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Introduction

“This unit explores methods to find the maximum and minimum values of quadratic functions using completing the

* square and graphical analysis. [t also covers the inverse of quadratic functions, determining their domain and range

Additionally, students will learn 1o solve absolute valuc quadratic equations and inequalitics, as well as cquations
ol rational, radical and exponential forms that can be reduced to quadratic equations. Finally, the unit demonstrates
the practical applications of quadratic equations and inequalities in solving real-world problems, providing a strong
foundation for problem solving and analysis

Quadratic Function

A quadratic function is a polynomial function of degree two. It is typically expressed in the standard form:
[(x)=axt+bx+c
where a, b and c are real numbers, and a # 0.

Analyzing Quadratic Function by Sketching , )
As we know shape of the graph of a quadratic function f(x) = ax? + bx + c is o \i/ :
parabola The parabola opens upward or downward, depending on the sign of the Y :
leading coclTicient a, as shown in the given figure w0 w<0

The tip of the parabola, labeled as V in the diagrams above, is known as the vertex having coordinates (h, k). The
vertical line passing through the vertex serves as the axls of symmetry for the parabola. The veriex represents a
tuming point, where the graph changes direction

o Ifa > 0, then the vertex is a minimum point.

s Ifa <0, then the vertex is a maximum point.
For sketching the quadratic function, we need to find the x-intercept, y-intercept and the vertex. For analyzing the
sketch of quadratic function, we find whether the vertex is a minimum or a maximum point and indicate the intervals
where the function is increasing or decreasing.

Example 1: Sketch and analyze y = —x? — 2x + 3.
Solution:
Giventhat: y=-x2—-2x+3 .9 P ]

For y-intercept, putx = 0
y=-(0)-2(0)+3=3

= Parabola cuts y-axis at (0, 3)

For x-intercepts, y = 0 ; '
-x*-2x+3=0 Y
x*+2x-3=0 Multiply by (-1)
X' 43x-x-3=0
X(x+3)-1(x+3) =0
(x+3)(x-1) =0 ' 1y
x+3=0,x-1=0
x==3,x=1
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= Parabola cuts x-axis at (=3, 0) and (1, 0)

Now, we find the vertex (h, k) of the parabola.

e S o
2a  2(-1)

k==(-1-2(-1)+3==1+2+3=4

So, the vertex 1s (=1, 4)

Sincea = =1 < 0, so the vertex (=1,4) 1s a maximum point
The function y is increasing on (=, —1) and decreasing on (=1, )

Finding Maximum and Minimum Values of Quadratic Functions by Completing Square
Completing the square is a technique used to rewrite a quadratic function f(x) = ax? + bx + ¢ in the fullowing\%

form: f(x)=a(x-h):+k

where vertex = (h, k), h- 2 and k- r-E
2a 4a

* Ifa > 0, the minimum valucof f(x)atx = hisk
* Ifa <0, the maximum value of f(x) atx = hais k.
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Solution:
Giventhat:  f(x)=-2(x*-2x)+3 " .
Add and subtract (1) 4 :

J(X)=-2x -2x+1°=1%)-3 3
f(x)=-2[(x-1F -1]+3
f(x)=-2(x-1) +2+3 F
[(x)==2x=1) +5 .
Compare it with
f(X)=a(x-h) +k l ”
Herca=-2<0,h=1k=5
As we know

Ifa < 0, the maximum valuc of f(x) atx = hisk.
Hence, the maximum valuc of f(x) atx = 1is 5.

Example 2: Find the maximum or mimimum value of f(x) = =2x% + 4x + 3 by completing square.
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Example 3: Find the maximum or minimum value of f(x) = x* -2x-3.

Solution:

Giventhat:  f(x)=x*-2x-3
Here a=1b=-2,c=-3

b _ﬂ= 1 1

h=-—=
2a  2(1) -

and k—-c-b—z=-3—ﬁ=.4
4a 4(1)

Here o=150 - -
(. 4

Therefore, the minimum value of f(x) atx = 1is - 4. =51 Mimmemvae |
,l' opeuratac |
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Inverse of Quadratic Function

Quadratic functions are typically not one-to-one over their entire domain. To find an inverse for a quadratic function,
we must restrict its domain to a portion where it is one-10-one. Commonly, we restrict the domain to cither x 2 h
(where h is the x coordinate of the vertex) or x < h.

Example 4: Find the inverse of f(x) = x* +4x+3,x 2-2. Also find its domain and range.

Solution:
Given that: J(x)=x* +4x43,x2-2
Let yexi+4x+3 v flx)=y
x=yl+4y+3 [Interchange x and y)
Yi+dy+3-x=0
Here a=1b=4c=3-x
' t
e . [4]2;1‘;(”(3-’” (Using the quadratic formuln)
proe -4+ V16-12+ 4x ,
z ] alhye .
~4+454x -
e B —
44214+ x
yﬂ _2__.__
J M(x) = -22/1+x (Replace y with f~!(x))
= [ x) =241 or fMNx) =-2-V1+x

To determine which is the inverse, we find domain and range of the given function.
As f(x)=x*+4x+3,x2-2
= Domalnf =[-2,)
To find range, we proceed as
JIx)=xt+dx+3
= Jx)=(x+2)2-1
Therefore, minimum value of f(x) is -1 and hence
Range [ =[-1,)
By definition of inverse function, we have
Domain ! =[-1,»), Range [~ =[-2,x)
Check:
Let x = 0 € Domain /!
= [(0)=-2+4J1+0=-2+1=-1€ Range !
[(0)=-2-Y1-0=-2-1=-3 € Range f~*
Hence, [ (x)=-2+V1+x

Absolute Value

The absolute value of x, is defined as

Ixl= x, x20
-x, x<0

Absolute Value Quadratic Equations 2

To solve the absolute value quadratic equations, all answers must be q

substituted back into the original equation to verify whether they are et - ! s

valid or not. Sometimes, “extrancous” solutions may appear which are ¢
not valid and must be eliminated from the final answer. “F=G=T=1N0iy Y @
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Example 5: Solve |x* -4]=5

—_

Solution:

Given that: |x*-4] =5
x*-4 =35
x*-4 =5 or x-4=-5§
x' =09 or x‘=-1
x=+3 or x= w’-—: (imaginary )
Check:
For x=3 For =-3
13°-4] =5 I(-3)' =41 =5
IS1 =5 151 =5
S =5 (True) S =5(True)

Hence solution set = (13)

Absolute Valuce Quadratic Incqualitics
Absalute value quadratic inequalities are inequalitics that involve a quadratic expression within absolute value bary
They are generally of the following form:

lax® +bx+c|<d, |ax® +bx +c|>d, |ax* +bx +c| <d, |ax* + bx +c|2d

—

—
Example 6: Solve lx’ —6:—-!'-:3
Solution:
Given that: |x"—6x-1|<3
-3<x*-6x-4<3

-3<x?-6x-4 and x2-6x-4<3

x*-6x-4-3>0 and x*-6x-4-3<0

x*-6x-1>0 ...(1) and x'=6x-7<0 ..(2)

Here we solve x*=6x-1=0

_ =(=6)2 /(=6 ~4(1)(-1)

x

2(1)
oo 623644 _ 6+V40 _ 622410
2 2 2
x=3x10

x= 3—J1_0.3+Jﬁ
x = =0.16, 6.16

Hence critical numbers divide the number line into three regions.
v <=l 16

L% Nib<x<616
f=

(Using the quadratic formula)

A A

¥y

1d ==

Test x = —1in (1), we have

i

0

3 4 5

(' c S

(-1)*-6(-1)-1>0=>+6>0 (True)

Testx = 0in (1), we have

(0)*-6(0)-1>0=-1>0 (False)
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Test x = 7.n (1), we have

(7]: =6(7)=1>0=6>0 (True)

Solution set s (=, 3 - J]ﬂ}u[J +10,@)

Now, we take (2) and solve

x'=6x-7-0

X 4x=Tx=-7=0
(x4+1)=7(x+1)=0
(x+1)(x=7)=0
x+1=0

x==1,6 x=7

., x=T7=0

These cntical numbers divide the number line into three regions

et |

-4 3
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Testx = =2, x=0and x = 10 in (2), we have

(-2)'-6(-2)-7<0 = 9<0(False)
(0)*-6(0)-7<0 = -7<0(Truc)
(100 -6(10)-7<0 = 33<0(Falsc)

Solution set is (—=1,7)
Hence the solution sct of the given absolute value quadratic incquality is

(~».3-Y10)U(3+ Y10,0))n((-1,7)) =(~1,3-V10)u(3+10,7)

1. Find the maximum or minimum value of the
following quadratic functions by completing
square:

M fSIx)=x1+6x+13

Solution:

[(x)=x*+6x+13
= (x? + 6x) + 13
Add and subtract (3)?
fxX)=(x*+6x+3*=3%)+13
=(x+3)2-9+13
=1(x+3)%+4
[() =1(x = (=3))* + 4
Compare it with

f(x) =a(x—h)*+k

= a=1>0h==-3,k=4

As we know

If a > 0, the minimum value of f(x) atx = his k.
= Min.valueof f(x)atx=—-3is4

(i) fix)=x*+4x
Solution:

f(x) =x*+4x

Add and subtract (2)?

[(x) =x* +4x+ (2)? = (2)?

¥
L

=-(x+2)2—4
[(x)=1(x=(-2))* -4
Compare it with
[(x)=a(x—-h)?*+k
= a=1>0h==-2k= -4
As we know
If a > 0, the minimum value of f(x)atx = his k,
= Min valucof f(x)at x = -2 s 4

(i) fx)=-x*+8x+13
Solution:
f(x)=—-x*+8Bx+13
=—(x*-8x)+13
Add and subtract (4)?
f(x)=—-(x*-8x+4*-4%)+13
==((x—4)"-16)+13
==(x—-4)+16+13
[(x)==1(x—4)*+29
Compare it with
f(x)=a(x-h)?+k
=2 a=-1<0h=4k=29
As we know
Ifa < 0, the maximum value of f(x) at x = his k.
= Max valucof f(x)atx = 4 is 29.
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(Iv) flx) = -x2-3x-5
Solutlon:
[(x)=-x*=3x~-5
==1(x*+3x)-5
2

Add and subtract [-2?:]

1x) = -1| x +3x. (3)3]-5

(GG
 EE
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X+ ) 4—-5

o fe- () 4

Compare it with
S(x) =a(x=h)*+k
= a=-l<h-—gk- ..
2 4

As we know

Ifa < 0, the maximum value of f(x) atx = hisk.

= Max. value of f(x) at x-—:- is %

™) f(x)=3x*+6x-13
Solution:
[(x)=3x*+6x-3
=3(x*+2x)-3
Add and subtract (1)?
f(x)=3(x*+2x+1"=1%)-3
=3((x+1)'-1)-3
=3(x+1)*=-3-3
[(x)=3(x=-(-1))-6
Compare it with
[(x) =a(x=h)?*+k
= a=3>0h=~1k=-6
As we know
Ifa > 0, the minimum valueof f(x) atx =hisk
= Min valueof f(x) at x = =1 is-6.

) f(x)=-2x*-x+21
Solution:
f(x) ==2x=x+21

- -2{::‘ +li+ 21
2
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1 2
Add and subtract ( ]

f(x) = -Z[x e-xo

@)

l]‘ 14168
ol K] e —
4 (]
f(x) = -2 ::—[-1])J AL
4 (1]
Compare it with
f(x) =a(x=h) +k
= u-~2~:('.|hT——||t'--ﬂ
4 1]
As we know
Ifa < 0, the maximum value of f(x) atx = his k.
1, 16
=  Max. value of f(x) at xﬂ—z is _82

2. Find the maximum or minimum polnl_i;

sketching the following quadratic functions. Al
find thelr domain and range:

M f(x)=x"—-4x
Solution:
[(x) =x*—dx
Let y=x?—4x
For y-intercept, putx = 0
y=03=4(0)=0
= Parabola cuts y-axis at (0,0)
For x-intercepls, puty = 0
0=x%—4x
x(x-4)=0
x=0x—-4=0=>x=4
= Parabola cuts x-axis at (0, 0) and (4, 0)
Now, we find veriex (h, k) of the parabola.
f(x)=x*—4x+0
-4.c=0
e B o 2
20 2(1)
k=[(h)=[(2)=(2)* -4(2)
=4-B=—4
So, the vertex is (2, ~4)
Hence, a =120, so the vertex (2,~4) is a minimum
poinL.

v f(x)=y

Herea=1,b=

SCHOLAR 2 MATHEMATICS - 11
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N

f(x)=x*=4x
Domain [ = (=w,w)
Since minimum value of y is =1, so Range [ =[-4,2)

) f(x)=x'-5x+6
Solutlon:
f(x)-x’ Sx+6
Let yrl -Sx+6 '.'f(x]-y
For y-intercept, put x = 0
y=0'=5(0)+6=6
=> [Parabola cuts y-axis at (0, 6)
*I-‘m x-intercepls, puty = 0
0=x?=5x+6
-3x-2x+6~0
x(x=3)=2(x=3)=0
(x=3)(x=2)=0
x=3=0 2 x=2=0
x=3 H x=2
= Parabola culs x-axis at (3,0) and (2,0)
Now, we find vertex (h, k) of the parabola
f(x)=x*-5x+6
Herca=1,b=-5c=6
B B
| 20 2(1) 2
: SY_(SY (5
ro=1(3)-(3) -5)-s
25 25 25-50+24 1
2 ——— 4=
2 4 4

' S 3
i ‘l.hc - —
,.So vertex is (2 4]

| Since a= 1> 0, so the vertex [-g-.-—%] is a minimum

«point.

|
i

.
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f(x)=x*=5x+6

Domain [ = (=w, @)

1 1
Since minimum value of y is ™ Range [ = [—;,m}

(i) f(x)=—-x*+2x-8
Solation:
f(x)=-x?+2x-8
Let y==x+2x-8
For y-intercept, put x = 0
y==0"+2(0)-8=-8
= Parabola cuts y-axis at (0,-8)
For x-intercepts, puty = 0
0=—-x?+2x—8
Multiply by =1, we have

-2x+8=0
Herea=1,b=-2,c=8
Disc = b? — 4ac = (—=2)* - 4(1)(8)
=4-32=-28<0
Roots will be imaginary.

Thus, The parabola does not intersect the x-axis. Now, we
find vertex (h, k) of the parabola =

f(x)=-x*+2x-8
Herea==1,b=2,c= -8
= -—_b=-_2=1
2a 2(-1)
k=f(h)=f(1)==12+2(1)-8=~7
So, the vertex is (1,—~7)

Since @ = =1 <0, 5o the vertex (1,~7) is @ maximum
point.

wfx)=y
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o ‘ 112345678
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f(x)=-x*+2x—-8
Domain [ = (—eo, )
Since maximum valuc of y is =7, so
Range [ = (—,-7]
(iv) X)=x2-4x+4
Solution:
f(x)=x*—4x+4
Let y=x—4x+4 “fx)=y

For y-intercept, putx = 0
y=0*—4(0)+4=4
= Parabola cuts y-axis at (0,4)
For x-intercepts, puty = 0
D=x>—d4x+4
x2—4x+4=0
(x=2)*=0
= x=-2=0 = x=2
= Parabola touches x-axis at (2,0)
Now, we find the vertex (h, k) of the parabola.
f(x)=1x*—4x+4
H:rca= Lb==4c=4
heb_ -9
2a  2(1)
k=f()=f(2)=(2)*-4(2)+4
=4-8+4=0
So, the vertex is (2,0) ’
Since @ = 1 > 0, so the vertex (2,9) is @ minimum point.
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f(xX)=x—dx+4
Domain [ = (=, )
Since minimum value of y is 0, so
Range f = (0,0)

) fix)=x2+2x-0.3

Solution:

f(x)=x*+2x~-83

Let y=x*+2x—83

For y-intercept, put x =0

y=0*+2(0)—-8-3=-8-3

= Parabola cuts y-axis at (0,—8.3)

For x-intercepts, puty = 0
0=x+2x—-83
Herca=1,b=2,c=-03

By quadratic formula

o —z:J[Z)’ -4(1)(-8.3)
2(1)
o= 22372 _-26.10
2 2
_ =246.10 - —2-610
2 3 2
x=2.05 H x=-405
= Parabola cuts x-axis at (2.05,0) and (—4.05,0
Now, we find vertex (h, k) of the parabola
f(x)=x*+2x-83
1,b=2,c=-83
-b -2

2a 2(1}
k= f(h)=/f(-1)
=(-1)*+2(~1)-8-3=1-2-8-3=-93
So, the vertex is (~1,-9.3)

Since @ = 1> 0, so the vertex (—1,—9.3) is a minimus
pointL.

)=,

Herea =
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I} T . = —1-1--1 +6
(A _ 142424 25
1.[ 'L_ I 4 4
125
I_._ L — So, thcvcntxis( 2 4)
| TR 1. 25) .
»3 | Since a = =1 < 0, 50 the vertex -ET is a maximum
‘_l 19.7/6-51-3:2-11 )
= e pont. o L L
ST . A |1';”’ | T |
i -t 1
_'1 25 ] |
L4 1 1 & _“!ﬂjx _-2—-_-,'—_] 72 U ] TR
S /S s) 4
| B SO SISkl | \ |
VeJ'lcxi -1, -9|.3). “’I + .
--1——i“[ l 1 — ‘1'3 —— VI
[ O T I I | _Vz L = [, l
£
fx) =x2+2x =83 [1 ] " \L [ |
Domain f = (—o0, ) X' { I \1 x‘
since minimum value of y is =9.3, so a5 50 . >
Range f = [~9.3,0) Pzt If i [ "\_1. 4
=
) fIx)=6-x-x | | \1 !
Solution: ’ i \ |
f()=6-x—x f T
Let y=6—x—2x2 f) =y J 24
For y-intercept, put x = 0 f(x)=6—-x—x?
)’=6‘—0—0:=6 Dumainf:(—m,m)
= Parabola cuts y-axis at (0,6) . . 25
For x-intercepts, puty = 0 Since maximum value of y is T , S0
0=6—x—x? 25
Multiply by =1 Rangs f=(—w.T]
x24+x=6=0
x*+3x-2x-6=0 3. Find the inverse of the following quadratic
x(x+3)—-2(x+3)=0 functions. Also find their domain and range:
(x-2)(x+3)=0 M f(x)=xT-3,x<0
x-2=0 ,; x+3=0 Solution:
x=2 x==3 f(x)=x2-3,x<0
= Parabola cuts x-axis at (2,0) and (—3,0) Let y=x2-3 “f(x)=y
Now, we find vertex (h, k) of the parabola Interchange x and y.
fX)=-x*—x+6 x=y*-3
Hcrea=-l.b=-1c—6 yi=x+3
i -(-1} y=*+Jx+3
2a 2{ l) 2 Replace y with f=1(x).

k=ro=1(=3)

SORTY

[U(x)=+Vx+3
= [ix) =Vx+3
or fFx)==Vx+3
To determine which is the inverse, we find domain and
range of the given function.
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A fO) =P =3xs0 CHECK: T
= Doman f = (-=,0] Letx =0 € Doman 1

ax = i ‘\0‘--;-\13-0=-3-J§=

F(O) = (0)F = 3 = =3 (Min value)
Sice @ = 1 > 0, s the parabola opens upward.
= Rumge f = [-3™)

By delimbon of invens functen

Domam f74 = [=3. ), Range f~
CHECN
Let x =0 € Domamn f*
= [ =~0+3=nDe& Range 7}

R \—a.‘_l.‘{

ad 0= -Re3=~vEe Rangef?

Hemee [ (W)= ~vx+3

W A =drox+shx<=3
solutva:

) e xt —ox et na-3
Lt y=x"=ox=4
Intercharge X and ¥,

“fx)=y

x= ¥ eoyed
y‘ve_\"'ﬂ\-‘—\“o
Hesa=Lld=ac=4—-x
By uing Quadnabe foemula

—eayet —4(1)(4-x)

20

V=

-ozxio-lo-dx

-
-

~e2V0-dx 62 45+x)

~ >

-2 18+ x

2

y=-3=Gex

Repiave ¥ with /™3 (x)
= U 0=-3eEex o )=-3-Vex
To Jetermine which is the inverss, we find domain and
ramge of the given funtion.
oSN =deex+dx<-3
= Domain f = (==, =3)

By setimben of invense functon
Domain 7= = (=5 ), Wf"" = (oo, =3)

and N0 =-3-35-0=-3-VF =524,
S

Hemce FH(0)=-3-~S+x

(i Ax)=2¢-8x+11,x22
Soluton:
f[x]::t'- -8x+11,x22
Lety=2x—8x+ 11
Interchange x ard ¥
x=2y"=8y+11
¥ -8y+(Q1l-x)=p
Herca=2p=—-8.c=11—-x
By using quadratc formula
_ 8=V(-8F -3Q(11-y)
22

_ 5:'664-834-8_'

?rlth,

y

4
S=V8x-24

]..

w

=J8(x-3
4
8=2V2Vx-

w

1
=2x—x-3
N

lx——S
2>

y=2=

-

Replace y with £~ (x)
i) = 2=

X=3

[

—

To determine which is the inverss, we find domsa ug )= 387

range of the given function.

As f(x)=2x*=-8Bx+11,x22

= Domanf =[2.«)

Atx=2:
fR)=2(2)-8(2)+11=8-16+11=]

Since @ = 270, 5o the parabola opers wpaerd

= Rargef=[5.@).

§
|
¥
.
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;,_dcf,r.um:mfm\chc function CHECK:
pPomain f =1 = |3,), Range [ ™! = [2, ™) Let x =71€ Domamn f~!
ECh: . 1+371)-17 1414
Let v = 5 € Domain [~ => [M)= (3, - ‘3 =5¢ Range /!
Lz 5-3 _, = =3 =1
= ['()=2+ =2+J1=2+1=3cRange/ il f“(?l]:l-Jst';“_”=l-3H=—43¢R.lnnt~!"
5-3
-1 == f—=- =L=1= =1 -
and S (3)=2 1} =2 Vi=2-1=1¢RangeS — r'(x)=“J3; 17

(iv) Ax)=3x*-2x+6,x25
Solution:
f(x)=3x'=2x+6,x25
Let ’-=3I=—1!+6
Interchange x and y.
x=3y'-2y+6
3yl =2y+(6=x)=0
Herea=3.b==2,c=6—-x

'By using quadratic formula

[ 4

_ 2=V(=2) -4(3)(6-x)
2(3)
2=v3-72+12x

}

2=+12x-68
6
. 2+ J4Gx-17)
6
= 2=2J3x-17
6
= 1=43x-17
3

[}

Y

Replace y with f~1(x)

[

|
i
|

lz\ﬁx-ﬂ'
3
Bx-17
3

)=

frix =2

a V0 1-J33x-17

fi) =2+ fx;S = f“(r)=2-‘E To determine which is the inverse, we find domain and

range of the given function.

—-2x+6,x25
Domain f = [5, »)

Atx =5:

f(5)=3(3—-2(5)+6=75-10+6="71

Simn:3>0.solhcpuubelaopmsummd.

Range f = [71,)

By definition of inverse function

I
|

Domain /! = [71,®), Range f~* = [5, )

v) fix)=2(x-3)*+1,x23
Solution:
f(x)=2(x-3)*+1,x23
Let y=2(x-3)*+1
Interchange x and y .
x=2(y-3) +1
x-1 =2(y-3)

(y-3F =12

Replace y with f~1(x)
fix) =3

2
> - 3+"";1 or [(x)= 3-,;";'

To determine which is the inverse, we find domain and
range of the given function.
As f(x)=2(x—-3)*+1,x23
= Domain f = [3,0)
Atx=3:

f3)=2(3-3*+1=0+1=1
Since a = 2 > 0, so the parabola opens upward.
= Rangef =[1,)
By definition of inverse function

Domain /=1 = [1,), Range =1 = [3,)

H >

Let x =3 € Domain f~*

@)=3+ ’.3"2_1=3+I=4F.Rangl=f""

and F’(3]=3—J3—?=3-1=2¢ngef~l

Hence f"(x}::ﬂ@

x=1
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UECK; ) |x2=3x+2]>4
For xws Solution:
2 |x? =3x+ 2| >4
2 2 x?=3x+2<-4 or Xt =3xgay
la[g] -7(3]'2|-[%) 2 XP-3x4244<0 or x'=3x4z_
o = X!—3x+ﬁﬂ0..A(l) or .I."—]x..zb
2?__2_.1_,4 _3_2+‘ Herewesolvex* =3x +6 =0 "
+ 2 4 2 Dise = b? — dac
[27-42+48]  9-6+4 = (=3)" = 4(1)(6)
TR = = =15 (roots will be imaginary)
71 7 Sincca=1>0andx* =3x+6<0,
|'_1l S Therefore x* = 3x + 6 < 0 has no solution,
-‘ Now, we lake (2) and solve
Z"l(Tmc) x?=-3x=-2=0
NN By using quadratic formula
For x‘é — ~b2Vb* -4ac
- 1\ " 2a
{1 1Y 1
’3[3) % '{5)'2| w(a) 5 ¢ = 3V 1))
3 = 2(1)
LA -3
h 2 'zi a 2! o= 32Y948
2
3-14+8] _ 1-2+4
iy - 12 3l
o 3 ‘
[ 317 315
3 _3% 2 "2 ;
$ & (T These critical numbers divide the number Jine into 2
] 47 regions. -
e PE ol
< * .
- € +
(v) |x2-4|<5 5-4-3-2-10 12 34546 7
Solution: Testx = =1,x = 0and x = 4.in (2), we have, .]
Ix* -4l <5 (-1)*=3(-1D-2>0=2>0(Trg) |
—-5<x*—-4<5 (0)*=3(0)—-2>0=—2>0(False)y |
—S<x?*-—4 or x*-4<5 #)=3(1)—2>0=2>0(True) |
0<x*—4+5 or x*—4-5<0 , ; N 3-V17) (34435 |
x3+1>0 or  x2-9<0 Required solution set = {( L ]u["‘g‘-.a

Wetake x*+1>0
= x*>-1tueVx€R
Solution set = ((—o, =)}
Now, we take
x2—-9<0
x*<9
|x| <3
-3<x<3
Solution set = ((—3,-3))
Required solution set = {(—o0,0)} n {(—3,3))

=((-33)

|
i
i) |x* -5x+6|sx+2
Solution:
|x*=5x+6|<x+2
~(x+2)<x*—5x+6<S+(x+2)

—x—2<x?=5x+6 or x*?—5x+6<x42 !
0<x®*—=5x+6+x+2 or x’-5x+6-x..25.,
x?=4x+820-+(1) or x‘-&x-l--‘}sn---(z)
We take (1) and solve

x?—4x+8=0

Disc = b? —4ac

L 0<2x?—3x—-5+4
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= (=) =AW
= =16 < 0 (roots will be imaginary)
Asa= 120l —dx 4+ 020, s0x? = Ax 402015
wue lorall x € R
((=eo, =)
Now, we take (2) and solve
=61 +4=0
By using guadratic formula

solution sel

bt Vb - dac
2a
P 64(-6)" -4(1)(4)
2(1)
. 62Y36-16 _6+V20
2 2

. ="_=§§=31J§

x= 3+J§.x=3—J§

These critical numbers divide the number line into three
regions.

x<if5 AF <xs 5 x>l

A
v v

A4-3-2-101 2 34560678
Testx = 0,x = 1 and x = 6 in (2), we have

(0)2 —6(0) +4 < 0 = 4 < 0 (False)

(1)) =6(1)+4<0=—2<0(True)

(6)2 — 6(6) +4 < 0 = 4 < 0 (False)

Solution set = ([3—=V5,3 + \@]}
Required solution set = ((—e0,©)) N ([3 = V5,3 + V5))

=([3=v5.3+V5)])

olil) [2x2 - 3x - 5| < 4
Solution:
|2x2 =3x—5| < 4

| _4<2x*=3x-5<4

or 2x2-3x—-5<4
or 2x2=3x-5-4<0
2x?=3x=1>0:+(1) or 2x*—=3x—-9<0-(2)

-4 <2x?-3x-5

| We take (1), and solve

2x2=3x-1=0

| By using quadratic formula

o -bb? -4ac

2a

I3 - 42)-1)
2(2)
P I T 1
4 4
L 3- Jl_7 L 3417
4 - 4
These critical numbers divide the number line into three

| AT VT M

X™-

A A

-

3 2 4 0 1 2 3
Testx = =1,x = 0 and x = 2in (1), we have
2(=1)* =3(=1)=1>0=4 > 0(True)
2(0)* =3(0) = 1> 0= =1 > 0 (False)
2(2)'=3(2)=1>0=1>0(True)

Solution set = {(- -::.3 bjﬁ )u[-}—"‘ﬂ,m)}

Now, we take (2) and solve
2x?=3x-9=0
2x*=6x+3x—9=0
2x(x—=3)+3(x-3)=0
(2x+3)(x=3)=0
2x4+3=0 , x=3=0

xX=-= . x=3
These critical numbers divide the number line into three
regions.

.I'('%' '.";"4::( <3

< Las
€

X213

v ¥

4 .3 -2 -1 0 1 2 3 4
Testx = =2,x = 0 and x = 4 in (2), we have
2(=2) - 3(-2) -9 < 0= 5< 0 (False)
2(0)2-3(0) -9 < 0= -9 <0 (True)
2(4)2 = 3(4) —9 < 0= 11 < 0 (Falsc)

a3

Required solution set

[ =E ) (29)
(B=EME)



g0 units ... -

—_q Y
Solutions of Equations Reducible to the Quadratic Equation i i‘
There are certain types of equations, which do not look to be of degree 2, but they can be reduced to the quaa> B

_ he quagray
equation. We shall discuss the solutions of the ratienal, radical and radical equations.

Rational Equations Reducible to the Quadratic Equation

A rational equation 1s an equalion containing ene or more rational expressions, where rational expressions Ypicyy 1.
contamn a variable in the denomuinator ly
|
1 - _-~\ |
Example 7: Solve —+ =l.x=20,x=~1
x x+1 |
Solution: -
l - 2 =1
x x+1

Multiplying both sides by x(x + 1), we have
(x+1)=2x = x(x+1)

x+1+2x = x*+x
2

Ix+1 = x+x
X ex=-3x-1=0
¥ =2x-1=0

Here a=1,b=-2,c = -1
_ =(=2)= (-2 ~4())(-1)
2(1)

22454 _2:d8  2:22 _ "
"% 2 = §

X

(Using the quadratic formula)

e e s e

Hence Solution Set = [1 :JE’

Radical Equations Reducible to the Quadratic Equation
Equations involving radical expressions of the variable are called radical equations. To solve a radical equalion, y,
first obtain an equation free from radicals. Every solution of radical equation is also a solution of the radical .

equation but the new cquation has solutions that are not solutions of the original radical equation. Such
solutions (roots) are called extrancous roots.

Example 8: Solve vx+8++x+3=/12x+13

Solution:
Jx+8+Jx+3=J12x+13 ~(A)

Squaning both sides, we get
(Vr-8+Vx=3) =(Vizx-13)’
(Jx-B]zd-(qu»?-):+2J[7+8){x+3)=12x+13
x+a¢x*3+2.J{x~8)[x+3] =12x+13

24(x+8}[x+3) =12x+13-2x-11
2Jx+8vx+3 = 10x+2
=5 J(x+8)(x+3) =5x+1 Dividing by ‘2’

Squaring again, we have
x*+11x+24 = 25x* +10x +1

SCHOLAR T2 MATHEMATICS - 11
pm———_
24x1-x=-23 -0

81

o 24x1-24x 4+ 23x-23 =0
24x(x=1)+23(x-1) =0
- (24x+ 23)(x-1) =0
Either 24x+23=0 or x-1=0
23
X = —— or x=1
24
Put x =1 in cquation (A), we have
Ji+8 +\1+43 =\12(1)+13 > V9 +4 =25 = 34225 = 5=5(True)
So, x=11sarool.
-23 . . =
Put x="," incquation (A), we have
-23 =23 _ =23 20 _6 =
‘\/z4+8+ 24 +3—'\/12(24J*13 3@-@(rnlw)
So, xé% is an exlrancous rool.

Hence solution set = {1)

Real World Problems of Quadratic Equations and Inequalities

e shall now proceed to solve the problems which, when expressed symbolically, lead to quadratic equations in
one variables.

" In order to solve such problems, we must:

(i) Suppose the unknown quantities to be x or y etc.
(ii) Translate the problem into symbols and form the equation or inequality satisfying the given conditions.
The method of solving the problems will be illustrated through the following examples:

. Example 9: The length of a room is 3 metres greater than its breadth. If the area of the room is 180 square metres,

find length and the breadth of the room.
Solution:

Let the breadth of room = x metres
length of room =(x+ 3 ) metres
Area of the room = x(x+3) square melres

By the given condition, we have

x(x+3) =180 "» Area of room = 180 squarc metres
= x*+3x-180 =0
x*+15x-12x-180 =0
x(x+15)-12(x+15) =0
(x+15)(v-12) =0
Either =-15 or v=12

As breadth cannot be negative so x =-15 is not admissible.
Hence breadth of the room = x = 12 melres
and length of the room = (x + 3) = 12 + 3 = 15 melres.
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Example 10: A company manufactures lapiops and its weekly profit function (in thousands of dollars) is
P(x) = =x? + 2x + 3, where x is the number of laptops produced (in hundreds). Find the range of productig,

levels where the company makes at least $4,000 profit.

—

Solution:
Profit Function:
Here

P(x)==x*+2x+3
P(x) = 4 (in thousands of dollars)
P e 2x+334
-x*+2x+3-430
-x*42x-120
AT =20 +10 Multiply by (-1)
(x-1)s0

e — I

This only holds true when (x = 1)? = 0 = x = 1(in hundreds)

The company makes exactly $4,000 profit when 100 laptops are produced (since x = 1 means 100 laptops). Ther |

is no production level where profit is more than $4,000.

1. Solve the following equations:

1 4x
i —_—— 1.
10} o T x=0
Solution:

1  4x
3x + T =1,x=0
Multiply cach term by LCM 6(3x).
1(6) + 4x(3x) = 6(3x)
6+12x* - 18x =0
Driving both sides by 6
2x?—-3x+1=0
2x?=2x-x+1=0
2x(x—=1)-1(x—1) =0

(x=1)(2x-1)=0
Either x-1=0 or 2x=1=0
x=1 3 x=l
2
1
Hence S.S= 41,—
2
x x+1 5
——=Z;x»-1,0
o x+1 x 2"
Solution:
x x+1 _5
—-* B o
x+1 x 2

Multiplying each term by L.C.M 2x(x + 1)
2x(x) + 2(x+ 1)(x+ 1) =5x(x+1)
2x2+ 2(x2+x+x+1) =5x2+5x

. 2x1+ 2x2+ 4x+2 =5x2+ 5x -
4x2+ 4x+ 2 =5x2+ 5x

=5x2+ 5x-4x1-4x~2
x2+x-2=0
x+2x-x-2=0
x(x+2)-1(x+2) =0
(x+2)(x-1)=0
Either x+2=0 or x=1=0
=2 ] x=1
Hence =(-2,1})
2 7
({11) :i' m’m',‘ #=1,~-2,-5
Solution:
2 T e L2
x+1 x+2 x45
Mulliplying cach term by L.C.M (x+ 1)(x + 2)(x + 5)

1x+2)(x+5)+2(x+1)(x+5) =7(x+1)(x+2)
1(x2+ 2x+ 5x+10) + 2(x2 + x + 5x + 5) = 7(x2 + x + 2x+2)
X2+ Tx+10+2(x2+ 6x+5) =7(x2+3x+2)
X+ Tx+10+2x2+ 12x+ 10 = 7x2 + 21x+ U4
3x2+19x+ 20 =7x2+ 21x+ 14
0=7x2+21x+14-3x2-19%-20
4x2+2%-6=0

2x2+3x-2x-3=0

x(2x+3)-1(2x+3) =0

(2x+3)(x-1)=0
2x+3=0. or x=-1=0

X= == x=1

{39

Hence
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b 1
——mathixe—,
() ax— 1 'lnr- a

Solutlon:
o b

+
ax-1 bx-1

a b ] o
b} 4] =g} =0
{ax—l be-l

a-blax - l)+ b-a(bx-1) =0

“a+h

ax~-1 bx -1
f a-abx+b b-abx+a -0
ax-1  bx-1
a+b-abx+a+b—nbx =0
ax-1 bx-1
1
i 0
(a+h abx][ i l] =
bx-1+ax~-1
(Mb—am}[(ax-l)[bx—l]]
(a-abx +b)(bx-1+ax=-1) =0
| = (a-abx+Db)(bx+ax-2) =0
. Either (a-abx+b) =0 or (bx=-1+ax-1)=0
abx =a+b ; x(a+b)-2=0
] x= °:;' ; x(a+b) =2
2
X SN aed
| a+b 2
. Hence 8.8 { ab 'c+b}
. x+1 x-1
E_ Lo 1+“1=z,x¢1 JX#E=1
| Solutlon:
x+1+—u—2 xel,x=e-1
i x=-1 x+1

- Multiply cach term by LCM (x — 1)(x + 1).
' (x+1)?+(x—1)2 =2(x—-1)(x+1)
| XT 41420+ 22 + 1= 2x =2(x2 — 12)
) 2x24+2=2x2-2
+2 =-2 (Not possible)

2x2+x-3 = ODividmgby!*H"'“SS ()

m) 3x* +15x-2Vx* +5x+1=2
Solutlon:

3x* +15x-2Vx* +5x+1 =2 wil(A)
3(x? +Sx]—2J(x' +5x)+1 =2
Put X2 +5x=y ()

y+l =2

-2 = fayel

(y 2}: = (zJJ“l)' squanng both sides
9y v 412y = Ay 1)

9y ~16y+4-4 =0
y(9y-16) =0

Either y=0 or 9y-16 =0

Puty = 0 in equation (1)

X 45x =0 o
x=0 or

x(x+5)=0
x==5

Put y= l—;-.'- in equation (1)

x 45x = 1—6
9
9x® +45x-16 =0
9x? +48x-3x-16 =0
3x(3x+16)-1(3x+16) = 0
(3x+16)(3x~1) =0
Ix+16 =0 or 3Ix-1=0
-16 1

X ==

=

=

1 -16
ss= {3, 3‘}
(Vi) VZx+B+x+5=7

Solution:
J2x+8 +Jx+s -7

(V2x+8+Jx+5) = (732
(V2x+8) +(Vx+5)' +2,/(2x+8)(x+5) =49
2x+84X+5+292x* +10x+8x+40 =49
3x+13+2Y2x* +18x+40 =49

2V2x* +18x+40 =49-3x-13

242x* +1Bx+40 =36 -3x
Again squaring both sides

(242x* +18x+ 40) =(36-3x)?
4(2x* +18x +40) = 1296+9x* -216x
Bx2 +72x+160 = 1296+9x* =216x
1296+9x* -216x -8x* =72x~160 = 0
x*-288x+1136 =0
x*=284x-4x+1136 =0

we(A)
Squaring both sides
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Equation (ii) = Equation (i)

0=28 .48
t+2 t

Multiplying each term by L.C.M *t(c + 2)"
48t +2e(t+2)-48(t+2) =0

48t +2t* +4t-48t-96 =0
48t +2t* +46-48¢-96 =0
262 +4t-96 =0

t?+2t-48 =0 Dividing by *2'
t*+8t-6t-48 =0
t(t+8)-6(t+8) =0
(t+8B)(t-6) =0
Either t-6=0 or t+8=0
t=6 - t =-8 (Not possible)

Required time = 6 hours

5. To do a picce of work, Abdullah takes 10 days
more than Abdul Hadi. Together they finish the
work in 12 days. How long would Abdul Hadi take
to finish it alone?

Solutlon: .
Let Abdul Hadi finishes a job in days = x
One day's work of Abdul Hadi = %

Abdullah finishes a job in days =x+ 10

One day's work of Abdullah = —>
x+10

Together they finished a job in days = 12
one day work of both Abdullah and Abdul Hadi = 1—12

By using above information, we have an equation
1 1 1
—— — —
X x+10 12
Multiply cach Term by LCM 12x(x + 10)
12(x + 10) + 12x = x(x + 10)
12x+ 120+ 12x =x? + 10x
0=x%+10x — 24x — 120
x2—14x-120=0
x*—=20x+6x—120=0
x(x = 20) + 6(x — 20) =0
(x—20)(x+6)=0
Eitherx—=20=0 orx+6=0
x=20 ; x = =6 (Impossiblc)
Abdul Hadi finish work alone in days = x = 20

6. The braking distance (In metres) of a car s
modeled by:
d(s) = 0.02s2 + 0.1s, where s Is the speed of car In
km/h
If the maximum safe braking distance Is 50 metres,
find the range of speed where braking Is safe.

Solution:
Braking Distance Function: r.‘(s]:t).'[.'fz.q2 +0.1s

where s is the speed of car in km/h and d is the braking
distance in metres, since the maximum safe braking
distance is 50 m, so for safe braking d(s) s 50
= 0.02s5*+01s<50
Multiply both sides by 50

s? + 55 < 2500

s*+55-2500<0 (1)
Here we solve s2 + 55 — 2500 =0
By using quadraltic formula

- -bVb? -4ac
2a
- -5+4/(5)% - 4(1)(-2500)
2(1)
_ -5++/25+10000 -5+v10025
- 2 2
_ -51100.12
N 2
_ -5-100.12 5= 25410012
2 ! 2
s ==52.56 ; 5=47.56

These critical numbers divide the number line inlo three
regions.

Not possible _ 05 554756 5>47.56

-% -50-40-30 -20 -10 0 10 20 30 4D S0 60 »
Since the speed cannot be negative, so we consider only
the non-negative part of interval.

Tests = 10 and s = 48in (1), we have
(10)2 + 5(10) — 2500 < 0.= —2350 < 0 (Truc)
(48)? + 5(48) — 2500 < 0 = 44 < 0 (Falsc)
Hence, the range of safe speed is 0 <5 < 47.56 km/h

7. A rocket follows the helght function hi(f) = -5¢2 +
20t + 30, where h(t) Is the height in metres and ¢
is the time in scconds. Find the time interval
during which the rocket is at least 40 metres above
the ground.

Solution:
Height Function: h(t) = =5t + 20t + 30
where h is height in metres and ¢ is the time in scconds.
Since the rocket is at least 40 m above the ground, therefore
h(t) 240
= —5t2+20c+30240
Divide by -5 on both sides

t2—4t+25<0..(1)
Herewesolvet? —4t+2=0
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By using quadratic formula Nt possible t< 1\:‘ Feyve 2l ta2slF *
- -b+yb* -4ac _ s i
20 T4 32 1 01 2 3 4 ¢
_ 44 k_.;)z -4(1)(2) Since the time cannot be negative, so we consider only the
t= -—zm-—-—-—— non-negative part of interval
tzstt=0.1,t = 1and t = 4in(1), we have.
- 424/16-8 K 448 (0.1)* = 4(0.1) + 2 = 0 = 1.61 < 0 (False)
2 2 (1)’ =4(1)+2<0=-1<0 (True)
(1 =4#)+220=2<0 (False)

,,ﬁzfﬂzz,,a

t= Z-Ji.r=z+\@

These critical numbers divide the number line in to three
regions

Hence, the rocket is at least 40 metres above the ground
during the time interval 2- VZzt<2+42
or 0586zt<3414

Formula Sheet

f(x)=a(x-h)?+k

2. The absolute value of x, is defined as: ]xl={

Then, vertex = (h,k), where h s and k= r:—~b—
2a 4a

I.  Ifwe rewrite the quadratic function f(x)=ax® +bx+c¢ by completing the square technique as:

e Ifa> 0, the minimum valucof f(x) atx = hisk.
e Ifa <0, the maximum valucof f(x) atx = hisk.

X
-X ,

xz0
x<0

Multiple Choice Questions (MCQs)
| Exercise3.1 |

1. Ancquation of the form ax? + bx + ¢ = 0 is called quadratic if =----
(A)a=0 (B)a=0 (C)b=0 (D)b=0
2. A quadratic equation has degree -----
(Ao (B)1 ©2 D)3
3. The parabola f(x)=ax® +bx+c,a=0 opens upward if-«---
(A) as0 (B) a<0 (C) a20 (D) a>0
4. For the quadratic function f(x)=ax?+bx+c ifa<O0, then the vertexisa--=-=-= point.
(A) minimum (B) maximum (C) both(A) & (B) (D) none of these

5. Maximum valuc of f(x)=-2x*+4x+3 is----

(A)-5 (B)6 (C)5 (D)
6. Minimum value of f(x)=-2x*+4x+3 is===-
(A)-5 (B)~w ©s (D)=
7. The range of inverse of a quadratic function f(x)=x% +4x+3,X2~2 is====~
(A) (-2,) (B) (-2.=) ©) [-2/=) (D)[-Z=]
8. Solution sct of the absolute value quadratic equation | X% —4|=5 is-----
(GVRED (B) {-3} (C) {43} o))




9. An cquation Involving radical expression of the variable is called - - - - -
(A) radical equation (B) algebraic equation  (C) exponential equation (D) none of these
10. A radical equation has same solutions which do not satisfy the glven mdical equation are called:
(A) simple roots (B) extrancous roots (C) rational roots (D) none of these
11. Solution of equation VX +8+Vx+3=v12x+13 Is/arc-----
2
A\ ;i B)1 ©) —g 2 (D) none of these

12. The length of a room Is 3 metres greater than its breadth, If the arca of the room Is 180 square melres,
find length and the breadth of the room.

(A)9,20 (B)9,12 (C) 15,18
ANSWER KEY

[.IBl2 {cla |pja |B]5 Jc]e. IB|7 [DJ8 |cCls. |A11n‘lalu.|a|m

oo

(D) 12,15
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Matrices &
Determinants

Introduction

This unit introduces the fundamental concepts and operations of matrices, equipping students with the skills to
perform matrix addition, subtraction and multiplication involving both real and complex entries. It explores the
essential propertics of determinants and provides techniques for evaluating the determinant of a 3 X 3 matrix using
cofactors and determinant propertics. Students will leamn to apply row operations to determine the inverse and rank
of matrices, as well as distinguish between consistent and inconsistent systems of linear equations through practical
exomples. The unit further explores into solving systems of lincar ecquations, both homogencous and non-
homogencous, using advanced methods such as matrix inversion, Cramer’s Rule and Gaussian climination
Emphasis is placed on the real world applications of matrices in diverse fields such as graphic design, cryptography,
data encryption, geometric transformations and highlighting the importance and versatility of matrix algebra in
solving complex, practical problems.

Matrix

While solving lincar systems of equations, a new notation was introduced to reduce the amount of writing. For this
new notation the word matrix was first used by the English mathematician James Sylvester (1814-1897). Arthur
Cayley (1821-1895) developed the theory of matrices and used them in the lincar transformations. Nowadays,
matrices arc uscd in high speed computers and also in other various disciplines. The concept of determinants was
used by Chinesc and Japanese mathematicians but the Japanese mathematician Scki Kowa (1642-1708) and the
Gennan Matheniatician Gottfried Wilhelm Leibniz (1646-1716) are credited for the invention of determinants. G.
Cramer (1704-1752) employed the determinants successfully for solving the systems of linear equations.

Matrix: A rectangular array of numbers enclosed by a pair of bracket is called a matrix.

2 3 0
2 -1 3 1 -1 4
e [—5 4 7] it 3 2 6
4 1 -1
Rows: The horizontal lines of numbers are called rows of the matrix.
"2 3 0
s 2 =183 -
For example the matrix [_5 4 7] has two rows and has four rows.
4 1 -1
Columns: The vertical lines of numbers are called columns of the matrix,
2. 3 '07
Forcxumplclhcmnlrix[ " 3] and vl il have three columns.
-5 4 7 3 2 6
4 1 -1]

Entries: The numbers used in rows or columns are said to be the entrics or clements of the matrix.



