R Unit 13 ) Differentiation

Velocity is the denvative of the position function:
{r)-—:—(-tr -3¢+ 2:) 1267 -6t+2

Substitute ¢ = 2:
v(2)=12(2)' -6(2)+2=48-12+2=38

So, the velocity at ¢ = 2 is 38 m/s.
Acceleration is the denvative of the velocity function:

a(t)=—
d (2
=—(126* -6 +2)=24c -6
de
Substitute t = 2
a(2)=24(2)-6
= 48-6=42
So, the acceleration at ¢ = 2 is 42 m/s?.
Financial Investments:

Example 14: A bank offers a compound interest rate on an investment, and the value of the investment afler ¢ years
is given by V (t)=5000(1+0.04t)* . Find the rate of change of the investment value after 10 years.

Solation:
Investment Growth Function: V (t)=5000(1+0.04t)’

The rate of change of the investment is the denivative of V(t) with respect to t.
dV d

V(e) = o =5 (5000(1+0.04¢))
= 5000(2)(1-0.04:) (0.04)
= 10000(0.04)(1+0.04¢)
V'(t) = 400(1+0.04¢)
Substitute t =10 :
V'(10) = 400(1+0.04x10)=400(1+0.40) = 400x 1.4 =560
So, the investment is growing at a rate of Rs. 560 per year afier 10 years.
Structural Stress:

Example 15: The stress on a beam under a varving load is modeled by S(x) = 500x — 2x3, where S(x) is e
stress in pascals (Pa) and x is the distance (in metres) from the beam's fixed end. Find the rate of change of sT=s
at x = 5 metres. _
Solution:

Stress Function:  S(x) = 500x — 2x°
The rate of change of stress is the denvative of S(x) with respect to x.

s‘(x)-ﬁ-i(sonx 2x*)=500-6x°

Substitute x = 5:
5'(5) = 500-6(5) =500-6x25=500-150=350
So, the stress is increasing at a rate of 350Pa per metres at x = 5 metres.

—
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1. A cr's posilion at time t is given by P(x) = ___{ 105% <700 -2000)

5(:]:5!’ -3 +t. Find the velocity by

differentiating the position fonction with respect
to time.

Solution:

Positon Function: s(t) = 5t — 312 + ¢

Velocity is the derivative of the position function:
ds d
Vit =""=—5!J—3f3 t
(1) % dt( +t)

e 93 2d 2, d
=5 dt("] 3-;;82) P

V(1) = 53¢ -1)-3(2% -1)«1
V(1) = 15¢* =62+ 1

= —10;{:‘ )-'moz(x }-;lZCOGP

= -10(2x) « 700(1) - 0
=-20x - 700
Mazrzinal profit at x = 15 1s
P'(5) =-20(15) + 700
=-300+700
=400

L Structural stress on a bridge Is modeled by the
fanction S(x)=100-5x?, where xis the distance
from the center of the bridge. Calculate the rate of
change of stress at that point

Solation:

Stress Function: S(x) = 100 — 5x2

Rate of change of stress is the denvative of $(x) w.rL ‘x’.

i e
$'(x) e~ d“r(m-:l 5-°)

d d
= I{mo;-s;(x‘)
= 0-5@R2x)=-10x
Smce the centre of bridge is a1 x = 0, therefore rate of
change at that point is
§'(0)=-10(0)=0

__ Maximum stress = 5(0)=100-5(0)* =100
3 A company’s reveame function is given by
R(x)=1000x-10x", where is the number of
mits produced. The cost fonction is
€(x)=300x+2000.
0) Find the profit function P(x)
{®_Determine the marginal profit when x= 15
Solution:
Revenee Function: R(x) = 1000x — 10°
et Function: C(x) = 300x + 2000
() Profit Function = Revenue Function — Cost Function
Plx) = R(x) -C(x)
P(x) = 1000x - 10x* - 300x - 2000
P(x) =-10x* + 700x - 2000
%) Marginal profit is the derivative of P(x) worL X'

4. An investment grows according to the functicn
A(t)=10000(1+0.05t)°, where A(t) is the value
of the investment and ¢ is the time in years.

(i) Find the rate of change of the investment after 8
years.

(i) What is the investment value after 8 years?

Solution:
(i) Investment Grows Function:
A(t) = 10000(1 + 0.05¢t)°
Rate of change of the investment 1s the dervanive of A(r)
warL ‘L.

A= ﬁ_dimuoou 0.05¢)

Afr) = loooo-z(hons:)-‘

A'(t) = 10000-3(1-+0.05¢F -(0.05)
A'(£) =1500(1 + 0.051)F
Razte of change of the investment afier 8 years is
A'(8) = 1500(1 + 0.05(8))?
=1500(1.4)°
=1500(1.96)
=2940
(1) Invesmenivalueafir8yezs s
A(8) =10000(1 - 0.05(8))°
=10000(14)°
= 10000(2744)
=27440

5 The position of a particle moving along a line is
given by s(t) = 563 — 1212 + 8¢, where s(¢) is the
peosition In meters and ¢ is the time in seconds.

(1) Determine the velocity of the partide at £ = 4
seconds

Solution:
Pesition Funcsion: () = 563 — 12¢% = B¢
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The velocity of the p:miclc is the derivative of s(£) w.r.t. 't'

v = (5:’ -12¢* +8¢)

= s—(:‘) 12 r‘)+a—(c)
= 5(3:’)—12(2:)+3(1)
V(t) = 1562 -24¢+8 )
Velocity of the particle at ¢t = 4 is
V(4) =15(4)* — 24(4) +8
=240-96+8
=152 m/sec

(ii) Find the nccclemlion at t=4 seconds
Solution:
Acceleration is the dcrivative of the velocity function:

a(t) = —— (15:

= 15(2t) —-24(1)+0
=30t-24
Accelerationatt =4 is
a(4) =30(4)-24=120-24
=96 m/fs?

-24t+8)  Using (1)

(ili) When is the particle at rest?
Solution:
If the particle at rest, Then

V(i) =0
15t* —24x+8=0
Herca=15,b=-24,c=8
By using quadratic formula

- -b+Vb? —4ac
2a
_ 242\(-24) -4(15)(8)

2(15)
- 24576480
30
_ 24296
30
_ 24246
30
_ 201222v6)
30
o= 22246
15

st e 12+2V6 i eol2-26
15 15
= t=113 and t=047

Thus, the particle is at rest when t = 1.13s and t = 0.47s,

6. The position of a car traveling along a straight

highway is given by x(£) = 302 - 43, where x(t) is
the distance traveled in kilometres and ¢ s the
time in hours.

(I) Find the car's velocity at t = 3 hours.

(ii) Determine the car's acceleration at ¢ = 3 hours
Solution:

Position Function: x(t) = 30t? — 4¢3

(i) The velocity of car is the derivative of x(£) w.r.L x'.

Ve) = —=—(3ucz 4r)

=30(2¢) - 4(302)
=60t~ 1202 ()
Velocity of caratt = 3 is
V(3) = 60(3) - 12(3)?
=180-108
=72 km/hour
(ii) Acceleration is the derivative of the velocity function:

dv d 2 .
w2V € 012 Using (1
a(t) T dt(6 ¢ -12t%) sing (1)

=60(1) - 12(21)
=60~ 24t
Accelerationof caratt = 3 is
a(3) = 60-24(3)
=60-72
=-12 km/h?
7. Thestress on a beam under a varying load is given
by S(x)=400x-x*, where S(x) Is the stress In

pascals (Pa) and x is the distance from the fixed
end in metres. Calculate the rate of change of
stress al 6 meters.

B

Solution:

Stress Function: §(x) = 400x — x3

The rate of change of stress is the derivative of S(x) Wr*
lx|.

S = %:-=d;j[400x—x’)

=400(1) - 3x2
=400-3x2
Put x = 6, we have
5'(6) = 400 - 3(6)?
=400-108
=292
Thus, the rate of change of stress at x = 6 meters s 292 P/™
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ﬁ:_msl C(r) to construct a cylindrical tank

depends on the radius of the base, and is given by

50000
r

c(r)= 8000nr* + 2 » Where the first term

represents the cost of the basc and the second term
represents the cost of the walls. Determine the rate
of change of the cost at r=4 metres.

N,

Solution:

150000
Cost Function: C(r)= 8000nr® + ———

The rate of change of cost is the demra.!wc of C(r) w.r.L.
v,

c(r) = %:%{30003!‘2 +150000r7")

8000x(2r) +150000(-1r"* -1)

16000y - 239999
=

Rate of change of costatr = 4 is

cw@) = 16000:(4}—@

= 640007 - 9375
=64000(3.1416) - 9375
= 191687.4 units/m

Formula Sheet

_ fx+8x)-f(x) (x+8x}—fm_ :
L, Bt 2. Mg,= Lim =f'(x)
_ s(e,)-s(¢) _ s{t+5t] sft) ds
3oV _———t,- . 4. Vg I.1_r.n——6: oy
_ o v(e+8t)-v(e) _dv Y _ rrro 1im LX) f(x)
M S R ol 0k e

d ol .
7. Z{c}=0(Dcm*atwc of constant is zero)

8. di[x") =nx"", where n is any real number.
x

. Fi'[c”x)]“%[f(x)]. where ¢ is a constant.

10. -:;[ f(x)+ g(X)]'—";;If (x)]**%[y(ﬂl

(Sum Rule)

1. -i-[f(x)—g(x)]=-:—x[f(x)]‘%[g(x)]

(Difference Rule)

12, %[f(x)g(x)k [%[f(-‘)]]ﬂ(*)* f(x)[%[g(x)]]

(Product Rule)

[ 070 o)1 0] Zetaen]

1. .‘_‘.(ff")] _ld
dx| g(x) lg(x)1

(Quotient Rule)

Multiple Choice Questions (MCQs)

L For the curve y=f(x), the expression f x+5;3-f X) is the slope of:

(A) secant line (B) tangent line

(C) normal line

(D) none of these

L For the curve y =f(x), the expression }‘,[.E} f{.x+6;:-f X) 1s the slope of:

(A) secant line (B) tangent line

A)l (B)2

(C) normal line

The gradient of the curve f(x) = x — 2 at the polnt P(=1,~1) Is = - - -
©-2

(D) none of these

(D)3
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4. The notation used by Lagrange for derivative is ==« -«
(A) dfd (B) 1 (x) (©)f(x) (D) Df(x)
5. I;J_:lﬂls—:':{'ﬂ isequalto-----
(A (%) (B) fix) ©f (%) M@
6. I xeD, and ['(x) exists, then f issaid to be-=v=- atx
(A) differentiable (B) discontinuous (C) increasing (D) decreasing

7.  The derivative nl’\ﬁ alx=ais-----
|
(B) 2v/a

) i
8. 10f(x)= ¥, then ((8) = - ==

(A)

a

1 2
N3 B3

=

o ‘(% (x)" = n(x)™" where ===~ --
(A) ne C (Complex numbers)
(C) ne Q {Rational numbers)

d
10. 'E;(x—S) @B=x)=-ee--
(A)2x+8

11, ‘:—l‘(t' + 1) equals-----

- 3 1 I

M2+ 1) (B]L'L

dfx?

12. s ‘:z)equnll-----
(A0

o 89
0 200 = 2 (%)
(A) (sOF
2(x) (3 - ) g'(x)
(2]

B)1

)

14, “)’-Jl—x’.0¢x<1.:hcn%= -

(A) J 1 (B) 7'—.
1-x°

(Cli {Il)#‘“

|
©3 M3

(B) n ¢ R {Real numbers)
(D) n &N {Natural numbers)

(C)2x-8§ (D)x+8§

C)2x(x¥+1

(C)x+2 (D)x=-2

g - fx) g'(x)
[s))F

) (%) - x) g'(x)
(e())*

(B)

(D)

B
-x*

ANSWER KEY

(DY Ax(x*+ 1)

e =
- x.

—

5. | D6 1 alr [ Aale Jec

——ojo—
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Vectors in Space

Introduction

Ir this unit, we will look into the rectangular coordinate system in three-dimensional space and explore the
findamental mathematical operations involving vectors in space. We will begin by understanding the dot product
for walar product) and the cross product (or vector product) of two vectors and learn about their geometric
sterpretation. Further, we emphasize their practical applications. For example, we will see how these concepts can
b used 1o calculate the area of a triangle and the arca of a parallelogram. Finally, we will explore the extensive use
¢fvectors i three-dimensional space, particularly in physics, where they play an important role in determining
frees, velocities, and other essential physical quantities. For example, determining the work done by a constant
force when moving an object along a specified vector

Vectors (Recall)
I previous classes, we learned about two fundamental quantities: scalars and vectors.
Salar Quantity (Scalar):

A salar 15 a quantity that has only magnitude or size, such as mass, time, density, temperature, length, volume,
ipeed work etc

Vector Quantity (Veetor):
\vetor 15 2 quantity that has both magnitude and direction. for example displacement, velocity, acceleration,

saight, force, momentum, electnc and magnetic fields, etc.
Geemetric Interpretation of Vector:

Geometncally, a vector is representad as a directed lin scement AB with A as its initial pointand B as the terminal point.
Vector in Two-Dimension:

b two-dimension (R?) a vector has components that can be represented by an ordered pair [x, y] of real numbers.
Fer the vextor u =[x, y].x and y represent the components of .
\ddition of Vectors:

T o vectors u = [xy.y] and © = [x5,y3), we have

usv=[xn ][] =ln +x +0)

Salar Maltiplication of a Vector

Fory = [r.y)and @ € R, we have au=a|[x,y]=[ax.ay]

Equal Vectors:

n, D
*Ovecton y = [xy. 3] and ¥ = [x;, y2] of R are said to be equal if and only if
:-‘ have the same components. That is, [x,,¥;] = [x3.):] ifand enly if x, = x; )
N=yand we wrniteu = . RT; D
b Or !
“her words, two vector u and v are said to be equal, if they have same y C
"ude and same direction.
t Vectors:

N:‘“““ are parallel if and only if they are non-zero scalar multiple of each

] b 7 e
“‘“mple.\tctors AB — AB and %AB are parallel.
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Magnitude of a Vector: \
1he magmitude (or norm or length) of a vector in 2D represents the length of the
vector trom the ongin to the point represented by the vector.

s My
For any vector u = [x, ¥] in R*, we define the magnitude, as the distance of ol
the point P(x, y) from the ongin 0. -

Magnitude of 0P = |0P| =|u|= sz +y?

-i;

Now, we will leam some mathematical operations involving vectors in three- H
dimensional space. Y
Rectangular Coordinate System in Space:

In space a rectangular coordinate system is constructed using three mutually
orthogonal (perpendicular) axes, which have origin as their common point of
intersection. When sketching figures, we follow the convention that the
positive x-axis points towards the reader, the positive y-axis to the right and
the posilive z-axis points upwards.

These axes are also labeled in accordance with the right-hand rule. The

fingers of the nght hand, pointing in the direction of the positive x-axis,

curled images toward the positive y-axis, and the thumb will point in the @
E-

direction of the positive z-axis. A point P in space has three coordinates, one
along x-axis, the second along y-axis and the third along z-axis.

s I‘lu.& «)

If the directed distances along x-axis, y- axis and z-axis respectively are a,

and ¢, then the point P is written with a unique triple of real numbers as

P(a, b, ¢) (sec ligure). ¢
;&I

Concept of a Vector in Space:

The set R =|(x,y.2):x,y,z€R} is called 3-dimensional space. An element (x,y,2) z P‘"f‘ »3)

of R? represents a point P(x, y, z), which is uniquely determined by its coordinates [/

x,yand 2 L

Given a vector u in space, there exists a unique point P(x, y, 2) in space such that the ¥
vector 0P i1s equal to u (see figure). Now each clement (x,y,z) € R? is associated : *
with a unique ordered triple (x, y, 2), which represents the vectoru =0P =[x.y.z] 1

Fundamental Mathematical Operations for Vectors in Space:
We define addition and scalar multiplication in R? by:
(1) Addition of Vectors:

For any two vectors u = [x,y,z] and v = [x',y’,2'] we have

u+v=[x,y.z]+[x.y.2)=[x+x, y+y,2+2)

(i1) Scalar Tultiplication of a Vector:

Foru = |x,y,z) and a € R, we have au = a[x, y,2] = [ax, ay, az) L gt
The set of all ordered triples [x, y, 2] of real numbers, together with the rules of addition and scalar multiplics®
is called he se* of vectors in R?. For the vector u = [x,y,2),x,y and z are called the components of 4. o
The defiaition of vectors in R? states that vector addition and scalar multiplication are to be carried out als0
vectors in space just as for vectors in the plane. Similarly, we define in R? ;
(a) Negative of Vector:

The neeative of the vectoru = [x,y,z] asu = (=1)u = [~x, -y, ~2]
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) Difference of two vectors:
The difference of two vectors v = [x', ¥, 2' | and w = [x",y",2"] as
v-w=yv+(-w)=[x'-x"y - y'.7 -]
i¢) Zero Vector: The zero vector as @ = [0,0,0]

ifx'=x",y' =y"and 2z’ = 2".
it) Position Vector:

line segment 0P, whose initial point is at origin. Such vectors are called position
vectors in R3.
VMagnitude of a Vector in Space:

() Equality of two vectors: Two vectors v = [x',y’,z'| and w = [x",y",2’] are equal that is v

u

= wifand only

For any point P(x,y,z) in R?, a vector u = [x, y,2] is represented by a directed : Mry.o)

We define the magnitude, norm, or length of a vector u = [x,y,2] in space by the /0
dstance of the point P(x, y, z) from the origin 0.

o T
|0P|=|ul=yx*+ ) +2° d

Example 1: For the vectors, u=[1,-2,3],v =[2,1,3)andw=[~1,4,0], find the following:
() vew (i) 2w (i) lul  (v) [v-2w] (v) [2u-y+3w|

Solation:
0 v+w=[2-1,1+4,3+0)=[1,53)
() 2w=2[-1,4,0]=[-2,8,0]
(i) [u[1,-2,3] = (1)2 + (=2)} + (3) =T+ 429 =V14
™) v-2w =[2,1,3]-[-1,4,0)=[4,-7,3]
lv-2w|=y(4)} +(~7)? +(3)* =16+ 4949 =74
O 2u-v43w =2[1,-2,3]-[2,1,3)+3[-1,4.0]= [2,~4,6]-[2.1,3]+[-3,12,0]= [-3,7.3]
u-v+3w| =[[-3,7,3]
=J(-3) +(7)* +(3) =9+ 49+9 =67
Components of a Vector:

A“"P'alﬂe Wwe introduce three special vectors { = [1,0,0], / = [0,1,0] and
... [00 1! in R]

M magnitude of § = VIT 407 +07 =1
magnitude of j = V0 +12 +0% =1
o Magnitude of k = = J0?+0%+1% =1, 50

~13nd k are called unit vectors along x-axis, y-axis and z-axis respectively.

ting the definition of addition and scalar multiplication, the vector [x,y -, *11 be written as:
u=[x,y,z] = [x,0,0]+{0,5,0]+{0,0,2]
Thn, = x[1,0,0)+y[0,1,0}+2[0,0,1] = x1 + yJ + zk
“‘" vector [x,y,z] in R? can be uniquely represented by X1+ yj +zk.
tctor;

U=xi4 Y] + zk is written as (rend asu ha!} and is defined by

"t‘. !‘,

m J_’-ry’u" JX +yte2!

\ m" Vector is defined as a vector whose magnitude is unity. In three-dimensional space the unit vector of the
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In terms of unit vector i, j, and k. the sum u + v of two vectors. u = [x,, 3,z and v = [x2,¥2. 2] is wrilt:n:
u+y = [%y + X0 3y + ¥2.2, +2,)
= (%, +x)i+(n +J’z)j_"‘(zl +2,)k
Example 2: Find the unit vector of u = 2i + 5§ — k.

Solution:

Givenvectoru = 2i +5/ —k =>|£|=J[’2]z +(5) +(~1)* =30
The unit veetor is:

. u _2i+5j-k

U== = =

e =ﬁ(z;.+si-g)

Example 3: If y=2i +3j+k,v=41+6J+2k andw=~6i-9/~-3k, then show that 1, v and w are panallcl to
each other.

Solution:

As y= 4i+61+2£ As w=-61-9j-3k
v=2(21+3j+K) w= -3(20+3/+k)
v=2u

w==3u
= U and v are parallel vectors. =  u and W are parallel vectors.

Hence u, v and w are parallel to each other,

Properties of Vectors:

Let u, v and w be vectors in the plane or in space and let a, b € R, then they have the following properties:

() u+p=p+u (Commutative property)
(i) @@+Y+w=u+@+w)

(i) u+o=u

(Associalive property)
(Additive Identity)

(ivv u+(-lu=u-u=o (Inverse for vector addition)
(v) a@+w)=av+aw

(vi) a(bw) = (ab)u

(Distributive property)

(Scalar multiplication)

Proof:

(i) Since for any two real numbersa,b € R,a + b = b + a, it follows that for any two vectors £=[Kr)’"] and

v=[x".y,2'] in R3, where components of u and v belong to R.

We have u+y =[x, y.z]+[x',¥.Z]
= [x+x',y+ Y, z+2]
= [X'+x,y +y,2'+7]
=[x,y 2']+[x.y.2)

"yen

a+b=b+a

So, addition of vectors in R® is commutative.
(i) Since for any three real numbers a,b,ceR,(a+b)+c=a+(b+c), it follows that for eny three yesto
u=[x,y,z],y=[x"y,2']and w=[x",y",2"] in R®, Where components of u, v and w belong to R-

SCHOLAR T2 MATHEMATICS - 11 ) as3
(We)+w = [x+x.ysy,zv2]o (¥,
= [(x+x")+x"(y+ y)+ ¥ (z42)+2")
= [x+(X'+x"), y+ (Y +y").z+(2 +27)]
= [xyz)+[x'+x", Y+ ¥, 2 42
= u+(y+w)
5o, addition of vectors in R? is associative.

(iii) Since for any real number a and 0, a+0=a, It follows that for any vectors, u = [x,y,z], and 0 = [0,0,0],
where o is the zero vector in R3.

We have u+o = [x,y,2]+(0,0,0]
= [x+0,y+0,z+0]
= [xy.z]=u
u+o =y
Thus, ¢ is the additive identity in R?
(iv) Since for any real number a, there exist —a such thata + (=a) = a —a = 0, it follows that for any vector,
u = [x,y,2], there exists —u = [—x, —y, —z] in R?
Such that u+(-u) =[x, y.2]+[-x,—y.~z]=[x+(-x), y+(-p).2+(-2)]
= [x-x,y-y.z-2]
= [0,0,0]=0, where o is the additive identity
u+(-u) =0
u+ {_y) — [x. Y Z] + [—x, i —Z] = lx h (—x),y +(=y)z+ (—2)]
=[x=-xy-y.z-2]
= [0,0,0] = o, where g Is the additive identity
u+(-w=eo
Thus u is the additive inverse of u in R?
(v) Since for any three real numbers a,b,ceR, a(b+c)=ab+ac, it follows that for any ae R and for any two
vectors v =[x, y,z] and'w =[x, ', 2'] in R, where components of ¥ and w belong to R
We have a(v+w)= a([x, y,z]+[x", ¥'.2])
=a[x+x",y+y.z+2']
= [a(x+x"),a(y+y')a(z+2")]
= [ax+ax',ay+ay',az+az']
= [ax,ay,az]+[ax’',ay’,a2')
= a[x, y,z]+a[x', y'.2'] 3
= av+aw
59- addition of vectors in R? is distributive.
(vi) Since for any three real numbers a,b,ce R, a(bc)=(ab)c, it follows that forany a,be R and for any vector
4=[x, y,z] in B3, where components of u belongto R.
Vehae  a(by) = a(blx,.2))
= a[bx, by, bz)
= [a(bx),a(by),a(bz)]
= [(ab)x,(ab)y.(ab)z]
= (ab)[x.y.2]
= (ab)u (Proved)

——
We have

(a+b)+c=a+(b+c)

ra(b+c)=ab+ac

a(bc)=(ab)ec
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Distance Between Two Points in Space:
If O_P,' and W; arc the position vectors of the points Py(xy,¥1,2,) and
Pz(xzx}'z-zz_)__
The vector Py P, is given by
Pt‘;z. =U§:.'6F1.=["z =Xy Y2~ Y1221—2)
Distance between Py and P, is

|‘EFJ| = \I(xa "‘1)2 +(y2-n ) +(2,-7 )!
This is called distance formula between two points Py and P, in R*.
Example 4: Suppose a butterfly's flight path passed through points (2,4,7) and (6,1,3), where cach unit represents.
ametre. What is the magnitude of the displacement the butterfly experienced in traveling between these two points?
Solution:
Given points: (2,4,7) and (6,1,3)
By using distance formula, we have

d = Y(x2-%,) +(y2=3) +(z2-2,)
d = J(6-2)2 +(1-4) +(3-7)}
d = J16+9+16 =V41=6.40

The magnitude of the displacement the butterfly experienced in traveling between these two points is approximately
6.40 metres.

Direction Angles and Dircction Cosines of a Vector:

Letr = 0P = xi+yj+ zk be a non-zero vector, let @, 8 and y denote the angles
formed between r and the unit coordinate vectors i, j and k respectively, where
0<sasm0<f<mand0Sysw i

(i) Theangles a, B and y are called the direction angles of the vector r.

(ii) The numbers cos a,cos [ and cos y are called direction cosines of the vector r.

Important Result: Prove that cos’a+cos?B+cos?y=1

Proof:
Let r = [xy.z]=xi+yj+zk
Therefore Irl =+ +22 =r gt ® (0. ? m)'
From the above figure it is clear that the triangle OAP is a right triangle with x.0.0)
mZ£A=90°. Therefore X
In right triangle 0AP P
cosa = 1241_X -
lop| r r
Similarly, cosp = Z and cosy =§
r

LH.S = cos®c +cosP +cos’y
R R . ! 2 2 (0] x
B SO SEPY S = iEpe
—F+r_z+;?_._rT—_:;_1_R-H.S(vacd)

Remember That: The numbers cosa =i,cos[! =Z and cosy =Z are called the direction cosines of OP
r P r
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Exercise 14.1
1. Letu=3[+2j-5k,y=1-5j-k and () v=-—4i+4)+2k
w=—41~ J+7k. Find the following: Solution:
— v =-4i+4j+2k
M u+2ptw ——
Solution: vl = V(=4) +(4) +(2)
ur2v+w=1 vl = V16+16+4
= (3142 -5k)+2(1-5] k) +(-41- 1 +7k) vl = V66
=3i+2j-5k+2i-10)-2k-4i- j+7k Direction ratios of v are
=i-9j+0k=i-9j —4,4,2
Direction cosines of v are
) v-3w Aa2
Solution: 666
v-3w=? 221
= (i-5)-k)-3(-4i- j+7k) 333
=1-5)-k+121+3j-21k (iil) v =~61+8]
=13i-2j-22k Solution: '
v = -6i + Bi +0k
(ili) By +wl. z
Solution: lvl = J(-6) +(8) +(0)*
By+wl=7 lv] = ~¥36+64+0
3y+w =3(i-5)-k)+(-4L~j+7k) lvl = V100=10
= 3L_151 _35_41'_1_',7!5 Direction r2lios ol‘g are
=-1i-16j+4k = = =50
N L Rewl Direction cosines of v are
= 680
By+w = J(-1) +(-16)* +(4)° 10'10'10
= J1+256+16 =273 =33,
1. Tind the magnitude of the vector v and write the 58
direction cosines of v. 3. - Find t,s0 that |2{ + (¢ — 1)) + tk| = VI3
O p=31- 2/ + 6k Solution:
Solution: Ri+(-1)j+t = V13
v =3i-2j+6k
L =30-2]+6k 2 4+(t-1) =+ =13
vl = J@B) +(-2)% +(6) Squaring both sides, we have
-1
|!| = "9‘?4‘?36 4+[f—1] +t° =13
2o 2=
vl s S 4+0° +1 :::: 13 =0 4
Dllcclioﬂminsol'vm t ;-2t—8 =0 -
e t*-t-4 =0 Dividing by ‘2’
Direett -6 Herca=1,b=-1c=-4
irection cos; : ;
sines of v are By using quadratic formula
328 p= 2b2Vb ~dac
7°2°7

20
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Lo/l 1) 4(1)-4)
2Mm
1+v1+10

4. Find a unit vector In the direction of
i 4 -8k

Solution:
Let v be a umit vector in the direction of v, so
g = -L+4)-8k

vl = (-0 +(4) +(-8)
- Jl + 16+ 64
= i1 =9
Required unit vector (s
- v
V "

vl

v - ——lcij-—g

S. Wu=2(+j-3k v=~l+4)+2kand
w = 31 =2/ + ki, Find a unit vector parallel to
4u-3v+ 2w,

Solution:
Let @ = 4u-3v+2w
= 420+ ) -3K)=3(-L+4) +2Kk)+ 231 -2/ +K)
= Bl+4)-12k+31-12)-6k+61-4)+2k
2-171-12_1'-165 -

lgl = J(17)" +(-12)} +(-16)’
= J2B9+ 144 + 196 = V689

Let b be a unit vector parallel 1o a, Then

2
e
_ 171-12)-16k
J689
S LA T SR )
Y689~ V689~ B9~

lul=5
Givenvector: v =31 +4) -k

As ullv, so

it
(3)' +(1) +(-1)

151 +20 -5k

:90]6«]

154 +20 -5k

5
. - k
26 el et

(i) magnitude Is 7 and is parallel to =0 + J + k.

Solution:
Let required rector = u

lul =7
Givenvector. v=~1+ j+k
As u||v ., So -

u = luly

1]
_7[ v )1k ]
3[ 1) +1+2?

~71+7)+7k

1+1+1
~71+7)+7k

3..
'—-*‘*Tl :E'

—

7. Wus= xU+2f+3kp=1+y|- 3k and

6. Find a vector whose:

() magnitude is Sand is parallel to 30+ 4/ - k

Solution:
Let required vector = y

W = =2{ - 3] represent the sides of a triangle.
Find the values of x and y. i
Solution:
Yenxi+2)e3ky=tey/-Ikwe-21-3)%

SCHOLAR B MATHEMATICS - 11
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Sie v Y and w are the sides of a triangle, therefore
g gl
(reve2)+3K) (Lo ys-3K) =
(,.l]_a_o(Z-yji +(3-3)k = -2 3je0k
(xe 1)L (24 y)) +0k = -2 -3 0k
Companng both sides - -

3je0k

xele-2o>x=-2-] = |¥x=-]
od 2ey=-32y=-3-2 =

Hersex = -3 and y = -5

y=-5

8 The position vectors of the points A, B, € and D
areu=0+2J+kv="70+0]+4k,

w==l+kandz =1+2]+ 2k respectively.
Show that AH is parallel to CD.

Solution:
The position vectors of A, B and D are
0A =u=i+2j+k

oB - ve=71i ol]js‘ig

0C = w=-i+k
0D = 7« P+2)+2k
AB = OB -0A
AB =y - u

-7 oa;mk—r-z; k
AB = 61+6)+3k
cD = 0D-0C
D=z-w
=L+2)e2kei-k

€D =21+2) vk

As AB = 3(20 42 +k)
_ AB = 3CD

= AB||CD with same direction.

.

We say that two vectors v and w In space are

parallel if there Is a scalar ¢ such that ¥ = cw. The
Vectors point In the same direction If ¢ > 0 and the
veclors polnt In the opposite direction If ¢ < 0
() Flad two vectors of length 2 parallel to the vector
2=2 -4+ 4k
Fisd the constant a so that the vectors
2=(-3)+4k and w=al+9/=12k are
paraliel .
Fiad a veetor of length 5 in the direction opposite
thatofy = 1-2)+3k
“ mﬂndbw that the vectors 3~/ + 4k and

3L+ bJ - 2k are paralicL

)

(t)

-

(a) Find two vectors of length 2 parallel to the vector
v 2l - 4) v Ak

Solution:
Let required vector = y
lul = 2
Given veclor gy = 2§ 1 L1
As |l s
u = lul(*v)
v
- g
vl
a1 - 4; vk
Jm‘ o(4) (¥
2/ -4tk
- 22 4
i [
2
= t=(2i -4 jedk
S(2L-4) +4k)
u - 11(21 -4 ) v 4k)
£ gue 4.

1 1
E.o—(!j‘-&jaiy g~ ‘;(i"'i““ﬂ
u-.z.l 1} 1!. u=- il :;-1!
i o - i = 3

(Same direction) (Opposite direction)

(b) Find the constant a so (hat the veciors
pel=3j+4k and weal+9 ~12k are

parallel.
Solutlon:
Y= L3 eak
W= al+9f-12k
Asullyso
Direction ratios are proportional
1 3 4
e, - e —
] ® =12
S
a 3 3
1 1
= -
a 3
= a=-3

(¢) Find a vector of length 5 in the direction opposite
murg-[-qng.
Solution:
Letrequired vector = i
lul=5
Given vector =y = [~ 2f + Tk
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As Y lies in the direction opposilte that of g, so

= |ul(-¥)
.
vl
i-2j-3k -5/ «10/-15k
= _5—.—___.__.= ——
Jay -(-2y -3y V1+4+9

=5 10 15

B vl v v i

(d) Find a and b so that the vectors 3L~ J + 4k and
al + b — Zk are paralleL

Solution:
Let u=3i-f+4k
¥y =aj+bj-2k
Asyu|lwso
Direction ratios are proportional
: 3 1 4
b, - ——m—
a b -
3 1
- =]
a b
3 1
2 a2 —
a b
3=-20 1=2b
_ 33 1
= G = — = = -
2 2

10. A spacecrafl moves from point (120,240,-50)
to point (130,210, 80) in kilometres. What is the
magpitude of the displacement vector in
kilometres?

Solution:
Let A(120,240,—50),8(130,210,80)
The displacement vector is:

d = AB
=(x-x)i+(rn-5)+(2-2)k
= (130-120) i +(210-240) / + (80 +50)k
=10/ -30/ +130k i
Now,
1d] = YJ(10)* +(-30)" +(130)°
= J100+900+16900
= /17900 = Y100%179
|4 = 104179 km
11. Find the directlon cosines for the given vector:
() u=-6{+3]+2k B
Solution:

u =-6i+3j+2k

lul= J(-6F +(3F +(2F

lul=+v36+9+4

= JT‘; =7
Direction ratios of u are
-6,3,2
Direction cosines of y are
532
777
(i) y=41+2)-5k
Solution:
vy =4i+2)- -5k
Iyl = V() + @) +(-5F
=J16+4+25
= Ja5=35
Direction ratios of v are
4,2,-5
Direction cosines of v are
4 2 -5 4 2 5
3¥5 345385 345 345 3

(iii) PQ, where P(9,3,13) and Q(11,6,19).
Solution:

PQ. where P(9,3,13),Q(11,6,19)
PQ = (x3=x)L+ (2= 3)i+(z:-2)k
PQ = (11-9)i+(6-3)j+(19-13)k
PQ =21+3j+6k

1PQ] = J(2) +(3) +(6)
|PQ| = Ya+9+36
- J‘E:?
Direction mliosol'F’_Q are
2,3,6
Direction cosines of PQ are
2 3 6
7 7 7

12. Which of the following triple can be the direﬁlﬂ'
angles of a single vector?

(i) 45°45°60° () 30°,

(i) 45°, 60°, 60°

45°,60°

Solution:

(i) 45°,45°60°

Leta =45° B=45°, = 60°

If a, B, 7 are direction angles of a single vector, then
cos? i +cosZ P+ costy=1

SCHOLAR 2 MATHEMATICS - 11
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LHS=cos? &+ cos? I+ cos? ¥
= cos? 45° + cos? 45° + cos? 607

) &) 6

11 1 2+241
e
27277 T a
-5 .RHS

4

Thus a. P. ¥ are not the direction angles of a single vector.

(i) 30°,45°60°

Salution:

Leta=30°,p=45°1=60°

If a, P. 1 are direction angles of a single vector, then
cosfa+rcosiPrcosir=1

LHS=cos?a +cos? f+cos? Y
=cos? 30° + cos? 45° + cos? 60°

AGRCRE)

Product of Two Vectors:

459
3,11 3e2en
4 2 4 4
=3¢RH.S
z

Thus a, b, 1 are not the direction angles of a single vector.

(itl) 45°,60° 60°

Solution:

Letu = 45°, = 60°, v = 60°

If a, B, 7 are direction angles of a single vector, then
cosfa+cosiPrcosiy=1

=costa+cos?P+cosiy

= cos? 45° + cos? 60° + cos? 60°

) [L 3 .{1]‘ ‘{1]'
Ji 2 z
21,11 _2+141
2 4 4 4
=1= RHS

LHS

Thus a, B, ¥ are the direction angles of a single vector

Multiplication of two vectors i1s an important algebraic operation in vector algebra. This algebraic operation plays a
fundamenual role for understanding various physical and mathematical real-life situation. Unlike the muluplication of
numbers, product of vector can be performed in two distinct ways. The two prnmary types of vector multiplication are
the dot product and the cross product. The dot product is a scalar number while cross product s a vector quantity.

Dot or Scalar Product

Dot or Scalar Product of Two Vectors and Its Geometrical Interpretation:

We shall now consider products of two vectors that originated in the study of physics and engineering. The concept
of angle between two vectors is expressed in terms of a scalar product of two vectors.

Definition 1:

Let two non-zero vectors u and v, in the plane or in space, have some initial point. The dot product of uand v,

u-y=|uf|v|cosd

Written as u - v, is defined by

]

0

v

Where 0 in the angle bctwncnu andvand0 <@ <nm
Definition 2;

LN\

() Ifu=a,i+b,/ and v=a,i +b, ] are two non-zcro vectors in the planc. The dot product ¥ - v is defined by:

u-v=a,a,+bb,

®) I U=qg !+blj+c|__ and v= a,_+b,j+cz_ arc two non-zero veclors in space. The dot product u - v is

defined by

u-v=a,0,+bb +c\;
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a = ~(b+g)
Squaring on both sides
(a)’ = (b+c)
a.a =(b+c).(b+c)
at=b.b+b.c+c.b+c.c
a2 = b*+2b.c+c? wh.
at = b* +¢* +2bccos(n-A)
at = b +¢? +2be(-cosA)
a = b? +¢? -2abcos A
(i) a+b+c =0 |wusingeq.(l)
a=-b-¢
a =-(b+¢)
Taking dot product with a
a.a =-(b+c).a
a*=-{b.a+c.a}
a? = =(bacos(n-C)+cacos(n-B)}
a? = -{-bacosC-cacosB} wcos(n-C)=-cosC
a? = bacosC +cacosB cos(r—B)=~cosB
a = bcosC+ccosB Dividing by ‘a*

o
"
n
In
ler

wcos(m-A)=-cosA

Example 8: Prove that: cos(a—P)=cosacosp+sina sinp

Proof: 4
) - - A
Consider two unit vectors 0A and 0B in xy-plane making angles a, B with A
+ve x-axis respectively.
SothatmZAOB =a -
0A = cosal +sinaj
= o =il B
OB = cosPi +sinpBj ¥
Taking dot product of OA and OB Y €500 : &
0A.0B = (cosal+sinaj).(cosBi+sinp)) il
¥

|0A| |0B|cos(a~PB) = cosacosP+sinasinp
(1)(1)cos(a-P) = cosacosP+sinasinp
cos(a~pP) = cosacosp+sinasinp

Orthogonality of Two Vectors:
Definition: Two non-zero vectors u and v are orthogonal (perpendicular) if and only if u-v=0

"+ |0A|=|0B|=1

The dot product of two vectors & and v becomes zero when u L v,0=90° %
ote:

or % radians.

u-y=|ul|y]cos90’ =0 0'b=0

The zero vectora s orthogond
1o every vector because:

vb

Thus, uy=0culy
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a+b+c=0 O Txample 9: If u=3i - j~2k andy=1+2j -k, then findu - .
® a=-b-c

Solution: u-y = (31‘1‘25)-[_"*22—&)
=(3)(1) + (-1)(2) + (-2)(-1) =3

Example 10: If u=2i ~4+5k andv =41 -3j -4k, then prove that u and v arc orthogonal.

Solution: u-v = (2!'_4l+5£)'(4i—3.i"4£)
=(2)(4) + (-4)(-3) + (5)(—4) =0

= wuand v arc perpendicular

Example 11: Find a scalar a so that the vectors 2/ +aj+5k and 3i + J+ak are orthogonal.

Solution: Let u=2{ +aj +5k and y=3i+ =k
Itis given that u and v are orthogonal. Therefore
L

> (2i+0j+5k)-(3L+ j+ak)=0

2)3)+(@)(1)+(5)(2)=0 =[a=-1]
Angle Between Two Vectors:
The angle between two vectors u and v is determined from the definition of dot product, that is

u-v
= cosh==—o

Lullvl

=>6+a+5a=0

@ uv=[y||vlcosd, where 0s0sn

®) Ifu=a,i+b j+c;k and y=a,i +b,j+c;k, then
u.v =a,a,+bb +c,c;

luf = JaZ+b2+c? and |v|=yfai +b2 +c2
0 = i
O Tullyl
a,a, + b, b, +¢,¢c;
Ja? +b +c Jai +bE +c}
Example 12: Find the angle between the vectors.
4=2i-j+k and y=-i+j
uy = (2i-j+k)-(=L+j+0k)
=(2)-1)+(-1)(1) + (1)(0) =-3

™ lul = 2i - j+ k=2 +(-17 +(1)* =6

cos =

Solation:

vl = |=i + j +Ok[=y/(-1) + (1)} +(0) =2
Now, ; u-v 3
’ 05 = mum. =
lully]  Je-v2
. cosh = )
2
0= ﬂ-cns“[-"g] +» 0 lles in l-quadrant
% . Sk
, 0 u"‘g 5
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Example 13: Show that the vectors AB = 2i-j+k, BC =1-3_‘_l.-5)_( and AC= 3(-4)- 4k arcthe sidesofa night

tnangle.

Solution: Given

AB =2i-j+k, BC=1-3/-5k and AC = 31 -4 -4k

Since AB~BC =(2l'i+.’£)*(i'3i"5’-‘)
= 31 -4 -4k = AC (third side)
Therefore AB, BC and AC form a triangle ABC.

Further, we prove that A ABC is a night triangle

W
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o u=[-3.2.5.v=1.6,-2]

lation:
u = [-3,2,5]= -31‘21‘55

= [1.6.-2)=1+6) -2k

110 s the angle between u and v, then

l.:
|-¢ Iz

cos0 =
I

(-31-24+5K) (11.+6)-24)
0 = __.___.:'___-—_
“ J{ 3 <(2) + (5) V(1) +(6)' (-2

_ (-3)(1)-(2)(6)+ (5)(-2)

L‘!

since AB-BC = (21~ J+k)(1-3j-5k)
= (2)(1)+(-1)(~3)+(1)(-5)=2+3-5=0
Therefore AB 1 BC

Hence, A ABC is a night triangle.
Work Done By a Constant Force:

If a constant force F, applicd to a body, acts al an angle 8 to the
direction of motion, then the work done by F is defined to be the
product of the component of F in the direction of the displacement and

the distance that the body moves.

In figure, a constant force F acting on a body, displaces it from A 1o B.
Work done = (component of F along AB)(displacement)

= (Fcos)(AB)=F -AB=F d

J9+4+25-J1+36+4
-3+12-10 -1
38J41 1558

cosh =

L Ifa+b+c=0and|a|=

3.1
Find the angle between a and b.

=5and|¢]=7.

Solution:
Ghenthatta+b+c=0,]al =
Ma+b+c=0
Sog=-(a+b)

Squaring both sides, we have

(€)' = (a+b)

Example 14: The constant forces 2/ +5) +6k and { -2/ -k act on a body displaced form position P(4,-3.-2)

to Q(6,1,-3). Find the total work done.

Palal=3,1b] = 5,1l =

Solution:
P(4,-3,-2), Q(6,1 -3]

49-9-25 =2(3)(5) cos 0

3,1bl =

lcf = 1al* +1b1 +2a.b
7. we have
(7)2 = (3) +(5)" +219]|6] cos0

5lc)=

Let F =2 l+5}+6kandf-‘,=l-2} -k 15 =
S — =cos
Total force:  F =F, +F, =(20+5+6k)+(-L-2j-k)= 2!+5}+6k i-2j-k A .
F=i+3]+5k msO:E
The displacement of the body =PQ=(6-4)1 +(1+3) j+(-3+2)k 0= m.x( 1 )
= d=2i+4)-k 2
orkdone=F.d BT .
RS =L L Mg = 3,1b] = 4 and |a + b| = 5. Find the angle
= (1 +3]+5k).(21 +4J-k)=2+12-5=9 units between a and b
- Lo - _—
- Solution:
Exercise 14.2 Ghenthat: |a)=3,1 |- 4, ,nb‘_s
1.  Find the cosines of the angle 0 between u and v: (20 +3)+k).(-11+2)+2k) la+b| =
= 2k o cos = = :—s'—_—_wns; Smnnngm, sides, we have
() u=20+3/+ky=-1+2/+2k @7 +(3) +(1) J(-1) + (2 + (2) Gl =8

Solution:
£=2£+3j+£,!=—l+2£+2£

If@is the mglc between u and v, Then

cos 0 = —=—

IIII

@)(-1)+(3)(2)+(1)(2) '

cos0 =

laf +|bF +2a.b =25

V4+9+1V1+4+4 laf o1p
cos@ = 24642 __6 241 421g)1 bl coso =25
V148 3V1s 121=3,1bJ= 4, we have
H
e 3+4%42(3)(4)cos0 =25

J14

24cosl) = 25-25
24¢c0s =0
cosh =0
0 = cos 1(0)
Fl - ‘Nﬂ
4. Calculate the projection of a along b and
projection of b along a when:
M) a=21+3/-kb=1[-2/+4k
Salullon'
=21+3)~ -1kb=1-2j+4k

a.b = (20+3)-1k)-(11-2)~4k)

= (2)(1)+(3)(-2)+(-1)(4)
=2-6-4=-8

la] = J2y +(3y < (-1)
= J4+9+ =Jl_4

151 = J(1) +(-2)" +(4)
= J1+4+16=v21

- ab -8
Projectionof @ along b=a.bh» ===—
TR
Projectionof b along a=bh _:1 L
a 14
veclor (o
Projectionof @ and b = —-:Té
.8b_ 8 b -8
21181 V21421 21
Projectionof b and g =-ié
14
- T W T
Vidlal yiadia 140 77
() a= 4I—Z]+3kb 1+ £+l_(

bolullun.
a=4i-2]+3k.b=1+j+k

a.b = (4£-2j+3k)-(1L+1)+1k)

=(4)(1) +(-2)(1) + (3)(1)
=4-2+3=5

lal = J4¥ +(-2F +G3F
=J16+4+9=29

Ib] = ,’12411‘12
=J1+1+1=43

Projectionof 0 wng b=a
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Projectionof b along @ = b a- < | -;i_-
- T T 7 lal 29
In vector form
Projectonof @ and b = if'é
- T A3
.55 st s,
Bk BB T
Projectionof b and 0 -—5—;
29~
.5 8. 5 a. s,
V291al V2929 29~

5. Find a real number a so that the vectors ¥ and v

are perpendicular:
M u=al+3j+kpv=1-2]+ak
Solution:

!’°1‘3£‘l£a£=l‘21*“£
Since u and v are perpendicular, therefore
u.v=0
(aL+3)+1k)(1-2/+ak) <0
(a)(1)«(3)(-2)+(1)(a) =0
a-6+a =0
2a=6

6
a=-—
2

B3

() u=al+2a/-kv=I[+aj+3k
Solution:

u=ai+2a)-1ky =11 +af+3k
Since u and v are perpendicular, there;orc
u.v =0
(@i +2aj-1k) (11 +aj+3k) =0
(a)(1)+(2a)(a)+(-1)(3) =0
a+2a*-3 =0
2a’ +a-3 =0
2a’ +3a-2a-3 =0
a(2a+3)-1(2a+3) =0
(a-1)(2a+3) =0
Eithera—1=YorZa+3=0

u-—lorut—é
2

6. Find 'he rumber z so that the triangle with
vertices A(3.0.-2),8(0.3,1) and €(1.1,2) is a
right triangle with right at C.

Solution:
Veruces of a nght tnangle are
A(3,0,-2).8(0.3,1).C(1,1,2),msC =90°
B

A c

CA = (xy=x)i=(r2 =2 )~z -k

G = (3-1)i+(0-1))+(-2-2)k
=2i-1j-(2+2)k

B = (0-1)i+(3-1)j~(1-2)k

=-i+2j+(1-2)k
AsmzC=90°, so CA LCB
= CACB=0

(21- - (2+2)k)(-1+2)+(1-2)k)=0
@)-1D=+(-1)2)+(-(2+2))(1-2) =0
-2-2-(2-2z+2-7) =0
—4-2+2+2° =0
22 +2-6 =0
2 +32-22-6 =0
2(z+3)-2(z+3) =0
(z-2)(z+3) =0

Eitherz=2=00rz+3=0
z=20rz=-3

Space

7. If @ and b are unit vectors and 20 is the aogk

between them, show that slne-%ls—sb

—

Solution:

Giventhat: |a] =1, |b| = 1 and angle between @ and 2

i1s 20,
As we know

la-bf" = |af +|1bF -2a:b
la=bF = 1* +1* -2|a|| b| cos20
la=bF = 2-2(1)(1)cos20
la-bF = 2-2(1-2sin’0)
la=bF = 2-2+4sin’0

4sin®0 = |a-bF

1
s{n"e._ _bz
T==8]

SCHOLAR B MATHEMATICS - 11

8 uking square root of both sides

sin ) = %lg—ﬁ] As required

L Ifla+b|=|a~—b|, then show that a and b are
perpendicular.

Solation:
Grhenthat [g+b|=]a~-b]|
Sguanng both sides, we have

la«blF =|a-bF
laF +|bF +2a-b = |aF +|bF -2a-b
2a-b+2a-b = [af +|bF -[ar -|bF
4a:b =0
a-b =0

Thus, the vectors a and b are perpendicular.

Therefore P, Q and R arc the vertices of a tnangle

As PQQR = (-3L+4)-3k)( 3ie1)Tk)
“9e4-212-B20

=~ PQLQR

As QR-PR = (-31+1)+7k)(-61+5)+4k)
218+5+28=5720

= QRLPR

As  PQPR = (-31+4)-3k) (-6L+5)+4%)
= 18+20-12-2640

Thus, P, Q and R are the vertices of a tnangle. but does not
form a nght tnangle

10. Prove that the cos{a +f) =cosacos B - sinasin

%. () Show that the vectors 3{-2f/+ k.{ -3/ +
Skand 2{ + / — 4k form a right triangle.

Solution:
lt yu=31-2j+k
¥=1-3j+5k
w=2(+)-4k
Smcey+w=j-3)+5k+2[+j-4k
=-2+k
=
Mfmﬂ.twmmﬂlcsidciofauungle.
Sceu.w =(3(-24+k) . Qi+f- K
“6-2-4
Uu.w=0 > ulw
fore i, y and y are the sides of a right triangle.

® Show that the set of polnts P(4,~1,2),Q(1,3,~1)

“:::R(-Z. 4,6) form a right triangle.

Gven points are P(4,-1,2),Q(1.3,-1).R(-2.4.,6)

PQ = (1-4)1 +(3+1)J +(-1-2)k

~3i+4j-3k -

QR = (-2-1)L+(4-3)j+(6+1)k
= -31+1j+7k B

PR = (~2-4)1 +(4+1) ] +(6-2)k

= -61+5] +4k N

= -3 +4)-3k-3L+1j+7k

- -6_!_»52443‘ i}

« PR

Solution:

Consider two unit vectors OA and OB in xv-plane
making angles a, <[} with *ve x-axis respectively
Sothat mZAOQB =« + |}

0A =cosaf+ sina |

Oﬁ “cos(~Mrsin(-Pf=cosPi-snpy
Taking dot product of 0A and 08
Ori OH “(cosajrsinap) (cos-sunfp
10A] |0B] cos (@ + )~ cos con ) - wina sin §
(1X1). con (c * By = con e con i~ inca s fd - [OA] | O8]« 1
cos(a+ )= cosucos ) - sinaunf)

11. Prove that in any triangle ABC.

() b=ccosAeacosC
Solutlon:




-
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Consider a triangle ABC such that
BC= a, CA= b, AB=c

a+b+c=0
b=-a-¢

Taking dot product with b
b.b=-a+0.b
b*=-g.b-c.b

b? = -ab cos(m —

bt =abcosC+bccosA
= b=acosC+ccosA

(i) c=acosB+bcosA
Solution:

As g+h+¢c=0
c=-a-b
Taking dot product with ¢
c.c=—(a+h).c
e=—g.c-b.c
=-ac cos(n = B) - bccos (n - A)

= —g¢(—cos B) - bo(~cos A)

c2=accos B+ bccos A
= c=acosB+bcosA

(ili) b*=c*+a*-2cacos B
Solution:

. COS(!! i
eos(n—A)=-cos A

C) - cb cos(n = A)
b? = —ab(—cos C) - be(—cos A) * cos(n

-C)==cosC

veos(m-A)=—cos A

(Dividing by b)

B)y=-cos B

(Dividing by c)

[T

As g+h+¢c=0

b=-a-¢
b=—a+g)

Squaring on both sides

®»
b.b

=(ga+¢)?
=(a+g.(@a+g)

b=g.g+a.c+c.a+c.C
b=al+g.c+g.c+c?
bl=gl+cl+2g.¢

b? =a? + ¢? + 2ac cos(n - B)
b? = a2+ ¢ + 2ac(~cos B)

bt =a?+ct-2accos B

. £-£=£‘d

*cos(n-B) = ~os B

(iv) e2=a?+b*-2abcosC
Solution:

As g+h+c=0
£=-g-h
=-@+h)
Squaring on both sides
(©? =(a+be
c.c=@+b.@+b
cd=g.g+a.b+b.a+bh.b
=al+g.h+a.b+b?
=a?+bl+2qg.b
=a?+ b+ 2abcos(n - )
+ b? + 2ab(—cos C)
c2=qa?+b?-2abcosC
12. Show that for any vectors a and b,

'-'ﬂ-h"hj

=gl - ()=-cos¢

wcos(n

llal = 1Bl < la + bl < la] + 1B] ——
Solution:

To show: |la|-|bl|sla+bIs|al+]Bl
First, we will prove that:
la+b| < |a|+|bl

Consider: |a+bf® = (a+b)-(a+b)

la+bl* = a-a+a-b+b-a+bb
la+bP = |aft +20.b+1bf  eb=R?
la+bP < |af +2lallbl+|bF --a-bslell!

la+bf < (1al+(B)’
By taking square root on both sides
la+b] <|al+1bl

Now, we will prove that:
la+3 211al- L1l
lal =|(a+b)-b

LA

Take

'

lal = (@+b)+(=b)
By using inequality (1), we have
lal sla+b| +|-b|
lal sla+bl+|b]
lal-Ibl s la+b|
similarly,| b1 -1a| S |a+b|

.(2)

> -(al-1bD) s la+b| w3
Combining (2) and (3), we get
llal = bll s la+b| --(4)

From (1) and (3), itis clear That
llal = [BIl < 1a| +|b | (As required)

13. Find the work done, If the point at which the
constant force F = 2{+ 5/ + 3k Is applicd to an

object, moves it from Py(2,-3,1) to P(7,5.3).

Solnllnn:_
F=21+5j+3k P (2,
Displacement: d aﬁ
d = (7-2)1+(5+3)j+(3-1k
= 5i+8j+2k

-3,1),7,(7.5.3)

As we know
Work done = F.d
= (20+5j+3k)(5i+8j+2k)
= (2)(5)+(5)(8)+(3)(2)
=10+ 40+ 6 =56 units

15. A particle is displaced from the point A(5,=5,-7)
to the point B(6,2,-2) under the action of
constant forces defined by 10[—/+ 11k 41+

5/ + 9k and —2[+J - 9k. Show that the total
work done by the force Is 102 units.

Solution:
A(5,-5,-7),8(6,2,-2)

Let F =10f-j+11k
F, = 4i+5j+9k
F, = -2i+j-9k

Total force = F=F, +F; + F,
Fo=10i-j+11k+ai+5/+9k-21+ )9
F =120+5j+11k

Displacement: d =B
d = (6-5)L+(2+5) ) +(-2+7)k
d = i+7j+5k
As we know
Work done = F.d
= (12L+5/+11k):(1L+7 ] +5K)

= (12)(D)+(5)(7)+(11)(5)
= 12+35+55=102 unit

16. A force of magnitude 6 units acting parallel to
41+ 3 = k displace the point of application from

A(2,-1,3) to B(7,3.,2). Find the work donc.

4. A particle, acted by constant forces F Fy=3L+
4/ -3k and Fa=1+4/-k, Is dlspllﬂ:d from
—AR213) 1 B(5,4.,4). Find the work done.

Solution:
F.-siwi—ag.i;qmi-g
A(2,1,3),B(5.4,4)
Total force = F‘:.‘-T,i-;':
-_-31+4i—3£+l+4i-£

1

F =4i+8)-4k
Displacement: 4 = AB
=(5-2)i+(4-1)J+(4-3)k
=31+3j+k
As we know -

Work done = F.d
= (41+8i-4k)-(31+31+1k)
= (4)(3)+(8)(3)+(-4)(1)
=12+ 24 -4 =32 units

Solution:

Let required force = F and Ifl

Given vector: v=4{+3/-k
A(2,-1,3),B(7,3,2)

=6 units

Asing.so
= |F|v
F= o)
¥l '
41+3)-1k
[ (43 - r3)‘+( 1)’]
F= J‘l'_(q_ﬂi 1%
Displacemer* d=
d = (7 2)L+(@+1)/+2-3)k
d =5i+4)-1k
‘s we know -

Work done = F.d
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- (43 -10) (514 18) = 7=@0+12+1)= 23y

V26

= OO+ O@+DE) = T unts

Cross Product or Vector Product

The Cross Product or Vector Product of Two Vectors and its Geometrical Interpretation:
One of the key multiplication operations involving vectors in space is the cross product. Unlike the dot product,
which results is a scalar, the cross product of two vectors yields a vector quantity. The vector product of two vectors
is widely used in Physics, particularly in fields of mechanics and electricity.

> Cross product is only defined for vectors in space.
Definition:
Let u and ¥ be two non-zero vectors. The cross or vector product of u and v gives a vector that is perpendicular to
both the vectors u and v, written as u X v, is defined by

uxy=(lul|y|sinb)n
where 8 is the angle between the vectors, such that 0<0<mnand n is a unit vector perpendicular to the plane of u

and v with direction given by the right-hand rule.
uxy

Right hand
ﬁ
& R
S v
Right hand
u : rxu
Figure () Figure (b)

Right hand rule
(i) Ifthe fingers of the right hand point along the vector u and then curl towards the vector v, then the thumb will
give the direction of n which is u X v. It is shown in the figure (a).

(ii) In figure (b), the right hand rule shows the direction of v x u.

Parallel Vectors:

If u and v are parallel vectors, then (8 = 0 = sin0 = 0).
uxy = |4lsindn
uxy =0 or |uxv|=0

Andif u X v = 0, then cither sinf = 0 or |u| =0 or |u| =0

(i) Irsing =0= 8 = 0" or 180°. Which shows that the vectors u and v are parallel.

(i) 1fu=0ory =0, then since the zero vector has no specific direction, we adopt the convention that the z¢r0
vector is parallel to every vector.

Note:

Zero vector is both paralicl and perpendicular to every vector. This apparent contradiction will cause no trouble, since the
angle between two vectors is never applied when one of them is zero vector.

Derivation of Useful Results of Cross Products:

By applying the definition of cross product to unit vectors 1, J
and k, we have: -
(2) =(1Ll11]sin0°)n=0
(1j11/1sin0°)n=0

= (Ik11k|sin0°)n=0

ixi
Ixi
kxk

SCHOLAR 2 MATHEMATICS - 11 an
(b) -';x.'i = [1il|£|5in9°°]k=£ Note:
Jxk = (1_{]|_l£|sin90°)1=1 The cross product of [, / and k are wrilten A
= i Y f= in the cyclic pattern. The given figure is \
kex i = (k|1 L]sin%0 }— ! helpful in remembering this patiem. f y
© uxy = (|ul|u|sin0)n=0 =

Properties of Cross Product:
The cross product possesses the following properties:
() uxy=0ifu=0ory=0
(i ux@+W) =uxv+uxw
(v) uxu=0
The proofs of these properties are left as an exercise for the students.
Analytical Expressions of u X v (Determinant formula for u X v):
Letu=0,1 +b;j+c,k andy =a,i +b,j +ck , then
uxy= (a1 +b, j+c,k)x(ai +b,j+crk)
By using distributive property, we have
uxy = a,0,(Ixi)+ab, L"‘i)"‘ a,¢; (LxKk)+b,a, u’t‘.)* b,b, u*i) "’bl"zu*’_‘) '
+6,0y (kx i)+ clbz(k"_[) +6y6; (kxk)
Asweknow: ix j=k=-jxi, Jxk=i=-kx], kxi=j=-ixkand ixi=jxj=kxk=0
uxy = a,0,(0)+0,b,(k) +a,c;(~j) + byay(-K) + byb;(0) + by (D *Claz(i)“'c!bz(‘ﬂ*cl‘z@

= ayb,k~a,c, j ~bak +bycyi +€,0, ) ~¢ibyi.

(i) uxy=-pxu

(i) ux (kv) = (k) X 2 = k(u X )

uxy = (bye; =;b;) i ~(a,6; = ¢,0,) J +(ayb, ~ by ) k (i)
The expression of 3 X 3 determinant
ik
=la, b cl|=(bcz-c,by)i-(ayc;-6\a;) J+(ab, ~bya;)k
o b o
The terms on R.H.S of equation (i) are the same as the terms in the expansion of the above determinant.
it 4 &
Hess uxy =la, b ¢ (i)
o, B

which is known as determinant formula for u X v.

Note:

The expression on R.H.S. of equation (ii) is not an actual determinant, since its entries are not all scalars. Itis simply a way
of temembering the complicated expression on R.H.S of equation (i).
e ——

Example 15: Find a vector perpendicular to each of the vectors. Also verify that a and bare Ltoa x-b
a=2i-j+k and b=41+2j-k

——

Solution: A vector perpendicular to both the vectors @ and b is @ X b.
i ok
axb=[{2 -1 1|=-i+6]+8k
T e 2 o T
Verification; a-axb = (21-!_+I_()-(-—1+61+Bfg):[2][—1)+[—1)[6\+(1](B]=0 =a _L_-xg.
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(b) Arcaof Trinngle:
From figure 1t is clear that

Arca of tnangle « -;—[ Arca of parallelogram )

v

Arca of triangle = % Juxwv| It

where u and v are vectors along two adjacent sides of the triangle.
Example 20: Find area of the parallelogram whose vertices are P(0,0,0), Q(—=1,2.4). R(2,—1.4) and §(1,1,8).
Solution:  P(0,0,0),Q(~1,2,4), R(2,-1,4),5(1,1,8)
PQ = (-1-0)i+(2-0)i+ (4~ 0)k=~1i+2j+4k
PR = (2-0){+ (~1-0)f+ (4-0)k=2[~1j+4k
PS = (1-0){+(1-0)+(8-0)k=1j+1j+8k
As F'_Q +PR = PS (diagonal), so f’?j and PR are adjacent sides of a parallclogram PQSR.

I Jk
Now PQx PR =|-1 2 4|=i(8+4)- j(—4-8)+k(1-4)=121+12-3k
2 -1 4

= |PQ+PR|
= J(12)* +(12)* +(-3) =144+ 14449 =297

Arca of parallelogram

Example 21: Find the arca of the triangle with vertices A(1,-1,1),8(2,1,-1)andC(~1,1,2). Also find a unit
vector perpendicular to the plane of triangle ABC.

Solution:  A(1,-1,-1), B(2,1,-1), C(~1,1,2) 5

AB = (x, =X)L+ (2= 0) ) +(23-2, )k

= (2-1)i+(+1)j+(-1-1)k=1+2)-2k

AC = (-1-1)i +(1+1)j+(2-1)k=-2i +2j+k
o -

Now, ABxAC =|1 2 -2

-2 2 1

=(2+4)1-(1-4) J+(2+4)k=61+3/+6k 2

Arca of the triangle = %l:ﬂ-}xz&:h%]ﬁi...y +6k|

= %436+9+36 =lﬁ =%sq. unit

ABxAC

Unit vector L to the plane ABC = ———-
MBxACl

” ;{q +3§ +sg}=§(21 +j+2k)
(c) Moment of Force

Let a force F(PQ) act ata point P, as shown in the figure. The moment of F about 0
= Product of force F and the perpendicular distance ON in the direction of n,

- (P0)(6W)()=(PQ)(0P)sino(3)
= OPxPQ=rxF
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Exercise 14.3
1. Compute the cross product axb and bxa. =10-3-7=0
Check your answer by showing that eachaand b | So, bLaxb
are perpendicular Iugxgandg X a. As a-(bxa) = (11..3,'.2&)‘(_&_31‘75)
) a=20+/-kb=1-]+k = -5-94+14=0
Solution: . o,albxa
a=2i+j-kb=1-j+k As  b(bxa) = (20-1j+1k)(-5L-3j+7k)
L J k = -10+3+7=0
Ex-b_ =12 1 -1 So blbxa
1 -1 1
= i(1-1)- j(2+1)+k(-2-1) (i) @a=20-2)+kb=~1+]+3k
Solution:
anp =k~ 3" i a =2i-2f+kb=-i+j+3k
= bxa =0i+3j+3k '.'Qx-q:—Lgxé] i -] X
Checking: || el
As a.(axb) = (24+ j-K).(0i~3] ~3k) axh =|2 '12 -
=0-3+3=0 i
SeaLlaxb = i(~6-1)- j(6+1)+k(2-2)
As b.(axb)= (i~ j+k).(0i-3j-3Kk) axb =-7i-7j+0k
=0+3-3=0 bxa =7i+7j+0k -~bxa=-(axbh
Soblaxb = bxa =70+7)+0k whxa=-(@xD)
Asa @*E)“(Z! k).(0i +3j+3k g
g L+1=10.(0L+3)+3k) As  a-(axb) = (2i-2j+1k)-(-7i~7j+0k)
=0+3-3=0 _ = -
Sogléxﬂ o = =14+14+0=0
As b.(bxa)= (i~ j+k).(0i +3j+3k e
Ga =[;'--;-:;]={DL+ g %) As  b-(axb) = (-ll +lj-r3_) (-7:-7; 1-0_}
SOEJ_Q,‘a =7=-7+0=0
1 - PEDIREEE. % So, blaxb
lsi:lu:: l+3}+2kb 2‘ )'4",( As 2@,‘2) = [21_2,_,1&)_(71*7)-*0ﬂ
on: - =
) = 14-14+0=0
E=Le3f vk b2l ) vk So,aLbxa
g & As  b-(bxa) = (~1i+1j+3K)-(74+7j+0K)
E'Q= 13 2 =_7+7+-(']=0 -
, [Py So. blbxa
= 1(3+2)- J(1-4) +k(-1-6) N )
axb =5143;-7k W a=-4l+]-2kb=21+/+k
5 8 Solution:
R L SL-fwik wbxa=-(axb) a=-4{+j-2k, b=2+j+k
me ; i 1 k
; 3 . =4 1 =2
2(axb) _(11+3i+23)-(s_:_+3i-7£) axh oy
Satgy oo 470 =LA+ -[(A+ D+ k(- 4-2)
As ; ~ ) axh =3{+0j-6k
2(@xb) = (21-1/+1K)-(51+3j-7K) = bxag =-3[+0j+6k

'.‘_éx_u_-_--.(gxgl



a76 Unit 14 ) Vectors In Space
Checking: () a==-l-j-kb=21-3)+4k
As g.(axb=(-H+f-2K.(3i+0/-6K) Solution:
==-12+0+12 =0 a=-i-j-k, b=2{-3j+4k
So glaxh I E k
As b.(@xD)=@+[+K.(3+0/-6K axh =|-1 -1 -1
=6+0-6 =10 Z -3 %
So hlaxh =i(-4-3)-j(-4+2)+k(3+2)
As g.(bxa)=(-4i+j-2K.(-3[+0f+6k) =-7[+2j+5k
=12+0-12=0 laxh] =+49+4+25 =+[78
So albxa | . _axb
As b.(Bx@)=(20+i+K.(-31+0j+6k Required unit vector = laxbl
=-6+0+6=0 a _ =Ti+2j+5k
So blbxg nET s
2. Find a unit vector perpendicular to - the plane o, . . o _ 5 K
containing @ and b. Also find sine of the angle = r“m 1 178 it "-"
between them: @ e
1f0 be angle between g and b, then
() a=1+6/-3kb=2(+]+3k laxhl
Solution: sin0 = lallkl
a=i+6j-3kb=2i+j+3k 78
C Z in0 = A
i K S T T+1+1 Ja+to+16
axb=|1 6 -3 N7 j14 g -
L w9 V3 29 3 29
g 26
= i(18+3)- j(3+6)+k(1-12) sind =1\ [Z9"
axb =21i-9j-11k
= W) a=f+j+kb=1-j-k
laxb| = VY(21)} +(-9) +(-11)} Solution:

= Ja41+81+121 =V643

Required unit vector = li:il
. 21i-9j-11k
= e
21 9 11

laxbl = V(O) +(2)* +(-2)!
= J0+4+4="8=2V2

Required unit vector = gk

laxb|
" . _0i+2)-2k
22
I K ¥
2™ 242 22T
" g 1
n= °'+Tzi'7§5

A

an
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Let 0 be the angle between @ and b, then

i 242
V2412 422 4 (-1 4 (-1)
22
1414114141
Y
V33
PARY
(3} 3

sin@ =

(v) a=5l+)=3kb=-2[+4/+k
Solution:

= 1(1412)- j(5-6)+k(20+2)
axh = 13_l'+i+22£

laxb = J(13) +(1)* + (22
= J169+1+484 =654

Required unit vector = gaxb
laxbl
2 1311-:1‘1-223_:
T Jesa
13 1 22
5541+ «'155_41+
Let0 be the angle between a and b, then

sin0 = |Ek£|

k
654

V654

3. Find the arca of the triangle, formed by the points
P.Q and R.

VY +(1F +(-3) V(-2) + (4 + (1)
- J654
V2541493 +16+1
V654
Vasv21
siho = ._Ja-__s_T_
V735

=

() P(2,3,5):Q(1,2,0);R(4,1,2)

Solution:
R
P o]
P(2,3,5).Q(1,2,0).R(4,1,2)
PQ = (1-2)1+(2-3)J+(0-5)k
=-1{-1j-5k
PR = (4-2)1+(1-3)J +(2-5)k
=21-2j-3k
N i~ Ik
PQ xPR=|-1 -1 -5
2 -2 -3
= i(3-10)- J3+10)+k(2+2)
=-71-13j+4k
IPQxPR| = J(=7)* +(-13)* +(4)’

= J49+169+16 =234 =3V26
Arca of APQR = %uTéxFﬂ

= 5(v26)
3J26

= —— 5q. units
> q

(i) P(0,0,1);Q(2,—-1,2); R(-1,3,2)
Solution: 5

P "Q

P(0,0.1),0(2,-1,2).R(-1.3.2)

PQ = (2-0)i +(-1-0)j+(2-1)k
=2i-1j+1k -

PR = (-1-0)i+(3-0)J+(2-1)k
s
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i j ok (i) A(4,5,6);B(1,3,2);C(-2,0,1);D(1,2,5)
P—Q < PR =|2 :‘1 1 Solution: 2
-1 3 1
= 1(-1-3)- j(2+1)+k(6-1)
=-4i-3j +§_1_¢_
IPQxPR| = (-4)* +(-3)} +(S)’ .
= J16+9+25=V50=5v2 A(4.5,6),B(1,3,2),€(-2,0,1),D(1,2,5)
AmoféPQR“—'-;-[P_Qxﬁl . AB = (1-4)i +(3-5) j +(2-6)k
=%(5JE) _-—31—2_{—45
AC = (-2-4)i +(0-5)j+(1-6)k
= % orjsi- $q. units . =-61-5/-5k
4. Find the arca of a parallelogram, whose vertices are: AD = (;:4)3lj+(i_s)i+(5"ﬁ}!‘-

(i A(1.1,1);B(4,2,3);C(5.6,7); D(2,5,5)
Solution:

i

-

A B
A(1,1,1),B(4.2,3),€(5.6,7),D(2,5,5)

AB = (4-1)i +(2-1) j+@-1k
=3i+j+2k

AC = (5-1)i +(6-1) j+(7-1)k
= 41+5£+63_(

AD = (2-1)i+(5-1)/+(5-1)k
=_f_+4l+4f_f

As AB+AB=AC (diagonal), so AB and AB are adjacent
sides of parallelogram ABCD.
ik
=[3 1 2
144
= i(4-8)- J(12-2)+k(12-1)
AB x AD = -4i-10i+11k

Area of parallelogram ABCD = | ABx AB |

Exﬁ

= J(~4) +(~10)* +(11)}
= J16+100+121

= +/237 sq. units.

As AB+AB=AC (diagonal), so AB and ﬁarcadjacenl
sides of parallelogram ABCD.

i )k
ABx AB =|-3 -2 —4
3 ~3 =~

= i(2-12)- j(3-12)+k(9-6)

=-10{+9) :31_: ’
Area of parallelogram ABCD=| ABx AD)|

= J(-10)* +(9) +(3)

= J100+81+9

= V190 sq. units.

5. If the cross product of the vectorsu=71—4/+
5k and v = ai — bf + 3k is zero, then find the
valuesofaand b,

Solution:

—1

B—

u=7i-4j+5k,v=al-bj+3k
Since uxv =0, therefore and v are parallel.
So, their components are proportional.

L

.|

o
i

wl

8 wlnec|ls
i
wiwm
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x
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a2

b 3
4:2 =b
5

21 12
=== and b=—,
Hence a S an S

6. Which vectors, If any, are perpendicular or
parallel

® u=Sl-J+kv=]-Skw=-15[+3/- 3k
Solution:
u=5i-j+k;x=1-5k;w=-15[+3]-3k
As u.y=(S5[-j+K).(0f+[-5k)=0-1-5=-620
Sou and y are not perpendicular.
As u.w=(5{-f+k).(-15{+3[-3k)
=-75-3-3=-8120
So i and yv are not perpendicular.
As p.w=(0j+]~-5K).(-15[+3}-3k)
=0+3+15= 18=0
Soyand v are not perpendicular.
Now w=-15{+3]-3k
=-3(5i-J+k)
w=-3u
= u|| i but opposite in dircction

O u=1+2j-kiv=-i+)+low=-Zi-1f+ 7k
Solution;

= T hid
WS Y-kiy=-1+f+k;w=—51-n+5k

A uy=(+2i-k).(-i+j+K=-1+2-1=0
So Uand y are perpendicular.

AS = (j+ 21-3).(—-’25-1-u+%k)

=-Z-2r-5=-3n20

S0 wand w are not perpendicular.

As Y = b X
W=D . (it R

= + n-2n+n
% 2TH e 2
¥and yy are perpendicular.
an W““;‘l—nj*-%k
- -
~Elofnlrnk . Zgez-b
“ - - . -
=5y = y||w butopposite in dircction.

=0

7. Usc the definition of cross product, for any vectors
u, v, w and scalar k, prove that

B ux(-w=0
Solution:
To prove: ux(-u)=0
LHS= ux(-u)
Since ~u is in opposite direction of u, therefore
0 =180°
LHS = (Jul|-u|sin180°)n

=|ullgl(0)a  -:sin180°=0,|-u|=|u|

=0

=R.H.S (Proved)

() uxy=-yxu
Solution:
To prove: uxv==vxu
As we know

Hxv

0
A - h .
0
u
uxy =|u||y|sin0n N0

yxu = |ul|y|sin0(-r)
= ~|u|lv|sinn
Yxu = -(uxv) Using (1)
~(yxu) = uxy
uxy =-vxu (Proved)

(i) ux (kv) = (kw) x v = k(u X p)
Solution:
To prove: ux(kv)=(ku)xy =k(uxy)
where u and v are any two vectors and k is a scalar.
ux(kv) = |ullkv|sin0n
= |ullklly|sin0A
= |kllully|sinon
= |ku||v|sin0a
= (ku)xy A1)
(ku)xy = |kullv|sin0n
= |kllully|sindn
= k(lu|lv]sin0n)

= k(uxy) )
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Combiming (1) and (2), we have
ux(Ay) = (Ap)sy = k(u>y) (Proved)

(M) ux@+w) = @x)+@xw

Solutian:
Toprove: us(+w)=(@xy)+(uxw)
Let 7 =ux(v+w)-(ux¥)-(uxw) and d s anon-zero
arbitrary vector,
By taking dot product of d and r
d.r = dux@Ew-@x-@xw)

= d-uxEew)-d-@xy)-d-@xw)
By interchanging dot and cross, we have

= du@Eew)-druy-duw
Distnbutivity of dot product over addition
d.r = dxyyedxyw-dxyy-dxyw
-0
o] “+d is anon-zero vector.
uxQ+w)~(uxy)-(uxw) = 0

(v +w) = uwp +uxw (Proved)

=

d.

P M

= r

10. Prove that:
sinfa-p) =sinacosf+cosasinf

8. Prove that:
ax(b++bx(c+a)+ex(a+b)=0

Solution:

LHS=ax(h+0*bx(c+a)+cx(a+h
=axbh+axc+hxg+hxa+gcxa+cxh

** using distributive property

=@xb+@xo+kx0-@xh-@xo-txg
=9
=RHS

Thus axib+g)+bx(cxa)+cx(@a+h) =0

9. 1Ifa+b+c=0,then prove that

axb=bxc=cxa _

Solution:
¥

1\

&
*Son 0

v
Y

Consider two unit vectors OA and OB in Xy -plane
making angles a, P with +ive x-axis respectively
Such that mZAOB=a -

0A =cosal+sina}
0B = cos P+ sin [}
Taking cross product of 0B and 0A

! J k
OB x OA = |sosP  snp 0
cosa sma 0

]6&||6;i|sm(a—p)k ;‘(0'0)_‘!‘0_0,*
k(sinacosp-cosasinf)
1.1 sin(a-P)k=k(sinacos P - cosa sin )

~:|0A|=|0B]=1
sin (a = ) =sina cos ) - cos a cos

11. Show that |a x b|? = |a|*|b|® - (a- b)?

Solution:
As  g+bh+c=0
Taking cross product with g
gx(@+bh+o)=axQ
axg+axb+axc=0
Qaxh+axc=0
axb=-gx¢
axh=cxg
Taking cross product with b
bx@+h+o)=bxQ
bxag+hxh+hxc=0
bxg+0xbhxc=0
bxc=-hxq
bxc=axh (2)
From (1) and (2). we conclude that
axh=hxc=gxa

vaxa=Q0

)

Solution:
RHS = |af|bf ~(a.b)
= |aFI5F ~(lallblcosO)
= |al|bf -|al*|blcos 0
= |al|5F (1-cos’0)
=|al*| b sin*0
= (lallb|sin0)}
=laxbf
= L.H.S (Proved) et

12 Use the definition of cross product, prove that for 3%
vectors w and v (u + ) x (u - ) = 20X

Solution:

To prove: (u+v)x(u-v)=-2(uxy)
By using distributive property of cross produ¢

addition.
LHS = (w+v)x(u-v)
= ux(u-Y+rx@-y

1 ovef

A
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FUXU-UXV+VXU-VXV

" cuxyeysu
SRR O
= 'Z{E‘ﬂ

R HS (Proved)

as1
As we know
Moment of F about B «r «F
L 4 &
=1-2 1 -1
6 4 -4

<01 -14) - 14k

1). Find the moment about the point M(1,-3,3) of

the force represented by AB , where the
coordinates of points A(4,3,-1) and B(-1,3,7)

15. Give a force F = 21+ ] - 3k acting at a poini

A(1,~-2,1). Find the moment of F about the point
B(2.0.-2).

are given.
Solution:
Given points are M(1,-3,3),A(4.3,-1). B(-13.7)
F=aAB
= (-1-9)L+(3-3)/+(7+ Dk
= -5L+03\‘_08£
r=MA
= (4-1)i+@+3)) +(-1-3)k
=3i+6j-4k
As we know -
Moment of F about M=r xF
it )k
=13 6
-5 0 8

1(48-0)- j (24-20)+ k(0+30)
48i -4 +30k

W. A force F = 61 + 4/ — 4k is applicd at the point

A(1,-1,2). Find the moment of the force about
—the point B(3,-2,3).
Solution;

GWmUqu=5l+4i—45
B(3.-2,3),A(1,-1,2)
r = BA
= (1-3)1+(-1+2)j +@-3)k
= -Zl-ri'-_i_f_ -

e —

Solution:
Giventhat E= 2(+ - 3k
= BA=(1-2)(+(-2-0)f+(1+2)k

-—f-2+3k
We know that
Momentof Eabout B = r «F
For .
aprd & 3
2 1 -3
“(6-3)-J(3-6)+k(-1+4)
=31+ 3+ 3k

16 A force F=-20+)-3k & apped at
P(=1,-3.2). Find its moment about the point
Q(4.2,2).

Solution:
Given that: F =21+ / -3k

(4.2.2),P(-1,-3.2)

r =Qp
(1= (-3-2))+Q-Dk
= ~51-5/+0k )

As we know
Momentof F about Q= RxF

L 4 &
“|-s -5 0
-2 1 -3

“ 1(15-0)- j(15-0)+ k(-5 -10)
“ 151~ 15/ - 15k

Example 22: Find the moment about the point M(=2,4,-6) of the foice represented by AB , where coordinates of

ROts A and B are (1,2, —3) and (3, =4,2) respectively.

Solution;

Here 4(1,2,-3), B(3,-4,2) and M(-2,4,-6)

E=B=(3-1)1+(~4-2)J+(2+3)k =216 +5k
£=m=(1 ‘_2).,_,,(2-4)1+(-3+6]£=31—21+3£
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Moment of F about M = rxF
i Jj Kk
=13 -2 3
2 -6 5

(-10+18) 1 ~(15-6) j +(~18+4)k
= 81-9/-14k

Scalar Triple Product:

The scalar triple product is a key concept in vector calculus with wide-ranging applications covering various fields,
In three-dimensional space, it provides a significant role in calculating the volume of geometric shapes such as
parallelepipeds and tetrahedrons, defined by three vectors, which we will leamn later in this chapter. Additionally, it
plays as a vital tool for determining the coplanarity of vectors, providing a condition to verify whether three vectors
lie within the same plane. :

There are two types of triple product of vectors:
(a) Scalar Triple Product: u - (v X W)
(b) Vector Triple Product: u X (v X w)
In this section we shall study the scalar triple product only.
Let u, v and w be three non-zero vectors
Definition: The scalar triple product of vector 1, v and w is defined by
u-(vxw) or v-(wxu) or w-(uxy)

The scalar triple product u - {u X w) is writtenas u-(vxw)=[u v w]

The Volume of the Parallelepiped:

The triple scalar product (u X v) - w represents the volume of
the parallelepiped having u,v and w as ils conterminous
edges. As il is seen from the formula that:

(uxv) w=|uxyljw|cos0
Hence,
(i) |uxy|=arcaof the parallclogram with two adjacent sides
uand v.

(1) |w|cos0 = height of the parallelepiped

(uxy)-w = |uxy||w]cosb=( Area of Parallelogram) (height)
= Volume of the parallelepiped
Similarly, be taking the base plane formed by v and w, we have
The volume of the parallelepiped = (U X w) - u
And by taking the base plane formed by w and u, we have
The volume of the parallelepiped = (w x u) - v
So. we have: (uxy)-w=(yxw)-u=(wxu)-y
The Voleme of the Tetrahedron:

Volume o ihe tetrahedron ABCD:%(nn:n of A ABC )(height of D above the plane
ABC)
X uxy|(h)
3 Z
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(Arca of parallelogram with AB and AC as adjacent sides) (h)

==(Volume of the parallelepiped with u, v, w as edges) Nolc:

As volume is always positive o ignure
negative sign if (1 X 1) - w s negative

Thus, volume of tetrahedron = -;-(!x v)ws= %{M]

Scalar Triple Product of Vectors in Terms of Components:
Let u=ayi+byj+ kv =a,i +byj+cyk and w=a,1 +b,J+c;k
i i R

Now

I=
x
(E3
I

=lo, b, ¢
a, by ¢
= (biey = byey) 1 - (0s6, -aic;) | + (ayby - ayb, )k
u(vxw) = (“ﬁ"’bli"’clﬁ)-((bzc] =bg,)i-(ac,-a,c;) j+(a,b,-a,b,)k)
= a;(bycy~byc,) - b (a,c,-a,c;)+¢, (a,b, - a,b,)

a, b cl‘

2 u-(vxw) =la, b, ¢

o b o

Which is called the determinant formula for scalar triple product of 1, ¥ and w in component form.

=2 zx

[£3

Example 23: Prove that dot and cross product are interchangeable in scalar triple product.

Solution:
Consider u=ayi +by j+c,k,v=0,l +b,j+c;k and w=ayl +b;j +cyk are the arbitrary vectors

The detcrminant formula for scalar triple product of vectors 1, v and w is given by:

a b ¢

uw(yxw)= la, b ¢

a b o

a b o
=-la, b ¢ Interchanging R, and R,

a b o

. a b ¢
= la, b ¢ Interchanging R, and R,

; b o

= we(uxy)=(uxy)w
Hence, - u(vxw) = (uxy)- w

(+a:b=bg)

E“_‘_-_'ff;po_sition of dot and cross can be interchanged in scalar triple product.

Eample 24; Assuming [,/ and k are unit vectors in a cartesian coordinate system.

Provethat - jxk=j-kx1 =ﬁ‘l*'£

Solution;
Given thyy. L, J and k are unit vector,
%0.We can write 1= 1 +0+0k, j =0L+ J+0k k=01 +0/+k
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By using the determinant form for scalar tnple product, we have
10
i-jxk =[0 1 0[=1(1-0)-0(0-1)+0(0-0)=1
- 0 0 1
0 1
jokxi =[0 0 zl=0(0-0)-1(0-1)¢0[0-u}=1
- 10
0 0 1
k-ixj=l1 0 0]=0(0-0)-0(0-0)+1(1-0)=1
o1
Therefore _{_._xg =l_xl=_l£._!_xi

J
Example 25: Find the volume of the parallelepiped determined by u=1 + 21-&. _?_=1-Zi+3£. w=1-7j-4k

Solution: -
Volume of the parallelepiped = u-(vxw)
1 2 -1
=1 -2 3|=1(8+21)-2(~4-3)-1(-7+2)=29+14+5
1 -7 -4
=48 cubic units

Example 26: Find the volume of the tetrahedron whose vertices are A(2,1,8), B(3,2,9),€(2,1,4) and D(3,3.0).

Solution:
A(2,1,8), B(3,2,9),C(2,1,4) and D(3,3,0)
AB=(3-2)1+(2-1)j+(9-8)k=1+j+k

AC=(2-2)i+(1-1)j+(4-8)k=0f-0f -4k
AD=(+3-2)i+(3-1)j+(0-8). =1 +2j-8k

p [P T S p—

Volume of the tetrahedron =3[}l8 AC AD]

1
i =
-8

[1(0+8)-1(0+4)+1(0-0)]

N O =

1
=%0
1

o

= %[3-4]:%:% cubic unils

Coplanar Vectors and Condition for Coplanarity of Three Vectors:

Coplanar Vector: Vectors are coplanar if they lie in the same plane or can be combined in the same plane.

Consider the three coplanar vectors 1, v and w in a planc as shown in a figure.

The cross product ¥ X w gives a vecltor that is perpendicular to both the vectors v and w,
As 1, v and w are coplanar, so v X w is also perpendicular to u

Thus, the dot product of u and v X w is zero. i.c., u-(vxw)=0

Condition for Coplanarity of Three Vectors:
Thus, we conclude that if the three vectors u, v and w are coplanar then their scalar triple product
IS ZEro.

wIfaLbtheng-b=0

[ 3
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properties of Scalar Triple Product
| Ifu, v and w are coplanar, then the volume of the parallelepiped so formed is zero that is (U X ) - w = 0 and
hence the vectors 4, ¥, w arc coplanar &= (u X ) -w =0

3 Ifany two vectors of scalar triple product are equal, then its value is zero e, [u u wl={u v v]={u w w]=0

Esample 27: Prove that four points A(-3,5,—4),B8(~1,1,1),C(~1,2,2) and D(-3,4,-5)are coplanar

Proof:
A(-3.5. —-4].8(-1.1,1).6(-—1,2.2) and D(-3,4,-5)

AB=(-1+3)i +(1-5) j+(1+4)k=2i -4 +5k

AC=(-1+3)i+(2-5) j+(2+4)k=21 -3/ +6k

AD=(-3+3)i+(4~5)j+(-5+4)k=0i-j-k=-j-k
Volume of the parallelepiped formed AB, AC and AD is

2 4 5
|AB AC AD) =2 -3 6|=2(3+6)+4(-2-0)+5(-2-0)
0 <1 =3

=18-8-10=0
As the volume is zero, so the points A, B, C and D arc coplaner.

Example 28: Find the valuc of a. sothat al + J,{ + j + 3k and 2{ + j — 2K are coplanar.

Solution:
Letu=ai+ j+0k,v=i+ j+3k and w=2i + j -2k be three given vectors.

Since the vectors u,v and w are coplanar, therefore scalar triple product will be zero, ic., [u v w]=0

a 1 0
ywl =[1 1 3|=0
2 1 =~

> a(-2-3)-1(-2-6)+0(1-2)=0
-5a+8=0 =-Sa=-8

Applications of Vectors in Real World:

Example 29: A plumber exerts a force of 30 pounds along
the negative y-axis on a lever connected to a machine. The
Pvot point of the lever is at the ongin (0,0,0), and the
force is applied at the point ( 1.2ft, 0.5ft, Oft ). Determine
Ihe torque produced by this force about the pivot point.
Solution:
Let 0(0,0,0) and A(1.2, 0.5, 0), then
r=0A=(12-0)L+(05-0)/+(0-0)k
L=12(+05/+0k

The force F is exerted downward along negative y-axis
With a magnitude of 30 pounds is

E=01-30/+0k
Torque 1 produced by the force = r X F

(Kq Concept:

Torque quantifies the rotational effect of a force
applied to an object about a pivot point. It is determined
by taking the cross product of the posibon vector ©
(which extends from the pivot pomt to the pomt where
the force is applied) and the force vector F itselfl

3
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L)k
=12 05 o|=0i-0j-36k
0 -30 0

T

Thus, the torque 15 36 feet-pounds in the negative z-direction.

-36k pound-feet

Example 30: Dunng a building construction, a crane exerts a force 1o pull a concrete block, represented by the
vector F = [4500,3300,2140) Newton. Each component corresponds to the force exerted along the x, y and z
axcs, respectively. What is the magnitude of this force?

Solution: Using the formula for the magnitude of a vector in three-dimensional space
IFl = JxP+y? 42
= V4500% +3300° + 2140° = 20250000+ 10890000 + 4579600
= /35719600 =5976.595

The magnitude of the force excerted by the cranc is approximately $976.59 Newton

Example 31: The components of u = 300{ + 250/ + 180k represent the respective number of jackets, shoes, and
handbags sold at a store. The components of v = 3500( + 4200/ + 6840k rcpresent the respective prices (in
rupees) per unit for each product. Find u-v and explain what the result tells us in real life

Solution: The dot product of u and v 1s
u-v _ (3004 +250/+180k) (35001 + 4200, + 6840k)
_ 1,050,000+ 1,050,000 + 1,231,200

= 3,331,200
Theresult u - v = 3,331,200 tells us that total revenue generated from selling all the three product is Rs. 3,331,200

Exercise 14.4

1. Find the volume of paraliclepiped for which the
given vectors are three edges

O u=3l+2kp=1+2/+k w=~|+4k

=1(-1-6)+*H1+4)-1(-3+2)
=<7+ 20+ 1= 14 cubic unt

i) u=(-2/+3k p=20-)-k w=/+k

Solution:
u=3i+2k, r=i(+2~k:w=—j+4k Solution:
Volume of parallelepiped=[u ¥ w) u=i-2f+3k; ¥=2-j-k:nm=j+k
3 0 2 Volume of paralielepiped= i ¥ w ]
=10 2 9 1 -2 3
0 -1 4 = 2 =1 -1
=3B+1)-0(4-0)+2(-1-0) 0 1 1

=1(-1+1)+22+0)+3R~0
=0+4+6= 10 cubic unil

—

=27 = 2 =25 cubic unit

(i) u=t(-4j-ky=Il-j-2kw=2[-3/+k

Soluti s 2. Verifythata-bxc=b-cxa=c-axk
olution:
_ Ifa=31~-/+5k b=4i+3f—2k and
=j-4j-k: r=f-j-2k, w=21-3+k - - & = = - 4 -
u=i-4-k y={-j-2kiw=2-3f c=20+5/+k
Volume of parallelepiped=[u ¥ w] =
Solution:
ll -1 -l] 3 -1 8
=1 -1 2 |4 3 -2
2 -3 1 a-bxc = 2 & A

SCHOLAR 2 MATHEMATICS - 11

=3(3+10)~1(4~4)~5(20-6)

=39+8+70 = 117 A1)
4 3 -2’
1z 5 1
BT 4 S
= 425+ 1)-3(10-3)- 2(-2 - 15)
=104-21+34 = 117 ()
2 s ll
sl 4 5
c=bcly 3 -2
= 2(2 - 15)-5(~6 - 20) = 1(9 + 4)
=-26+130+13 = 117 ..(3)

from (1), (2) and (3) we conclude that
abx¢c =bh.cxa=c.axh

) Prove that the vectors [ — 2/ + 3k, -2[ + 3/ - 4k
and [ - 3/ + Sk are coplanar.

Solation:

Let y=(-2f{+3k, y=-2({+3j-4k, w=1-3+5k
i =% 3

luxw)=|2 3 -4
1 -3 S

=1(15-12)+ 2( 10+ 4)+ 3(6 - 3)
=3-12+9=12-12=0
Mw\mnu.z.!mwphmr.
4 Find the constant @ such that the vectors are
__ coplanar.
M t-j+kt-2/-3kand3[—aj+5k
Selution:
et u=i-j+k, y=1-24-3k, w=3i-aj+5k
Mevestory |, ¥ . W arc coplanar, if

(uxw)=0
1 -1 1
1 -2 -3|-p
3 —a 5

U-10-3a)+ 1(5.+ 9) = 1(-a = 6)=0
~10-3a+14-a+6=0
~a+10=0

10

S aa— o n=i
2

@ {~20)-k(-2/+2kandal -2/ + k
&'qun: = =

ag7
1 -2a -1
1 -2 21=0
a -2 1

1(-2+4)=2a(1-2a)-1(-2+2a) =0
a+2a-4a’ +2-2a =0
~4a’+4 =0
—~4a’ =4
4a’ =4
a‘=1
k=1
5. Prove that the points whose position vectors are
A(=6l+3)+2k), B(3l—2]+4Kk).C(51+7f =
3k), D(~131 + 17) - k) are coplanar. )
Solution:
Given position vectors of A, B, C. D are
OA =-6{+3+2k, OB =3{-2U+4k .
OC =5{+7i+3k , OD = -13(+ 17~k
Now AB =0B - OA
=3j-2~+4k+6[-3U-2k=9/-5+2k
AC = 0C - 0A
=5[+7l+3k+6/-3U-2k=11+ 4~k
AD = 0D - 0OA
=-13j+17-k+6{-3U-2k=-7j+ 14/ -3k
9 -5 2'

11 4 1

-7 14 -3
=9(=12-14)+5(-33+7)~+ 2(154+ 28)
=-234-130+364=0

Thus the points A, B, C and D are coplanar.

Consider [AB AC AD] =

6. (a) Find the value of :

m 2_l_x2£Al_t
Solution:

2 0 O
waefy 70
=2(2-0)-0(0-0)+0(0-0)
=2(2)-0+0=4

(i) 3,1-5”
Solution:

0 3 o
0 0 1
1 0 0
=0(0-0)~-3(0-1)+0
=0+3+0=3

3j.kx{ =
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i kL)) Volume of tetrahedron ABCD = L{AB AC AD)
Solution: 6
0 0 1 N
: 10 0 Lo o -4
ANy 3 o 61 2 2
00 - 0) - 0(0-0)+1(1-0) 1
=— +8)-1(0 + 4) + =
B < (10 +8)-1(0+ 4) + 10 - 0))

(iv) [L1K]

Solution:

1 0 0
<1 0 0

i1 k) 0 0 1

=1(0-0)-0(1-0)+0(0-0)

=0-0+0=20

1 1 2
=?(8-4+0)=?(4)= ?cubicunils

(b) Prove that u-(vxwW+pv-(wxuw)+w-(ux
V) =3u-(¥Xxw)

Solution:
We know that:

u-exw=y.exw=w.(uxy

LHS=p. (xxw)+y. exw+wi(usxy
=g.exw e (exwru.(exy) usingeq(l)
=3u.(xw
=R.HS

Thusy. (ex W +y. (e xw+w. (UxY=3u.(¥xw)

o)

7. Find volume of tetrahedron with the vertices

M (0,1,2),(3.2,1).(1,2,1) ond (5,5,6)
Solution:
Let A(0,1,2),B(3,2, 1), C(1, 2, 1), D(5, 5, 6)

AB =(3-0)i+@-1)j+(1-2)k = 3i+]-k
AC =(1-0)i+(2-1j+(1 -k = [+j-k
AD =(5-0)[+(S-1)j+(6-2)k = 5{+4f+4k
Volume of tetrahedron ABCD =%[:I—B AC AD)

3 1 -1
- 1 1 -1
S 4 4

(3(4+ 4) - 1(4+5)= 1(4-5))

=

3 (24-9+1)= —é‘ (16)= %cubic units

(i) (2.1,8).(3.2,9).(2,1,4) and (3,3,10)
Solution:
Let A(2,1,8),B(3,2,9).C(2,1,4),D(3,3,10)

AB =(3-2)i+@-1J+(9-8)k = i+j+k
AC =(2-2)i+(1-1)j+@-8)k = 0{+0j -4k
AD =(3-2)i+@-1j+(10-8)k = [+2j+2k

8. Prove that the points whose position vectors are

ABL+2)-K).B(I-2/+k) , C(6L+4)-
2k), D(91 + 6] — 3k) are coplanar. )
Solution:
Position vectors of points A, B, C and D are.
0A =31+2/-k
OB = i-2j+k
OC = 61+4)-2k
0D = 91+6/-3k
AB = 0B-0A
=1-2J+k-31-2)+k
= -2i-4/+2k
AC = 0C-0A
=6i+4)-2k-31-2)+k
=31+2)-k
AD = 0B-0A
=91+6j-3k-31-2)+k
=6i+4j-2k
Consider
-2 -4 2
[ABACAD]) =| 3 2 -1
6 4 -2

= ~2(-4+4)+4(-6+6)+2(12-12)
= -2(0)+4(0)+2(0)
=0+0+0=0
Thus, the points A, B, C and D are collinear. —
9.  Prove that for any three non-zero vector u, 2 and ¥
(@) (@+w X (wrw)=2uow]
Solution:
LHS= [+ (@ +w)x(w+w)
By distributivity of cross product over addition
= (u+¥) [vx(w+u) +wx(w+u)]
= (u+¥) [vxw+yxu+wxw+wxu]

= (u+) [vxw+vxu+0+wxy] vwx =l

= U+Y) lexwryxuswxy)

A

\
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If any two vectors of scalar triple product are equal, then
its value 1S Z€10.

= E'QKE)*O*O‘O*O*!-{E!!}

= u(uxw)+ v (wxu)
since u-(¥xw)=v (wxu)=w-(uxy), therefore

= u(uxw)+u-(uxw)

= 2u-(vxw)

= 2[u vy w]=R.H.S (Proved)

10. Consider a parallelepiped determined by the
vector u =21 +4f -3k, v=5i—3/ + 6k and
w = 4i - 7/ — 2k. If the base of the parallelepiped
Is define b;r the vectors u and v then find the
height of the parallclepiped.

Solution:

e |

Aumuﬁmm\m\“‘ of base
Given that;

U=2i+4)-3k,v=5i-3j+6kw=4i-7)-2k
and base of || piped is defined by v and v
Arcaof base = |uxv|
As we know
Volume of || piped = (Arca of base) (Height)
= Height = volume of llpiped
Area of base
= 4exw)
C lxy
2 4 -3
uxw) =I5 -3 6
4 <7 -2
= 2(6+42)-4(-10-24)-3(-35+12)
= 2(48)-4(-34)-3(-23)
=96+136+69=301
L] k
Uxy=12 4 -3
5 -3 6
= i(24-9)- j(12+15) + k(-6 -20)

(1)

= 154 -27 j - 206k

luxy| = V(15) +(-27)" +(-26)'
= 2254729+ 676 =v1630

Putting values in (1), we have

H= 301 (As required)

V1630

11. A mechanic applics a force of 50 pounds along the
positive x-axis on a wrench connecled to a bolt.
The pivot point of the wrench Is at the origin
(0,0,0), and the force is applied at the point
(0ft, 2ft, 31t ). Determine the torque produced by
this force about the pivot point.

Solution:

Since a force of 50 pounds is applied along tire x-axis,

Therefore

F =501 +0j+0k
Pivol point = 0(0,0,0)
Since the force is applicd at A(0,2,3), therefore
r=0A
=(0-0)L+(2-0)j+(3-0)k
=0f+2)+3k
Torque produced by F about Ois

3 =rxF
L1 1k
=0 2 3
50 0 0

= 1(0-0)- j(0~150)+k(0-100)
=04 +150/-100k (Pound fect)
12. A drone flies from point (1,2, 5) to point (4,6,9),
with each unit representiog a meter, What Is the

magnitude of the displacement the drone
cxperienced during this fMight?

Solution:
Given that: A(1,2,5),B(4,6,9)

Displacement: d=AB

d = (@-1)1+(6-2)j+(9-5k
= 314-41-&4!_(

= P g

= @) +(4) +(4) -
=J9+16+16

= <41 melers.

>
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out Bhe vector: =0 ik Ta) EOn% shtny: o 5 2l 6. Projection of v along u= 2Ly 7. Projection of u along v SEE oy
many belts, pants, and shirts were sold at a store. = 'y, <3 97 - - |!| - o - 121 -
The vector w = 1500{ + 3500/ + 3000k shows 20 -10 30 Cross Product or Vector Product
the price (in rupees) of cach item. Find u - w and _ '
explain what the result tells us in real life. = 1(-90+70)~ j(30-140) +k(~10+60) 1. uxy=(u|lv|sind)n, 0s0<x and sin0 LJ2xB
Solution: = -20i +110,j +50k(Nm) = |all&]
?‘l:‘-‘sl"l;,:t:?;i';s’( v=1500i +3500 j +3000k 15. An clectric shop sells three types of appliances: I _{ k
- - - = g = - Fans, Heaters, and Q\‘um. The monthly sales 2 [I’u:all+b,j+c,k and V=ﬂ,_1+bz}+c,_k.thcn uxy = |a, bl '3
Dotproductofu and y = u . v quantitics are 500 units of Fans, 300 units of = e e . e -
= (50.'.'.*?53*‘55’_‘)'(15001*35001*30005) Heaters and 200 units .nl' Ovens. The profit per e
24 = unit for each appliance is Rs 500 for Fans, Rs 400 3 ixi=jxj=kxk=0 l_l ixj=k, jxk=1, kxi = J
=(50)(1500) + (75)(3500) + (65)(3000) for Heaters, and Rs 2,000 for Ovens. o I i T el St T
= 75000+262500+ 195000 (a) Represent the monthly sales quantitics and the b < s
=532,500 profit per unit as vectors. 5. Inany triangle ABC, m e (Law of Sincs)
The result u . v = 532,500 tells us that total revenue | Solution: i 1
generated from selling all the three product is Rs. 532,500. :Iivcallhzg-;ﬁ e 6. Arcaof parallclogram = Juxy| [7. Arecaoftriangle =luxyl 8. Moment of Force = rxF
e = < < onthly bales quantities: 500 fans, 300 Healers, 2000 ven
1 g .{20' INAGINS np‘p']ied af 2 {.amm profit per unit: Rs 500 for Fans, Rs 400 for Heaters, Rs Scalar Triple Product
P(2,-1,4) in 3D spacc. The pivot point is at 2000 for Ovens
M(1.2,~3); Calculate the torque; produced’ by ‘licprcscnlation ;:lflhc sales quantities as a vector o By 4
= :.hls force about the pivot point M. u=5001 +300, +200k =[500,300, 200} I Ifu=a,i+b j+ck,v=0a,i +b)j+Cok and W=ayi +byj+ciK  then u-(vxw)=la, b ¢
olution: = = = =
Solution: Representation of the profit per unit as a vector I
Force: F = (20,-10,30)N ¥=5001+4001 +2000k =[500,400,2000] 2. Volume of the parallelepiped =(uxv)-w 3. Volume of tetrahedron =-;—(gx3)‘t_g=%[££g]
Shetil ‘ji:hl_zwj;mk (b) Calculate the total monthly profit using vector
R WA operations. Multiple Choice Questions (MCQs)
Since the force is applied at P(2,-1.4), so Solution:
r=MP The total monthly profit is the dot product of ¥ and v. Exercise 14.1
= @-1)i+(-1-2) j+(4+3)k u-v = (5001 +300+200k):(5001 +400 j +2000k) T S
=j- = (500)(500)+(300)(400) +(200)(2000) ) ’ ’
L-3/+7k - = -5 - o o - -
Torque produced by F about M is =;§§ggg+12°°°°+4°°°°° (Aya—-b (B)a+b €©)b-a (D a.b
=rxF = 2. Ifu=|1,2,-1}; »=[3,-2, 1], then |+ y| cquals -~ - - -
T rxF . =z L] v X L
The total monthly profit is Rs 770,000. (A1 (B)2 (©)3 (D) 4
. 3. The magnitude of vector is also called its === - -
Formula Sheet | (A) parameter (B) variable (C) point (D) norm
— 4. For what value of a, vectors 5i + 1+ k and ai + 3i + 3k arc parallel to each other?
2 1 .3 1 .3
l. d=|AR| = J‘("z'xl)z*‘(}’z'yl} "‘(7-2“"1)'2 , where Py(x,y,,2;) and P;(x3,¥2,22). (A)-3 (B)-15 (©)15 (D)3
2. cos’a+cos’P+cos’y=1, where cosu=2 x.cns[l.-—and cosy== 5. If v isany vector then vector of magnitude 5 opposite 10 v is ==« -~
r - =
3. For u=[x,y.2], Magnitude of u=[u|=/x*+ y? +2* (A) 5v (B) -5v © 5|_| (D) 'Si_l'
Dotor Sealar Product " Exercise142 |
. u-v=|[ul|lvlcosb, 0<B<mand €00 = i 6. Two vectors a and b arc perpendicular if -- - - -
lullv] (Aaxh=o (B)a.h=0 ©a=h (D) amsh
2. Ifu= =ayi +b,j +c,k and x=ai+bzi+c,_k.thcn u-y=a,a, +bb, +c,c, Al % "2=2ai+i-£nnd_\_r_'—'j+u.i+4}'_tnrcpl:rptnliicu|nr.lhcnu.= .....
3. iri=j-j=kk=I 4 i-j=jk=ki=0 5. Work =F. 1 2 4
== i.}. == 2l .!.- LS ork done = F-d {A) (3)3 (C)3 (D)3

[
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8. Projection of y along uis-----
A A UeV X
(Auev (B)veu ©TT (D)Lllﬁ
9, a=bcosC+?
(A) ccos B (B) beos A (C) ¢sinB (D) bsinC
10. The work done by a force F during displacement d is equal to - - - - -
(A)dxE (B)Exd (O-E.d (D)E.d
11. The non-zero vectors a and b are parallelifaxb=-----
(A)1 (B) -1 Qo (D) ab
12. Ifu=2i+7i+9thenuxu-----
(A) 19 (B) 0 (C) 3i+ 5§ + 19k (D) 4j
13. 27 x27=-cuu-
A A Al
(A) 2k (B) -2k (C) 4k (D)0
14. [a xD|=----
(A) area of triangle (B) area of rhombus (C) area of trapezium (D) area of parallelogram
15. Moment of force F about a point with position vector r will be equal to - - - - -
(A)Exr (B)rxE (C)dxF (D)Exd
16. If any two vectors of scalar triple product are equal, then its value is - - - - -
(A)1 (B)-1 ©)2 (D)0
17. 2ix3i. k=-----
(A)-4 (B) 4 ©)1 (D) 6
18. The volume of parallelepiped with u, v, w as its coterminous edges is - - - - -
(A)uxy B)uxy).w ©Cux(vxw) (D)ux (uxy)
19. What is the volume of a parallelepiped determined by i + 20i-k,i-2i+ 3k and i - y/ . 4K?
(A)20 (B) 48 (C)8 (D) 38
20. Scalar triple product of coplanar vectors is - - - - -
(A)1 (B)0 (C)2 (D)-1
ANSWER KEY
1] c D [3 D4.CS.DE.B?.CB.BS.A10.%
11. ] C |12 | B |13. | D |14. | D |15 | B |16. | D |17. | D |18 . | B |19. | B |20. | B

__..*..._
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