘: ” 1 -4 -2 =3l ""4' ’ Zl"ll o
14 ; 4 1 .4 1 -1 -1 -1 -1 1
Ay Ay Ay =3(4+2)+4(-1-2)-1(1-4)=3(6) + 4(~3)-1(-3)=18-12+3=9
and adj A = (matrix of cofactors of A)' = | 4,, A,, A, = iod A, _2_1
Ay Ay Ay A 9
] 1 Ay Ay Ay b Aby + Ay b, + Ay by . . |A 1 ? : - N | » R | s R |
Taus X, =W Ap Ap Ay||b, =|_A_| Apaby + Ayb, + Ayyby "l_ 12 _14'32 1 ﬂl-l 1 _4-1 2
X3 Ay Ay Ayllh Ay + Aysby + Aysby

=3(1+8)-1(1-4)-4(2+1)=3(9)-1(-3)-4(3)=27+3-12=18
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A
a Xy * L'll e a 2
1 9
Hence Xy = ~1,x; « Lx, <2
Thus, the solution setis {(xy,x5,%,)) = {(-1.1,2))
- Sotoe,
System of Homogencous Linear Equations

The system of following homogencous linear equations:

@y Xy H X, HaX, =0

0y Xy 40Xy X,y =0 AN

Ay Xy H 05Xy VX, =0
is always satisfied by xy = 0, x; = 0 and xy = 0, s0 such a system Is always consistent
Trivial Solutlon: The solution (0,0,0) of the above homogencous system is called the trivial solutlon,
Non-Trivlal Solutlon: Any other solution of system (i) other than the trivial solution is ¢alled a non-trivial solution,
Solution of System of Homogencous Linear Equatlons by Gaussinn Ellminntion Method
Gaussian Elimination is a systematic method for solving systems of linear equations, named afer the German
mathematician Carl Friedrich Ganss, [Uinvolves performing n series of row operations on the system's aupmente
matrix to transform it into row-echelon form. Once the matrix is in this simplificd form, the solution to the system
can be determined through back substitution. This method is widely used due to its elliciency and clarity in solving
linear systems,

Example 14t Solve the following system of equations by Gaussian Elimination method:
x+2perz=0
x4 3y 4z =0
dx 13y 42220

Solution:
1 21:0
Augmented matrix = A, = [2 3410
4372 :0
1 2 1 i
fjln -1 21 0| ByRy+(-2)R, -»R; and R, +(-1)R, - I
0 -5 -2 i 0]
-2 4
_[0 1 -2 ! 0| By(=1)R,-R;
0 -5 -2 0
21 0
!_n‘[() 1 -2 : 0| ByR,+5R, R}
00 -12 : 0
L R Ul
RIO 1 -2 : 0 By -;—;-R, -» Ry (Rank of A« 3 = number of varlables)
o0 1 o0
The given system is reduced to equivalent system
x+2y+2=0 o (D)
y-2z =0 o (1)
z=0
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Putz < 0o equation (2), we have
y-2(0)0 =5yl
Puty = 0and z <0 in cquation (2), we have
X4 2(0)0 00 =3 x w0
1hus, the system has only trivial solution, i.e., (x,y,2) = (0,0,0).

Eyample 15: Solve the following system of equations using Gaussian Elimination Method

Xyt Xyt x,=0
Xy =X+ dx, 20
Xy 03, x40

Solutlon:
ik a2l 4 0]
Augmented matrix =4, = (1 -1 3 n
1 3 -1 0
1 4 3 i0]
R{o -2 2 : of ByR,+«(-1)R, =Ry and R, +(-1)R, - R,
0 2 -2 i of
1 1 3 i 0'|
] 0
R0 1 <1 0 DY(‘E)Rx -» R
10 2 -2 | 0]
(1 1 1 i 0]
RO 1 -1 0 By Ry +(-2)R, = Ry (Rank of A< number of variables)
|0 0 0 0
The given system is reduced to equivalent system
‘- Xy txa+x; =0 ()]
X;=%3 =0 L (i)

Oxy = 0= x, =t, where ¢ is any rcal number.

Put x; =t in cquation (2), we have
X, =t=0 =x, =t
Put X; =t and xy =t in equation (1), we have
X ht+t=0 ox =-2t
Hence xy = —=2t, x; = t and x3 = t for any valuc of t.

From above examples we obscrve that:
Rule-1: Homogencous system of lincar cquation has only trivial solution if rank of A = number of variables.

Rule - I1: Homogencous system of lincar equation has non-trivial solution if rank of A < number of variables.

Applications of Matrices in Real World |
Matrices play a crucial role in solving real-world problems across various ficlds. In graphic design, they help
manipulate Imnges through transformations like scaling, rotation, and reflection. Data encryption and cryptography
use matrices for sccurc communication by encoding and decoding messages. In scismic analysis, engincers use
matrices to model and predict earthquake wave behavior. Geometric transformations, such as translation and dilation,
tely on matrices to modify shapes in computer graphics. Additionally, social network analysis leverages matrices to
fepresent and onalyze relationships between individuuls}j.denlifying key influencers and connections in a network.
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Transformation or Reflection Matrix s a mathematical tool that represents the reflection of a point or objey
across a mirmmor hine in a coordinate plane It's a matnx representation of a reflection transformation. In ug
dimensions, this tvprcally means reflecting across the x-axis, y-axis ora line suchas y = x

0]

1
To reflect a matnx over the x-axis, we have muluply it by ’70

L 'lJI

-1 01

To reflect a matnix over the y-axis, we have multply it by lo 1 |
L -
To reflect a matrix over the line ¥ = x, we have multiply it by 10 |
i |

Exampie 16: A tnangle has the vertices A(2,3).8(-1, 4)andC(3.-2). Find the vertices of the reflected triangj,
" over the x-axis by using transformation matrix.

Solution:
Given vertices of a tnangle are 4(2,3),5(-1. 4)and C(3.-2)

—

2 -
Column matnices of given vertices are A -—-[;}, B= [ :], C= [ 32]

0
To reflect the given points over the x-axis, we use the transformation mntnx[o l]‘

The veruices A, B'and €' of the reflected tnangle are
1 o0][2] [2+0] [2
A= = = =(2,-3
o Slfaca5]e
g=[1 0]1].[-1+0]_[1 ~(-1.4)
0 -1)l4) [0-4] -4
, 1. 0737 [3-0] [3
€=lo - -z}[o,z}:[z]:@'z)
Thus, the vertices of the reflected triangle are A'(2,=3),B'(—1,—4) and C'(3.2).
Coding: Coding is the process of converting a message into a specific format using a code. A code is a system of

symbols, words or signals used to represent other words or meanings. It’s often used to hide the actual meaning of

a message.
To decode a message, we multiply coded matrix by the inverse of the given matrix.

'l"-;';i the Inverses of the following matrices by

2 6 -3

12
Example 17: Use matrix A =[3 l]to encode the message: ATTACK, where letters A to Z are corresponding to

the numbers 1 to 26.
Solution: Here
A B (& D E F G H I ] K L M
1 2 3 4 5 6 7 8 9 10 11 12 13
N 0 P Q R S T u v w X ¥ z
14 15 16 17 18 19 20 21 22 23 24 25 26

Message: ATTACK

Divide the letters of the message into groups of two.
AT TA CK

Column matrices with assigned number are

Al o BHED ¢ (M

sCHOLAR = MATHEMATICS - 11 -
—

So, the message 1in 2 x 1 matnces 1][20] 3
i . ZOJ 1)1

Now to encode, we multiply, on the left, coch matrix of our message by the matrix A 1 e
[1 2][1] [1 + 40] [#
|3 :Hzn] L . qu [23}
1 :i[zoJ_[zo«:I_[zz
3 1) 1] [60+1] |61
2][3]_[3+22] [25
s o

50, the desired coded message 1s [

-

L=

41][22 i,’sz
23]/61)[20

Expanding by R,
Al = 1(-4-0)-2(0-8) - 1(0+ 2)
=-4+16-2=10
As |A] # 0, so A exists

using row operations:

-z 0
® nz 52 6 1 2 -1i100
-_ Consider [A: I]=|0 -2 B 010
! 1 2 -3 1 0 2 001
La A=|0 -2 0 By R, +(-1)R, = R;
2 4 6 [1 2 -1 1 00
1 2 -3 Rlo -2 8 © 0 10
=0 -2 0 g <2 3 : <201
-2 4 6 By —R, —R;
Expanding by Ry S

_1-2020030_2 1 2 4% 1 ‘o 0
M=y 6| -2 6|2 4
IA] = 1(-12-0) - 2(0 - 0) - 3(0 - 4) _
=-12+0+12=0 0 -2 3 : -1 0 1
As 4] =0, s0 A*} does not exisL. By R, +(~2)R; — R} and R, +2R, — R;
10 7 : 1 1 0

=
(=]
-

; 1
i P == D
2

1 2 -1 i
m|o -2 8 RO 1 4 i 0 —=0
10 2 00 -5 -1 11
Solation: 1
1 2 =1 By —R;—R;
Let A=|0 -2 B |'
1 0 2 10 7 1 & o
L & =i Rlo 1 -4 0o -1 o
M=o -2 8 ) 12 )
10 2 00 1 = o
5% %




e

By B o TIR, K] and R, + 4R, = R}
» > - 'I
i & @ - - 4
LY 5 S5
N 10 : 1 !{ |\
> 10 L |
& 4 r o1 1
) 5 ‘b[
- . 1
2 S |
L
T 4" -‘ —; :
S W s
N
S5 s |
1 o 2]
W (2 13 o
10 -1 I.l
Sodulnea
ll e 2
Lat A=|2 13 0
[
1 & 2
Mj=]2 13 0
0 -1 1
Exnpanding vy 8y
Wi = 113-0)-0(2-0)« 2(-2
213-12-4=-3
As ] =0 so At ensts
vy 8 2112 @
Consader (4 [)=]| 2 0: 01
‘_O -1 1 o0
Sy R o (2R, =R
1 & 2 1 0 0]
RO 1 4 :-210
0 -1 1 0 01}
By R, +(-0)R;, - R, and R, + R, R,
10 26 : 13 -6 0
RMO1 4:i-210
100 -3 : -2 1 1]
1'\
By —&, =&,
3
(102 13 - 0
/01 4 -R: % D
a |
SN | - -
L 5 ¥ &8

-0)

- o o

By R, +(~26)R, >R} and R, « 4R.~.R» N
100 13 8 2
33 5 i
2 1 4 !
10 = SR (.
R| O .\l 3 3 | "'l
2 1 1
1 = L .
iy i3 3
13 8 2]
2 3 3
qal & 1 4
Thus A = 3 3 3 :
2 1 2 A
3 3 3
3. Fiod the rank of the following mare '
it 80 2] *\ -
m -2 -6 1 -1 |
3 1 4 -2
solution:
[14 -1 3 1
-2 -6 1 -1
3 1 4 -2]
By R, +2R, -OR; and R, 0{-3]R| "'R;
1 -1 3 1
Rlo -8 7 1
0 4 -5 -5
1
B)"ER:"’RE
Jl ~p ‘4 A
7 1
_0 1 —E _3
0 4 -5 -5
By Ry "‘{"”R: _'R;
1 -1 3 1
B 1 <% -
8 B8
3 9
_IJ 0 > 2
By —R;— R}
1 -1 3 1
7 1
DL A1 ("
R0 3 8 (Echelon Form)
00 1 3

As the number of non-zero rows is 3, so
Rank of matrix = 3

SCHOLAR 2 MATHEMATICS - 11

(1 -2 3]
2 -4 O
W1y o 2
0o 1 -1]
solution:
1 2 13
2 4 6
1 0o 2
g 4 1
By Ry +(~2)R Ry By By > Ry
1 z 3
0o 0 ]
§ 0 -2 5
0o 1 1
Iy Ry «» Ry, we have
1 -2 3
[" 1 -1
8 0 -2 5
0o 0 0|
By Ry +2R, —» R}
1 -2 3
0 1 -1
“lo 0 3
0o 0 0 J

(Echelon Form)

As the number of non-zero rows is 3, so

Rank of matrix = 3
3 -1 3 0 1
1 2 -1 -3 -2
Wil 3 4 2 1
2 5 -2 -3 3
Solutlon:
(3 -1 3 0 1
1 2 =1 -3 -2
2 3 4 Z 1
2 5 -2 -3 3
By Ry ¢» Rz, we have
J1 2 -1 -3 -2
R 3 -1 3 0 1
12 3 4 2 1
2 5 -2 -3 3

By Ry +(-3)R, =Ry, Ry +(-2)R, —»

Ry, Ry+(-2)R, >R,

ir7
1 2 1 -3 -2
- L)
R ] 7 G ) 7
‘10 -1 6 8 5
o 14 0o B3 7
By Ry «» Rq, we have
1 2 -1 3 -2
R O 1 0 ¥ 7
‘1o <1 6 8 5
0 -7 6 9 7

By Ry + Ry —»R; and R, + 7R,‘—o A
1 2 -1 -3 -2]
o1 o 13 7

{{
Moo 6 11 12
[0 0 6 30 s6
1
=R, = R,
U)'ﬁl"‘l
[1 2 -1 -3 -2]
8w g B 7
R 11
“lo o — 2
6
00 6 30 56|

By R, +(~6)R, = R}

(1 2 -1 -3 -2

a@ i 3 @
11

=

oo 1 —= 2
0 0 0 19 44
1
Byﬁ.'!‘-rﬂ,.
[1 2 <1 =8 2
010 3 7
11
Rloo 1 — 2
T 6
44
00 0 1 —
19

As the number of non-zcro rows is 4, so
Rank of matrix = 4

3. Solve the following systems of linear equations by
Cramer’s rule:

2x+y—-z =1
) x—-y+2z =3
3x+2y+z =4

Solutlon:
2x+y-z =1
X-y+2z =3
3x+2y+z =4
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T 3 1
Here M= -1 2
3 2 1

Expanding by R,

12 2 1

A| = 2 -1 -1
AR e I M I A
=2(-1-4)-1(1-6)-1(2+3)

=2(-5)-1(-5)-1(5)
Al =-10+5-5=-10+0

Now,
1 1 -1
A =13 -1 2
B AR |
o 3
z 4 4 1 4 2
=1(-1-4)-1(3-8)-1(6+4)
=-5+5-10
ool _-10
=—=1
w [4] -10
2 a <
A4l=11 3 2
3 4 1
=23 2_11 2_11 3
4 1 |31 |3 4
=2(3-8)-1(1-6)-1(4-9)
==10+5+5=0
A
o geihne
|A] -10
Rl R |
lAsl=]1 -1 3
A3 2 A
A3 43
2 4
=2(-4-6)-1(4-9)+1(2+3)
==-20+5+5=-10
L U
= A 10

Hencex=1,y=0,z=1
Thus, §.S = {{(1,0, 1))

\I’mg,.\" :

Xy, +2x;=3%, =0

129
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() 4x, =X + X%, =5 e
-2x, +3%, +2%; =3 . Ir‘l |_-62 62
Solution: =' "] <55 ss
xlozx_.—3x,-0 b 68 __52 =22
-|x,-x;vx,=5 * Hence X, 55": 55"" 55
-2x, +3x, 425, =3 -_|".5§§33§J}
R "‘“‘-5“'1(55‘55'55
Hee JAl=[4 -1 1
2 3 Z 2x, =X +%, =1
" ili) x+2:,+2!,
Expanding by R ( 1 e wil
|| = = = Solution:
3 2| -2 2| }-2 3| Y=gty =
=1(-2-3)-2(8+2)-3(12-2) i X 2 +2x, =2
|| =-5-20-30=-55=20 X -2x =% =1
Now, 2 -1 1
0 2 -3 Here MAl=|1 2 2
14,1 = 5 -1 1 1 -2 -1
Expanding by R
e T
=0-2(10-3)-3(15+3) f:‘_‘;::’_’_;[;‘o'zl’“'z 29
=-14-54=-68 < .
O L Bt § <t &
= Sty -
|A] -55 S5 REEE
10 -3 1 -2 -1
14,1=|4 S 1 zﬂz 2
r @ -z -1 4" h =2
=15 1_,| 4 =1(_z+4]+1[—2—2)+l[-4-2)
3 “2 2 -2 3 =2-4-6=-8
|=1(1o-3] -0-3(12+10) Al _-s_s
=7-66=-59 = *l--ljll—-_s-3
- e A:I -59 59 21 1
W o 3 P
|A] ~-55" 55 ,,;,|=122
¥ 29 -1
14, 1=|4 -1 5 12 l12
-2 3 3 . T
I R I R P -2(-2-2}-1[-1-z)+1[1-z]
3 3 -2 3 2 3 =-8+3-1=-6
=1(-3-15)-2(12 + 10) + 0 o all .
=-18-44=-62 =N

2 =11
14, 1= 2 2

1 -2 1

2 2| |12 2
=32 -

|-z 1 Il1 1" -2|
=2(2+4)+ 1(1-2)+1(-2-2)
=12-1-4=7

A, X

L = _1f 141 7 -7
141 -3 3

Hence x; -g,xz 2,%y = _%

)

4. Solve the following systems of linear equations by
matrix inversion method:

x=2y+z =-1
() 3x+y-2z =4
y=-z =1
Solution:
In matnix form
1°-2 1]x]|-1
31 =2|yls| 4
01 1)z 1

Let AX=B, )
1 -2 1 x -1
where A=|3 1 -2|.X=|y|B=| 4
0 1 -1 | z 1
= X=AB ()
1 -2 1
A= 1 -2
01 -1
=1(-1+2)+2(-3+0)+1(3-0) Expanding by R,
=1-6+3=-2

Since |A| =0, so we can find A-1
Ay Ay Ay f
adj A= (Mawnx of co-factors)t = | A,, A,, A,y

Ay Ay Ay
a0 1 T lag-1e2)=1
A== 3 2 Loy 3-0)e3 )
"u=(-1)"’: i=1{3-0)=3
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i 2 g
x 8 Expanding by Ri CHOLAR 2 MATHEMATICS - 11
An’['lf'l | "I=-1{2-l)=wl e 3 —2'_11 -2 +3|1 3 “mg\aluf!|“‘:‘|-“U-“=hd“‘
= 41 2| |8 2| 73 4 ' 4 -5 -11][3
Ay =(-1)*2 o _1|=1[-1—0)=-1 :z[5-2)2;1[§6-5)¢3(-1,g] "'=3_Is-'l 13 7 |lo
=B+4+ = g -1 5 4
A:J:[_n:-l 1 -2 l._,_l(l_(”:_l As [A] 20, so A" exists 8
0 1 Equation () = X=A"1B 12+0-44 K]
A“=(-1]"' -2 1 =1(4-1)=3 Cofactors of elements of A are <0 Bl 1 1340438 1 ‘::}2 10
1 =2 3 -2 g | = +0+ = ] 4 =] -
11 An= (D" =1(6‘2)=4 X " 24+0+20 44 i
,l“=[_1]"3 o |=—1[—2—3]=5 & d n
~a 1 -2 9
Au = ()" =-1(2-6)=4
1 -2 - 10 11
=1 3 1 Bl y ; nee Xy = =gty =gy =
all
ty 3 3T [r<23 An=(-1"75 j|=1(-1+9)=8 b “ 8 10 11]}
s 88= ] =i
Now, adjA=| -1 -1 -1|=[3 -1 § l 3 299
i 3 5 7 3 -1 7 A“ = {-l) -1 2 =—l(2+3)=—5
We know that 2 3 zit': ;
; ) ( y 1 ; “: : An = [_1)102 3 3 =1(4+9)=13 2}!—33 =
A'=—.(ad]A )=— %
141 -2 3 =4 7 a2 1 utlon:
Y : ' An = [_1)1 =3 _1|=—1("2+3)=“1 atnix form
Putting values in equation (1) 11 olx 2
1 -1 3][~1 W3
< 5 ell 4 An= (P of=1(-2-9)=-1 20 -1fly[=]1
=3 s il \ 02 -3]z] [-1
— 2
" 24 An= (..1]“ = -1(_4_3)=7 AX=B,
x —1-4+3 -2] [1 1 -2 11 0
1 1 X 2
=me| =3=4+5 |===| -2 [5] 1 21 =2 0 -1 X= =
[:‘ A 3-47] oo An= (-1 3|=1('5-1)=5 P i ™ i
= x=1,y=1,2=0 . L
Thus, S5 = ((1,1,0)) M Ay 4 X=4"B ()
Matrix of cofactors of A = | Ay, Ay Ay 11 0
2%, +X; +3%; =3 LAy Ay Ay |41]2 0 =1 =1(0+2)~1(~6+0)+0(4~0)
) X +3x;-2x;=0 [ 4 4 8] 02 -3
=3x; - X +2Xy =4 =| -5 13 4 Winndsond Expanding by Ry
Sollllln_n:r |.'11 7 5] |A] 20, so we can find A-!
In rhatrix form " adj (A) = (Matrix of cofactorsofAF 4= (Matrix of co-factors)t
2 1. 3 xl 3 4 —S -111 "ll ‘Il AI] i
1 3 _2 xz 4 u = 4 13 7 W A}l All A:J
=3 -1 2][x] [4 i 8 -1 5| TR P
= wesll,
Lﬂ’ ¥ Fz t 3] [x 3 e Bt 'D _llhl[o 2)=2
1 it 1 5 o = *L]=
where A=| 1 3 -2/, X=|x,|and B=(0 A madlml . l3
.-3 -1 ZJ X, 4 4 _5 __11 ={—l]l.=lo -3,-—'_1[-6"0) {
z % .3 =3_15 413 7 2 o
4] = 13 31 —;2 8 -1 S =(-1) ’o 2,: 1(4-0)=4

13
t“n={‘1]"'; _2 =-1(-3-0)=3
o
rl“:(—l]"D 3 =1(-3-0)=-3
a1 1
Ay F(‘nl . 0 2=-l(2—0]=-2
A,,:[—l)"‘; f=1{-1-o]=-1
21 0
Ay =(-1)" 2 -1 =-1(-1-0)=1
.=(-11"’; ;=1{0-21= -2
Now,
2 6 4T [2 3 -«
adjA=| 3 -3 -2| =6 -3 1
-1 1 -2 4 -2 -2
g 2 3 -1
We know that A":%I.adplha- 6 -3 1
l 4 -2 -2

Putting values in equation (1)

|-2 3 -1 2
Xﬂlﬁ -3 1 1
(4 -2 -2 ]|-1
x [ 4+3+1
y '% 12-3-1
z _8-20-2
|'s 1
= s = l
3_8 1

= x=1ly=1z=1
Thus S.8=((1,1,1))

5. Solve the following systems by reducing their
augmented matrices to the echelon form and the
reduced echelon forms:

Xy +2x, =2x, =-1

M 2x,+43x;+x; =1
Solation: >

Xy +2%; =2%; ==1
2x, +3x, +%; =1

Sx; +4x,=3%; =1



132 URil & rr IVIATTICE; g

1 2 -2: -1 s Xy -‘l?-
Augmented matnix ~ Ay = |2 3 1 1 = SCHOLAR 2 MATHEMATICS - 11
54 -3: 1 nms.s={[%.—%.;—2]} Lp R By R, +(-2)R, - R|
Solution by echelon form " o i A ! -I 0 1 . ‘|
By R, +(~2)R, -+ R; and R, +(-5)R, — R} Solution by reduced echelon form: i 2 1 2 3
: 3 From (a), we have 1
1 2 -2: 4 ' . de i & i B RO 1 0 =
glo 2 5 : 3 $ 2 =2 3 =1 : g 10
0 -6 7 ° 6. 6 3 -5 % -3 _0 -1 -3 : 3 -0 0 1 : -T
By (~1)R, - R; 60 1 : 12 By Ry + R, = Ry By Ry +(~1)R, - R;
ft. 2 <3 ¢ ] 23 S 1 B i 00 =
RO 1 -5: -3 By R, +(-2)R, =R, " ‘l’
06 7 : 6] [ 1 Rlo1 0o i = Rlo 1 0 3
By R, +6R, — R, - e 13 10
y vOh =l Rlo 1 -5 : -3 0.0 B3 5 an [ =5
(1 2 -2 : 1 1 12 ' : 2 22 1 10
RlO1 -5 : -3 _0 0 1 3 By-l-R,—'R_; = x=Try=gandz=—=
00 -23 : -12 .
L By R, +(-8)R, > Ritand R, +5R, -, p; Tis 85 {(Ell,-l‘_’]}
By--z—s—R,-oR; 100: 2 121 2 v 9
- ' . 4
2:; flo1 o 3 ) Xy Axg by =2
12 -2: -1 RO 1 0 : 25 . 10 (i) 2x, +%;-2x, =9
RO 1 -5 : -3 (@) 12 AR Ry 3x, 42, —x; =12
001 : — E
oo 1 : B L 23 Implies that Solution:
; = 19 -9 2 x+2p+z=2 ) X, +dx, 4+, =2
Implies that > X, ==X =— and x, == 1 10 2x, +%3=2% =9
X, +2x, 2% =-1 1) 23 23 =3 Y 3x,+X-X; =12
Xy =5x;, ==3 e Thus.s.s={[£’-.—-9-.£]] i 141 : 2
12 23 2323 Put =5 and 22— inequation (1) Augmented matrix=Ay=[2 1 -2 : 9
x;=-z—3 1 0 31 -1 : 12
. 12 . X+2Zy+z =2 “2(;]‘— 2 Solution by echelon form:
ut x, T in equation (2) () Zx+y+2z =3 5 3p By R,i_-(-Z)R, —R; and R, +(-3)R, = R;
R P o 1 4 3 : 2
13-5[£)=-3 i I Rlo -7 -4 : 5
23 Sohtion: 18-6+10 lo A1 -4 : 6
_— 3_._6l2) 69+60 x42y+z =2 9 y
T - —
23 23 2x+y+2z =3 - =22 By —_-:-R,—bR; .
-z = 9
= = — s : (1 4 1 @ 2
23 12 4 ;. _ (22 1 10]
: Thus, §.5= §| —i=i— 4 5
9 12 . , S : 937 9 Al 4 23 2
Pul X, = =—, Xy =— in cquation (1) Augmented matrix=A,=|2 1 2 : 3 - 7 7
23 23 q Solution by reduced echelon form: "
2 3 =1 :7 0 -11 -4 6
9 12 From (a), we have = .
X +2 3 -2 23 =-1 Solution by echelon form: By R:":“RI"RJ
16 2 By R, +(=2)R, =R} and R, +(-2)R, =R} I 21 2z i & @ 2
Xl=—1+§+§ 1 2 1 2 RIO 1 0 % rlo 1 4 5
_ —23+18+24 go 8@ : 4 A R 2 5
L v 7




“4134 Lo M Matrdces g, |
7 N By R, +(-4)R, = R, '
By TR] —R; r 9 - 34 \
6 g 0 = T 2
7
1 4 : : 25 Rlo 1 % :§
Bt = i == @) ¥
. 7 7 o0 1 : =18
00 1 a? " e
_ 4 By R, +=R, R,
Implies that _7
X+ d+n=2 <D 100 _El_!l
4 6
Ay b=y B = «(2)
7 7 Rlo 10 ; 1
. “
716 o q X
13 L 16
Put X3 =—— in cquation (2) 61 -1 1
16 = X, ==—,X,=— and =_§
BT s 16

2 +i[_1_3J -
70 16 7
X3 = _§+E
i
_-20+13_-7
28 28
i
-1 _ =13, i
Put x, o and x3 = 16 in equation (1)
X, +4[—5-]—-1—3- =2
4) 16
13
= 2414+—
X1 + +16
13 48+13
=3+—=—
16 16
: =2
T
61 -1 13
Th = gl il
513 {(16 4 16)}
Solution by reduced echelon form:
From (a), we have
1 41 2
o 2
7 7
T
16

i 61 113
Thus, S.8= 4| —/——
{[ 16 4 16]}
6. Solve the following systems ofh
equations by using Gaussian eli?nn::ft;:““
x+4x-2z =0 :

0] 2x+y+5z =0
S5x+2y+8z =0

Solution:
x+4x-2z =0
2x+y+5z =0
Sx+2y+8z =0
14 -2:9
Augmented matrix=4,=(2 1 5 : g
52 8 :9

By R, -1:(-2JR, —R; and R, +(-5)R, - R

1 4 -2 : 0]
Rlo -7 9 : 0
[0 -18 18 : 0 :
By Rz & Ry

1 4 -2 : 0
0 -18 18 : 0
0 -7 9 i 0]

10

1 ’

1 4 2:0
RO 1 -1:0
0-7 9 :i0
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Dy R, +7R, =R} Implies that |
1 4 =2 0 Xyt Axz 4 2xy = 0 A
X+x =0 - A(2)
Ro 1 -1 0 e =0
00 2 -0 Let xy=1. where £ is arbitrary
1 Put x5 = [ in equation (2)
By -z'ﬂj - R, xp4t=0 >x=-t
14 -2:0 Put x; = =t and x3 = £ in equation (1)
g o X, +4(-t)+2t =0
’-? 01 = = =3t
0o 1 :0 Hence xy = 2t,x; =~t,x, =t for any value of 1.
Implies that
x+d4y-22=0 A
y-z=0 (2) X, +2x;-x; =0
z=0 (i) x;=x;+5x; =0
Put z = 0 In equation (2) x, +x; +4x, =0
y-0=0 = y=0 | Solution:

Puty =0, z = 0 in cquation (1)
x+4(0)-2(0) =0
x=0
= x=0,y=0,z=0
Thus, the system has only trivial solution. i.c.,
$.5=((0,0,0))

X, 44X, +2%; =0
(n 2x,+x;-3xy =0
3x, +2x;,=4x, =0
Solution:
X, +4x; +2x, =0
2x, +X;=3x; =0
3x, +2x; -4x, =0

1 4 2 0
Augmented matrix=4,=(2 1 =3 { 0
32 4:0

By R; +(-2)R, = R; and R, +(-3)R, = R;
(1 4 2 0]
Ro =7 -7 i 0
0 <10 -10 i ©

1 ;
B)'_’Rz"’Rz
1 4 2 i 0]
Rlo 1 1 to0

X, +2x;-x, =0
X, —Xx;+5%x, =0
2xy +x;+4x, =0

Augmented matrixA,= |1 -1 5 :© 0
21 4 :0

By R; +(-1)R, = R; and R, +(-2)R, = R,
1 2 -1 : 0]
RO -3 6 : 0
0 -3 6 0

Br—%ﬂz-bﬂi
[1 2 <1 : 0
01 -2:0
0 -3 6 : 0
By R, +3R, - R;
12 -1:0
RO 1 -2 i 0 .
00 0 : 0
Implies that

=]

X, +2X;-Xx3 =0
x1—2x3=0
Oxa=0
Let x3 = t, where t is arbitrary
Put x3 = t in equation (2)
x3—=2t=0
Put xz = 2t and x3 = L in cquation (1)
X, +2(2t)-t =0 =>n=-
Hence x;, = -3¢, xa = 2t, X3 = t for any value of L.

o~ o~

= =
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7. A triangle has vertices at A(4, 1), B(-2, 5) and
€(0, -3). Find the vertices of the reflected triangle
over (he y-axis using a transformation matriv

Solution:

Given vertices of tnangle are
A(4.1),B(=2,5),€(0,~-3)

Column matrices of given vertices are

4 -2 0
A= |\B= =
To reflect the given points over the y-axis, we use the

-1 0
transformation matnx
01

The vertices A', B and € of reflected triangle are

o e
o[ T
MLCR T

8. The point A Is mapped to (30
-5 0 0

scaling matrix P={ 0 -5 0O

0 0 -5]

20, -5} by the

Find the coordinates of A.
[Hint: IT A Is mapped to A’ by scaling matrix P,

then AP=A'"]
Solution:
Given that:
-5 0 0
Scaling matrix: P=| 0 -5 0
0 0 -5

x
Required point = A(x, y, z]:[y]

z
30
Let scaled point: A' = (30,20,~5)=
-5
Apply the scaling:
= PA=A
-5 0 0]fx 30
0 -5 0(ly|=|20
0 0 -5)z -5

=iy,

-5x+0+0 30
0-Sy+0 | =)20
0+0-5z -5
-5x 30
-5y | =20
-5z -5
On comparing, we have
-5x = 30 = X=-6
=Sy =20 = y=-
-5z =-5 = z=1

Hence, A(-6, -4, 1)

9. Find the cquation of the imapge u?ﬁ;;_&m.?\
cquation y = x? under the lrnn!fnhlllllun :I
Ih

2
3 4|

)

4

Let A(x, ) be the point which is transformed o A'(x
by the matrix P. N

Apply the transformation, we have
PA=A

[ 3L] -0

assoclated matrix [

—l

Solutlon:
Given Curve: y = x?

Transformation matrix: P= [;

1 2) x| _[X
[3 4] x*] [r] =t
[:u-zx’ ] X [X]
3x+4x% Y
= x+2xt=X ()
3x+4xi=Y (2)
Equation (2) - 2 x Equation (1)
Ix+4x2= Y
1 2x + 4x% = 12X
x=Y-2X  Putineq.(1), we haye
X=Y-2X+2(Y-2X3
3X - Y =2(Y-2X)?(transformed cquatlon)
1 0 1] L
10. Use the matrix A=[{2 =1 1| to encode (he
0 1 2

message: KEEP IT UP, where letters A to Z are
corresponding to the numbers 1 to 26.

Solation:
1 0 1

A=(2 -1 1

0 3 2
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C Messape Keeeirue wald 0
i |)1\|J; the letters of the message into groups of three Ay =(-1) 2 1 1-0)-1
KEE PIT UpP—
Column matrices with assigned numbers are T Tl et -
’ SRIRNETaNE L Y el
Bi=] 5 |]1]* ".l y Iﬁ' 1 1
E st Ay »(-1) 2 1 l 11+2)-3
1 0 1jn I].n!J Il‘l
Now, 2 -1 1|5 - 2-545 2 o 1
o1 o2fs 045410 A==, 4 |m-10-2)
1 0 116 1640420 1
2 -1 1) 9| = [32-94+20| n Ay =(-1)™ | 1(1-0)
0o 1 2fz0f [049440] |49 01
1 0 121 214040 21 |l
2 -1 1][16] = [42-1640]=|26 e A | i
o0 1 2Jfo] [o+1640] |16} ;
16][36][21 Ay =(-1)"" |-1(n-|} -1
gu.;cquircdcncudcd message is |22 || 43 || 26 10
15]{49j{16] As we know
11725722 Ay My Ay B L
i1, Decode the messape |20((10 ({14 [ that was adjd = (A, Ay Ayl =|-2 3 1
43 (4141 Ay Ay Ay 1 -2 -1
11 -1 -1 -2 1
encode using matrix A=|1 0 1 |, where the =11 3 -2
21 1 1 1T
nambers 1 to 26 are corresponding to the Ietters 1 -2 1
AtoZ,and 27 Is representing space or —. 1 1
e A= —adjA=—| 1 3 -2
Solution: 1A| -1 " y »
11][25]22 )
Encoded Message: [ 20|/ 10 || 14 1 2 -1
43|41 ][41 a3 2
1 1 -1] -1 <1 1
A=11 0 1
12 3 1) Now,
To decode the given message, first we find the A~} [1 2 =-111] [11+40-437] [8] [H
11 -1 -1 =3 2| 20| =|-11-60+86|=|15(=|0
=1 0 1}=1(0-1)-1(1-2)-1(1-0) -1 -1 [43] |-11-20+43] |12 |L
21 1 [1 2 -1|25] [25+20-41] [4] [D
==1+1-1=-120,s0A-! exists, -1 -3 2| 10| =|-25-30+82|=|27|=|_
Cofactors of clements of matrix A are (-1 -1 1 j[41] ([-25-10+41) | 6] [F
ﬂu#'”‘“lu 1:1(0-1}=—1 [1 2 -1)[22] [22+28-41] [9] [!
e -1 -3 2|[14]=|-22-42+82|=[18|=|R
-1 -1 IJ_M‘ -22-144+441] [ 5] |E

5‘:.[:]ml; :|=—1(1—2)=1

Hence, decoded message is HOLD FIRE.
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Formula Sheet
I. (A+B) =A'+B'. (A-BY=A'-B'. (AB) =B'A", (A')=A N
2 Cofactorofan Elemenmt @ = A, =(=1)"'M . where M. is the minor of a |-
fa,, @, ay
2 If A=|a,, a,, a.|.then
ay 4y ay,
. |Al = a,A, +a.A.+a,A, fori=1,23
or
= |A] = a4, +a, Ay, +a,,4,, forj=1,2,3
a, a; a,] Ay Ay A,
4 IWA=|a, @, a, |, then ad) A= (matnx of cofactors of A) = Ay, Ay, Ay
L8y Oy Oy Ay Ay Ay
S Fora square matrix A of order 3, [kA|=k"|4].
6  If A is non-singular matnix then A™! :l—:lladjz'l .
Gy Xy + 8y pX; + 85Xy = b,
7. IF @3X; 403X, +0yX, =by p = AX = B, where |4] 20, then by Cramer’s rule
Gy, X, + GyX; + 053Xy = by
b o, a a, b, ay, 91 @ b
b. a; ay a; b, ay 0y @ b
- ""1 I = b, ay, X, =|A"l _ 103 by, a6y 3 X =‘Ah| _10 a5, bw
|4] |4] |4] 4] 4] 4]
Multiple Choice Questions (MCQs)
Exercise 4.1 .
1. If Aisa matrix of order m x n, then number of clements in cach row of A is -----
(A)n (Bym (C)m+n (D)m-n
2. 1IfAisamatrix of order 4 x 3, then number of elements in each column of A is:
(A)2 (B)3 ()4 (D)5
3. The clements of principal diagonal of a square matrix A = [aj]y are:
(AYan.,an.an (B)ax.axn.an (C)an ,an,an (D) none of these
0 0 0
4. The matrix|0 1 Olisa-----
0 0
(A) rectangular matrix ~ (B) diagonal matrix (C) scalar matrix (D) unit matrix
5. Iforder of a matrix A is 2 x 3 and that of matrix B is 3 x 2, then order of (AB)' is:
(A)3x3 (B)2x2 (C)3x2 (D)2x3
6. If the matrix B ;] is singular then A equals -----
(A)2 (®)4 ©6 . (D)8

SCHOLAR 2 MATHEMATICS - 11
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If A & Bare square matrices of the same order then = -« -«
(AVA-B) = AT=2AB + B (B)(A-BY A’ -2AB - B
(CHA-BY ~ A" +2BA+ IFF (D) none of these

If A s any matrix of order m x n, then minor of any clement of A is a determinant of order:

8.
(AYm =n (B)Y(m-1)=(n-1) (C)im=1)=xn (Dim«(n-1)
1 -2 3
9. IfTA=|0 0 1 |[,thenMy=-eauaa
4 5 2
(A) 13 (B)o (C)10 (D)7
10. IfA= [: ;] then cofactor of G is = ----
(A) +] (n) -1 (C)-6 (D)3
11 lf:l b:Ztlwu F d|= .....
> c d a b
(A) 2 (B) -2 (C) =2 (D) o
12. A square matrix A = [ay] is lower-triangular if -----
(AN)a,=0v1=) (B)a,=0Vvi<j (Cla,=0%7i<) (Dya, 20 71>
1 12 25
13. The value of determinant [0 3 15] js c=u--
0 0 8
(A0 B 1 (8 (D) 24
14. If the matrices A and B are conformable for multiplication then (AB)' = -----
(A)AB (B) A (C)B (D)B' A
| Exercised.3 |
Fi4
(0 0 0]
15. Rank of matrix s 1 [ ——
(M0 (B)3 (©)2 (D)1
16. The equation ax + by =kwherca=0,b=0,k=0is called ----- equation.
(A) conditional (B) homogencous (C) non-homogeneous (D) consistent
17. Theequationax+ by =kwherca#0,b=0,k=0is called ~---- cquation.
(A) conditional (B) homogeneous (C) non-homogencous (D) consistent
18. U rank of matrix of coefficient, rank of augmented matrix and number of variables in a system are
cqual then the system has - === -«
(A) unique solution (B) finite solution (C) infinite many solutions (D) no solution
19. The trivial solution of homogenous system of linear equation in three variable is ---
(A)(0,0, 1) (B) (0, 1,0) (C)(1,0,0) (D) (0, 0,.0)
20. Ifa system has no solution then the system is called - - - - -
(A) consistent (B) inconsistent (C) unique (D) homogencous
ANSWER KEY
1. A2 C |3 C |4 B | 5. B | 6. cC |7 B |8 B |9 B | 10.
11. B |12 B |13. D | 14. D | 15. C | 16. c |17. B | 18. A | 18. D | 20.

—oojo—
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i 5 Partial Fractions

S

Introduction
We have leamnt in the previous classes how 1o add two or more rational fractions into a single rational fraction. For
example,

1 2 3x
[ll + T —
x=1 x+2 (x=-1)(x+2)
2 1 3 5x'+5x-3

+ +——

and (m) x+1 [-'l'fl]z x=-2 [x+1)£(x_2}
In this unit we shall learn how Lo reverse the order in (1) and (ii) that is to express a single rational function as a sum
of two or more single rational functions which are called Partial Fractions,
Partial Fraction: When we express a single rational function as a sum of two or more single rational functions
which are called partial fractions.
Partial Fraction Resolution: Expressing a rational function as a sum of partial fractions is called Pantial Fraction
Resolution:

7 Itis an extremely valuable tool in the study of calculus to decompose a complex rational function into a

sum of simpler fractions.

Equation: An open sentence formed by using the sign of equality *=" is called an cquation. The equations can be
divided into the following two kinds:
Conditional equation: It is an equation in which two algebraic expressions are cqual for particular values of the
variablee g,

-
Note:

For simplicity, a conditional

equation is called an equation

(a) 2x=3 is a conditional equation and it is truc only if x =§2- .

(b) x*+x-6=0 isaconditional cquation and it is true for x=2,-3 only.
Identity: It is an equation which holds good for all values of the variable e.g.,
(a) (a+b)x=ax+bx isan identity and its two sides are cqual for all values of x.

(b) (x=3)(x+4) =x?+7x+12 isalso an identity which is true for all values of x.
» For convenience, the symbol =" shall be used both for equation and identity.

Rational Fraction:

P(x)

An expression of the form
v 2x)

. where P(x) and Q(x) are polynomials in x with real cocfTicients and Q(x)=0, is

called a rational fraction. A rational fraction is of two types.
Proper Rational Fraction:

(x)
(x)
numerator is less than the degree of the polynomial Q(x) in the denominator.

3 2x-5 9x*
For example, —, and
x+1 x*+4 x -1

is called a Proper Rational Fraction if the degree of the polynomial P(x) in the

. . P
A rational function

are proper rational fractions or proper fractions.




