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Dividing both sides by 6x

by -1
ox Jx oo
Taking kiﬂ on both sides:
by
Lim— = Lu
™ I}:l&x Ax .I"I,J; 4 .,,\'x +ox
Q -1
dx J; ] Jx +0 J— J—
1
{1)]
W&
Solution:
1
Let S
Yk

1
+ 6y =
it Jx +x
Eq. (2) - Eq. (1)

v
J;—-Jx-rsx
J-J:H&\'

Dy rationalizing the denominator
o -Ver g Jrafiade
Jx/x+8x Jx+&x+J—
(Vx)! - (Jx+8x)}
Y Jx+8x[Vx +Vx+ 6x)
sy x—Xx—8x
Jex+ax[Vx +Jx+8x)
=-8x
. J;Jx+5x[J;+Jx+&!l

Dividing by &x both sides
S -1

o J-Jx+6x{J;+Jx+6x]
Taking E-'Pn on both sides

=1

l.lmﬁ—y =

dr-20 fix M*‘J_Jx+5x[J;+J!+&]

dy _ -1

dx fo[J?“ﬁ x[ZJ_]

(lv) x(x-3)

Solution:

Let y=x(x-3)
y=x2-3x

-1

“2dx

)

-(2)

1

(1)

—

y4dy = (x+0x)!-3(x+ox) )
Eq.(2) - Eq. (1)
yroy-y=([x+dx)?-3(x+dx)) - (x - 3x)
8y = x¥ #(8x)’ + 2x 8x - 3x - 3bx -x? 4 3x
8y = (8x)? +2x bx - 38x = e(Sx + 2x - 3)
Dividing both sides by dx:
Sy _ Bx(x+2x-3)
ox ox
Taking H-Tn on both sides:
tm = Lim(ax +2x-3)

Ar-s0 X

Y o ge2x-3=22x-3
dx

2. Find %‘r- from first principle and find gradient of
X

the curve at the given point:

M) Jx+2 atx=6
Solution:
Let y=x+2 ()
y+dp=Jxrax+2 )
Eq.(2)-Eq.(1):
y+5y-y-w}x+6x+2- X+2
T g I 1N TEA

X+ 8yt 2+\Jx§2
By rationalizing the denominator

| (vaxe2) - (Yxv2)
Yx+ax+24Vx+2
X+ix+2-x-2
Vx+dx+2+yfx+2
. Sx
Vx+8x+2+44fx+2
Dividing both sides by &x:
Sy _ 1
dx qxi-ax-l-Zf\Jx'!Z
Taking hi_tr; on both sides:

Sy =

1

Sy _
Lt 5 = i

sis0 \fx+8x+ 2 44fx+ 2

dy _ 1 1

de  \fx+2+qx+2  24x+2

Alx=6

@l __1
dxlee 236+2
ﬂ—l_
28

SCHOLAR & MATHEMATICS - 11 429
s -1
W2 : 3
) 2:2%.q?
Jence, the gradient of the curve y -Jx +2 Mxhis —= - '
] W2 . ; 2 22
§ o 2242 o
atx=a -1
() Jm - 3
Solation: 420
1 1
a (1) | Hence, the gradient of the curve y= ot x=a
Let y m ( } » J;:;
N ol s —L-
VIV fvocea B :
42a
Eq.(2)-Eq.(1) -
1 1 F
+oy-y = — 3. (DFind the derlvative of x? at x = B from the first
£ Jx+bx+a Jx+a principle.
by Jx +a-Jx+8x+a Solutlon:
Lol R, (i)
- -Jx+a-Jx+6x+a Jx+a+Jx+ﬁx+u 2
Jx +6x+a-."x+ Jx+aJx+ Sx+a y+8y=(x+8x)} (i)
By rationalizing the denominator Eq. ()= Eq. (1)

(Vx+a) -(Jxrox+a)
Vx+bx+avx+a[Vx+a+Jx+bx+a)
x+a-x-6x-a

Vxraxravx+alVx+a+Jx+ox+a)

oy =

~&x
Jx+ox+avx+a[Vx+a+Jx+ox+a)
Di\ridlnb bolh sides by 8x:
-1

Bx Jg+&r+aJx+ {Jx*u+Jx+6.Hal
Taking I.Im on both sides:

by _ -1
Lim—=
be-a0 “'"“Jx*&nm}x+ [Vx+a+Jx+ax+a)
SO S
dx  Jxvavx+a[Jx+a+Jx+a)
-d-,: - -1 = -1
% 3
dx  (x+a)[2Vx+a] 2{x+u)i
Alx=
E‘ .
dx|,., &
™ 2a+a)?
-1

3
2(2a)?

2 :
Sy = (x+8x)* =(x)°

2 : 2 a4
= x’[lc--&i]’ —-xd=xd
x

i
(5
x
Using binomial theorem:

i iy £, |

J
%[5"}3'2)@]'“&

2 - | 2
i) 2[3]9(3 ){:gt) ,

3 x 2l (x

2( bx
aki bod L
Taking common 3[ - )

o ifs L, 6 ][2“’]«5‘“:]'+

2 \x)" 3 \x

Dividing both sides by *5x":

st ey B0y

W 3\x X 3l b 4
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Faking limit Lim on both sides:
LI

sy, (5)
Llﬂ%- Limx? = 2[1] l+—3-.-—-—(£)+

srs0 3 x 2! X

2 1
ia"‘—’=.7:3--2-(-1—][1+l]+l]+l]-a-...]=3-J¢'-‘ =—2-x i
3\ x 3 3

1

dx
3x?

Now puttingx=8

3. (i) Find the derivative of x* +2x+3 by definition.
Solution:
Let y=x*+2x+3 (i)
y+8y = (x+8x) +2(x+5x)+3 (1))
Eq (i) - Eq (i)
= [(x+8x)? +2(x +5x)+3] - (xF +2x+3)
5y = x +(8x)? +2xBx +2x+28x +3-x* —2x -3
Sy = (&) +8x(2x+2)
= 8x(Bx +2x+2)
Dividing both sides by *5x"
g ox+2x+2

Taking aliime' on both sides:
b _
hi_r.raa hi_rn(&xa-z:t +2)
Y - 0+2x+2
dx
-d!- =2x+2
dx

4. Find from first principle, the derivatives of the
following expressions w.r.t. their respective
independent variables:

O (3x-2)*
Solution:
-1
- (1
Let = (3x ) (3x 2] (n

1
+ Y —
YT Glxron) 28 Q)
Eq.(2)-Eq.(1)
1 1
yrOy=y=

(3x+36x-2) (3x-2)
_ (3x-2)° -[(3x-2)+38x)}
T (3x-2+36x)'(3x-2)
_(3x- -2)* -(3x-2)" - (38x)" - 68x(3x-2)
(3x-2+38x)}(3x-2)!
_ -38x[36x +2(3x-2)]
 (3x-2+38x)} (3x-2)!
Dividing both sides by x:
sy  -3[36x+2(3x-2)]
8 (3x-2+38x)'(3x-2)
Taking al;im on both sides:

& -3|36x+2(3x-2
H—'Il‘:sxy &-'“(3x-[2+36x)(‘[3x—)1]‘

dy _ -3[0+2(3x-2)]

dx  (3x-2+0)(3x-2)

dy ___ -6(3x-2) __-6

dx (3x-2)*(3x-2)* (3x-2)
(i) (2¢+3)°
Solution:
Let . y= (2:43]‘ ...(”
y+8y = (2(t+8)+3) (2
Eq.(2)-Eq.(1):

y+oy—y=((2t+3)+25t)° (2t +3)°
By using binomial theorem

8y = (2t+3)° +G]{ze +3)" .(28t)+
[:){z: +3)1(250)? +...+(26t)° (2t +3)°
8y = 5(2¢ +3]‘(za:)a,[;)(zns)'[zs:)‘ +..4(200)
= (2&}{[51[2t+3)' +[§](2: +3)° (z&)+...+{z&)‘l

Dividing both sides by 5t:

:" {5(2r+31‘ [](2:+3)’(25:)+...+(25t]'}
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Taking L le on both sides:

Um-- 2[:m[5(?1+3] ( ](?I+3) (28t)+.. +(25t)" }
w8l

9 _g(s(2t+3)" +0+...40) =10(2¢ +3)'
dt

(i) (aw+Db)’

Solution:

Let y=(aw+b) )
y+8y = (alw+8w)+b)’ (2)

£q.(2)-Eq. (1)

y+by-y = (aw+abw+b) -(aw+b)
8y = ((aw +b)+adw)’ -(ow +b)’
By using binomial theorem

ty=(ow+b)’ + [:](aw +b)* (abw)+

[;][mv +b)F (@BW) +...+(abw)’ —(aw+b)
&= T(aw+ b)* (aBw) + [:](aw-t- Y (05w) + -4 (abw)
b= (05w){7(aw + b)* + [:][nw +b)* (a6w) +-+-+ (asw)‘}
Dividing both sides by Sw:

:%- " "["aw +b)* *[:)(mw b)’ (adw)+---+ [aBWJ"]
Teking .';,iﬂ} on both sides

E";f:';wﬂlmwf {:](M‘ by (aﬁ,vJ+_,*[asw),]

-g!.za 7 6 6
& [[aw+b) +0+---+0}=7a(aw+b)

S. Find the gradient and equation of the tangent line

b y=3x*-4x+1 atx=2.

Solution:

Funcion: y = 32 — 4 4.1 )
D'm""'“a““s(l)wn. %'

(J’J = —--(3.1t2 -4x+ 1)

&
dx
d

Ef = 3(2x)-4(1)+0

dy
dx " ox=4

= aill d d
=32 (x)-4=-(x)+(1)

Slope of tangent at (x =2) = %

X iz

= m=6(2)-4=12-4=8
For y-coordinate of the point of tangency, put x = 2 in (1)
y=3(2) -4(2)+1=12-84+1=5
Point of tangency = P(2, 5)
Equation of tangent linc is
Y=y =mlx-x)
y-5=8(x-2)
y-5=8x~16
=8x-11
6. For the fonction f(x)=2x"+x, calculate the
cquation of the tangent line at x =-1.
Solutlon:

Function: f(x)=2x" +x (1)
Differentiating (1) w.r.t. 'x".

d _d
o) e zw’ +x)

J'(x) =2(3x2) + 1
J'(x) =6x2+1
Slope of tangent at (x = ~1) = f'(—1)
=2m=6(-1)+1=64+1=7
For y-coordinale of the point of tangency,
putx ==1in(l)
y=f(-1)=2(-1)’-1=-2-1=-3
Point of tangency = (—1,-3)
Equation of tangent line is
y=y1=m(x=-x;)
y+3=7(x+1)
y=T7x+7-3
[; =7x+ 4[

7. Find the coordinates of the point of tangency and
the equation of the tangent line for

f(x)=x*-2x+1 atx=1.

Solution:
Function: f(x) = x* = 2x+1-- (1)
DifTerentiating (1) w.r.t. ‘x".

d d
Z)’(*) = ;(X"'ZX”J

['(x) = 3x* -2(1)+0
J(x)=3x2-2
Slope of tangent at (x = 1) = f/(1)
=2m=3(1)2-2=3-2=1
For y-coordinate of the point of tangency, put x = 1in (1)
y=f=01) =-2)+1=1-2+1=0
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Point of tangency = (1, 0)
Equation of tangent line is

y=n=mx-x)

y-0=1(x-1)

=x-1
8. Find the gradicnt of the curve f(x)=3x* +2x at
x=1.

Solution:
Curve: f(x)=3x%+2x (1)
Differentiating (1) w.r.t. *x*

9 rey = i3y
dx}'[x) dx[3x +2x)

S'(x) =3(2x) + 2(1)
[(x) =6x+2
Gradientof the curve atx =1 is
m=f'(1)
m=6(1)+2

9. Find the gradient and an equation of tangent line
to the graph of f(x)-wf; atx=9

Solution:

Function: f(x) = ¥x (1)

DifTerentiating (1) w.r.t. *x*

d, . _d. 3
=) = 5 (*)

1
1 'z"'

fe=5x

wl-

re=

X

B | et

g
/'(®) 7
Gradient of the tangent line at x =9 is
m=f(9)
R e |
2J9 2(3) 6
For y-coordinate of the point of tangency, put x =9 in (1).
y=f(9)=V9=3
Point of tangency = (9, 3)
Equation of tangent line is
y=n=mx-x)

= |
y=3 Tix=9)
Multiply both sides by *6'
6y-18 = 1(x-9)
6y =x-9+18
6y =x+9

10. The position of a car after t hours m
s(t)=2¢ -3¢* +1 (in kilometres)
(i) Find the average velocity over the interval 1, 4]

(i) Tind the instantancous velocity at t=2
——

Solution:
Position function: s(t) = 2t® = 3t + t,where 1<t <4
(i) The average velocity over the interval [1, 4] is
_ s(9)-s(1)
4-1

_ (204) -3(4)" +4)-(2(1)’ -3(1)* +1)
3

oy

(128-48+4-2+3-1)

|

Vig = %{135—51) = %(34) =28

Thus, average velocity over the interval [1, 4] is 28 km/hour.
(i) The instantancous velocity at£=2 is
. 5(2+6t)-5(2)
= Lim——
f'(2) h’_.o 5t
s(2+8t) = 2(2+6¢)* -3(2+5¢) +(2+6¢t)
= 2(B+(8t)’ +65t(2+51r))-3(4+(5t) +45¢)+2+8t

= 16+2(8t)* +245¢ +12(5t)* ~12-3(5¢)° ~126¢ +2+&

= 2(5t)* +9(5¢)? +135t+6
s(2) = 2(2)° =3(2)* +2
=16-12+2=6
Now,
v _ v 2(8t) +9(5) +136t +6-6
['(2) = Limy 7
5t(2(6e)? +95t +13
L () )
50 &t

=2(0)2+9(0) +13=13
Thus, instantaneous velocity at ¢ = 2 is 13 km/hour
11. A stone is thrown upwards and its height aftert
seconds Is given by: s(t)=-16t>+32t+10 (ia
feet), Find the instantaneous velocityatt =1

Solution:
Height Function: s(t) =-16¢% +32¢+10
The instantaneous velocity att=1 is
; s(1+58t)-s(1)
= m—
J'(1) = Lim %
s(1+35t) = -16(1+8¢) +32(1+5t)+10
= ~16(1+(5t)* +26t)+32+325t +10
= -16-16(5t)* -326¢t +32+325t +10

= -16(5t)* +26

OLAR T2 MATHEMATICS - 11
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scH
§(1) = -16(1)° +32(1) +10=26
e 0480 =501
rm=g% 8t
z —
- Lim=16(8¢)’ +26-26
&0 &t
= Lim-168t =-16(0)=0
=D

Thas, the instantancous velocity of stoneatt=1is0.

12. The outdoor temperature (in *C ) over time Is
modeled by: T(t) = —t? + 12t + 10, where ¢t Is
the time In hours. Find the instantaneous rate of
changeat t = 2.

Solution:
Temperature Function: T(¢) = —t? + 12¢ + 10.

The instantancous rate of change at ¢ = 2 is

r'@ = Lm r{z+5£t)-r(z)

T(2+5t) = =(2+5t)* +12(2+6¢)+10
= —4—(5t) -45t+24+125c+10
= —(56t)* +85t+30
T2) = -(2)* +12(2) +10
= —4+24+10=30

Now,

— },-‘_.,T{2+53_T(2)

-(5t)* +85t +30-30

= Lim
80

T 5t(-5t+8)
&=0 5t
= hm(—5t+8}=0+8=3
Thus, the instantancous rate of change of the temperature
att = 2is 8°C/hour.

Theorems on Differentiation:

We have, so far, proved the following two formulas:

L %(c):ﬂ i.c,, the derivative of a constant function is zero.

d
L E(x' )=nx""*_ power formula (or rule) when n is any real number.

Nowwe will prove other important formulas (or rules) which are used to determine derivatives of different functions
efliciently. Henceforth, in all subsequent discussion, f, g, h etc, all denote functions differentiable at x, unless stated

ctherwise,

Theorem 2: (The Power Rulc)

Prove that -c%(x"] =nx"", where n is any real number.

Cuel (whenn € N)
Let y=x"
Then y+8y = (x+8x)
Equation(ii) — Equation(i)
Sy = (x+8x)"-x"
Using the binomial theorem, we have

()
(i)

Sy = [x" +(:)x"" -&u'+['2"]x"'z[&:t)z +---+(5x)"]-—-x“

n(n-1)

8y = nx" 1. 6x + ———=X"2(5x)? +o 4 (&x)"

2!

8y = Sx[nx“'“ +—n(“2_lnx"“.5x+_+(8x)""]

Dividing both sides by &x, gives
s_y =
ox !

-1 +"("z‘1)xn-! Bk (Sx)™)
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Taking hiil‘la on both sides

=1 + ﬂ(ﬂ- 1}

Lim _ﬁ_y_ = Lim {ux
2!

=0 X  Se—s0

dy
dx

:"‘-an---»,(sn'*‘}

=nx"" 4040+ ..+0=nx""
As y:x'.soi(x')= n-x™!
dx
Case-Il (Whenn€R-=N).
Let y=x"
Then y+8y = (x+8x)"
Equation(ii) - Equation(i)
8y = (x+8x)" -x"

Sy = x'.[l-n--ai) -x"
x

& = x"[(u%)"-:]

Using the binomial theorem, we have

ool 520 ]

w-rafplaen, ]

2 2
Dividing both sides by &x, gives
8y _ a[n n(n-1) 8x ]
bx x[x+ 2! 'xz+
Taking Lim on both sides
br -0
lea—y=[.lmx"[" Ll . ]
moox s lx 2 R

% = x"[%-a-o-»m--- ]=- nx"!

——

(1)
-(i)

Theorem 3: Derivative of y = ¢ f{x)
Prove that %{c-ﬂx}l =c.f'(x)

Proof:
Let y=c.f(x) ()
yroy=c.f(x+8&) ()
Equation (ii) — Equation (i)
y+oy-y=c.f(x+8x)-c.f(x)
&y = c.[[(x+8x)-f(x)]

Dividing both sides by *8x":
B i [f(x+5x - (x]]
& bx

SCHOLAR 72 MATHEMATICS - 11 "
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Taking };lr:'u, on both sides
UmZ =c:lim [—-———”"{’f"“”]

-0 Bx fr—s0 ox
dy _ ’
7‘; c.['(x)

Thus, %:cf'{x) «thatis [¢f (x))'=¢f"(x) or n%[cf[x)] = rdix[f{x)]

4
Fumple 6: Calculate i[3:1" ]
dx

Solution:

d d
= =S ()] =e—[/(x)]

4 1
= 3[%):’ IJ:‘M’ (Using power rule)
Theorem 4: Derivative of a sum of functions (Sum Rule)
Iff and g are differentiable at x, then f + g are also differentiable at x and [ (x)+ g(x)] = [ (x)+g(x). ie.

S o) =2 £} + - {o)
Proof:
Let y=[(x)+g(x) 0
y+8y = f(x+6x)+g(x+8x) ...(ii)
Equation (ii) - Equation (i)
y+8y=y = [(x+8x)+ g(x+8x)~ f(x)-g(x)
= [f(x+8x)- [(x)]+[g(x +8x)-g(x)]
Dividing both sides by *6x":
& _ [f(x+8x)- f(x)]+[g(x+8x)-g(x)]
by ox
Taking Lim on both sides:

8y
-':’-“-za g -

-5 = ['(x)+g'(x)
d
" &V 0)+9(9] = S ()] +{9(x)]

‘TT-____
“orem 5; Derdvative of a difference of functions (Difference Rule)

""'"49 are differentiable at x, then f - g are also differentiable at x and [f(x)-g(x)] = f(x)-g'(x), ie.,

Mﬂ]-—ll(x)]--—la(:t)l
Pnot

[f(x +6x) - f(xl] [g(nﬁx)-y(xl]
&x =0 &x

y=[f(x)-g(x) (i)
Y48y = f(x+8x)~-g(x+8x) <l
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Equation (i1) — Equation (i)
y+dy-y = [(x+5x)-g(x+5x)- f(x)+ g(x)
&y = [f(x+8x)- f(x)]=[g(x +8x)-g(x)]
Dividing both sides by *6x":
Sx _ [f(x+58x)- f(x)]1+[g(x +bx)-g(x)]
Sy ox
Taking hl_r.l'tll on both sides:

T A L,m[nx+5;:—f{x)]_um[g{nax)-g(x)]

Ar-0 §x b =0 Ar-s0 Sx

L - f(x)-g'x)

d
or EU(I]-QIN}] = 3”(*3]'3[9(*)]

Note
[Sum or difference formula can be extended 1o find derivative of more than two functions. J

Example 7: Find the derivative of y--;x +3-x“ +--x +2x+5w.rt x.

Solution:
y= %x W20 +—x’ +2x45

DifTerentiating with rcspccl to x, we have

dy _ a3 2514 ]d(:!.)d[z)d[l;)
- dx[ xtaorieox 242x45 377 k] 3x’ =130 )¢ (2x)+ [S)

4dx[ )+ de( ’)-n- [x’)+2-—-[x)+0
= ;(4x"‘)+5(3x"‘)+-2-(2x’ ')+2(1-x'"") (By power formula)

=3 +2x% +x+2

Example 8: Find the derivative of y=(x* +5)(x* +7) with respect to x.

Solution: y=(x*+5)(x*+7)=x*+52 +7x 435
Differcntiating with respect to x, we get

% - %[xs +5x’ +7x +35]

d; s d; s dy 3 d
a(x )-l-SE(X )+7a-(x )+a(35)
= 5x%1 +5x3> 1 +7x2x¥ 1 40
= Sx* +15x% +14x
Example 9: Find the derivative of y = (ZJ; -l-Z](X-J; )

Solution: y=(2& +2)(x-J;)
= 2(Vx +1)-Vx (Vx-1)=2Vx (Vx +1)(Vx -1)

437

5CHOLAR 12 MATHEMATICS - 11
p—

=2J;(x—1)=2[x§~x%]

pifferentinting with respect to x we have

3 1
d_y = _‘_f_[z[xs_xi ]]
dx  dx

(a+b)(a-b)=a* - b

Theorem 6: Derivative of a Product (The Product Rule)
If f and g arc diffcrentiable at x, then f. g is also differentiable at x and [f(x)g(x)I' = f'(x)g(x)+ f(x)g'(x).

wuis 21/ ()9(] = [/ (] |a00+ /()] {a ()]

Proof:
Let $(x) =f(x) g(x) wa(i)
$(x+8x) = (x + 5x) g(x + 6x) (i)

Equation (ii) = Equation (i)

9lx +8x) = (x) =/ (x + 8x) g(x + 5x) - f (x) g(x)
Subtracting and adding £ (x) g(x + 6x)

$lx+8x) = §(x) = f(x+8x)g(x+8x)~f(x)g(x+6x)-f(x)g(x)+ f(x)g(x +8x)

= g(x+8x)[f(x+8x)~ f(x)]+ f(x)[g(x+5x)-g(x)]

Dividing both sides by *5x";
SX =, i -
dx+ - 400 ,[g(“m(nns;: f(x}]+ ,(x,(gtna;: g(x)]]

Taking hl_r.t; on both sides

i 82 80-4(x) f(x+8x)-f{x}]+ f{xJ(gmm—grx))]

= hl_rg[g(x-r&x].[ o B
$'(x) = S(x)g(x)+ f(x)g'(x)

d

;;U(X)g(x)l = [(x)g(x)+ f(x)g'(x)

" U0 0Wl= L) a6 0 o)

—

Eample 10: Find derivative of y= (ZJ; +2)(x -Jx ) with respect to x.
e ——

y= (2-r+2)(x J-)
=2(Vx+1)(x-vx)

D'"mﬂunlmg with rcspccl 1o x, we get

= 25 (Y +1)(x-)]
= 2[5 +1) (xR (1))

slllllllon:

By using pfoducl rule
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_- £ L)) L09(x)-£(x)g'(x)
- ZH%"‘ ' *0](*-5%(";'1)'["%"‘ ]l e (g(x)] loCoF
d d
; )| 252 () |0~ 19 o)
- ~Jx)e w1~ - (Vo1 d(f(x) d d
o e ) )1 )] o S o 0 2 « AL L&) e |
D o2 fy-ARs2n-dReaiE-1)]= 22 —
dx m[’ e g )] Jx pumple 11t DilTerentiate m with respect to x.
Theorem 7: Derivative of a Quotient (The Quotient Rule) i _— 2 o! :; : S
o - X +
If f and g are differentiable at x and g(x) # 0, forany x € D(g) then L is difterentiable at x and Baletoomt re x4
- Differentiating with respect to x, we get
¢ [‘—‘-l!(x)]u(\‘}- !(*)[-‘—'-Iutxill 2 d (20 35 3 _3x? d (2
[IU‘)] - L)~ /(x)g'(x) that is [f{x] dx e B T d[2x’-3x'+5 = (x : l)d—x(zx e 05)-[2: B '5)'71_(3 *1) By using product rule
9(x) la(x)F ‘ x) ()} F;[ el l (o) "
:m" fx) (¥ +1) (23¢) -32x) +0) - (2¢ ~3x* +5).((2x)+0)
et $(x) P A (x*+ 1)1
d(x+8x) = ﬁ-}l i) (3 +1)(6x" ~6x) - (24 ~3x +5) (2x)
Equation (ii) = Equation (i) (x"+ ‘)'
= Y(x+8x)-d(x) = [izx89 =) 6x* ~6x” + 6x* - 6x - (4x* -6x’ +10x)
9lx+&) g(x) - =y
- 90x) f(x+8¢)- f(x) glx+8&) (x*+1)
1 9lx+8&x)g(x) 6x* ~6x" + 6x* ~6x - 4x* +6x” -10x)
"mlsixl-!(h&)-!(ﬂ-s(-‘H'\x)l (ar‘ol)l
Subtracting and adding f(x).g(x) 2x* +6x* -16x
- mts{x)./(nm-nnst:l—f(x}q:nmom)o(xn (x*+1)’
mls[ ).(f(x +8¢)= f(x))= f(x)(g(x + &) - g(x))] o —Em
Dividing both sides by *&x": r 1. _Differentiate w.r.t *x". an x> +2x _.:;_+ 3
Sx+80)-9(x) _ 1 [(x+8&)-f(x))_ g(x+8x)-g(x) 0 x*42x+x? .
S e ey D G )] Son; .
Taking Lim on both sides: :;‘" y=ux'+2x 4 x? Dil'fcrmli;:’ing w.rt. X'
¢(x+ax) o) . s flxese)- f(x) glx +8¢)-g(x) ] W s 20y) = Lt o268 o3
&% Hﬂst“ﬁﬂs(r][g“)'[um )_“x](h'ﬂ 8 ] Tifly) - ;d;(x‘ +2x" +x%) @) );
&y _d, 3. .d,3,. d
$(x) = W[g(x) S(x)=f(x).9'(x)) dy d( Y zd(xij d( " = o ’]+z‘-1;-[x R hrm O .
‘&" L aﬂ X )+ ; "z X -3 _!_'
f(X)I o 9(x). (%)= f(x).g'(x) - 4x*1 30 1e280 1 g -3:"".1+2.[-—2—)x I i
g[x) Ig[x)]l X d+2.3x A .

z
x?

9(x) FTE3)

5
rm 9(x).£'(x)- f(x).g'(x) % = 4x" +6x? + 2x -g- -3x -3x +u=-3[xi.+ ‘]
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-3 :
a 2x 1 ™ [J;‘%]
Solution: "
2x-3 Solution:
b = 2x+1 L 1Y
et =
DifTerentiating w.r.t. *x": 4 ( 7:)
dy _ d(2x-3 - L4 1
& dx[zul) ’ [J-))J'(J;J - J-)['T;)
i (2:4-1)%{21-3]—(2:{—31_%(2:4-1) PEXA==D
(2x+1)? y=x+xt-2
_ (2x+1)(2.1-0)-(2x~3)(2.1+0) DifTerentiating w.r.L ‘x*
(@x+1F L) = Loxex-2)
_ [(2x+1)(2)-(2x-3)(2) dy _d d d
—— D — ——3 ™) Y|
{h‘lf dx dx(x] dx(x ) dxtz]
_ 4x+2-4x+6= 8 dy -1-1
(@2x+1F  (2x+1) o "R 20
: L < 1-(-x)
[1+J;J[x_x=] ARSI WY s
) ————= dx CEETE
Jx
Solution: (v)) (x-5)(3-x)
3 Solution:
La  y=0e0)-xd) Let y=x-5)3-x%)
Jx = y=3x-x1-15+5x
) i = y=-xt+8x-15
y= -{# Differentiating w.r.L ‘x":
o * %(y] -%(-xhax-m
i e dy __.d d
ki e "’E}'[’z]*&?x["]'o
y-s xi_:i dy
Differentiating w.r.t. ‘x": dax e i
dy d .
— .._.{:3 ..x:] 1
dx  dx i) (" 22 )
d,* d, 2
= ;{;l }-;(ﬂ) Soluuon
1 3 Let yﬂ (xz_*‘l]..l..
ul‘l—l 1_21?‘ .1 #’-—1
2 Differentiating w.r.t *x".
1+ 31 1(1 dy (x* +1)
=372 -3 1-ak) - i J
x (x’ 1)—(:’+1)’ -(x? n)’—(x‘—x}

gle
o
N
q'i'
x| W

- (x* -1)

SCHOLAR 42 MATHEMATICS - 11

(- 2 +1) " (2x+0)-(x* +1)(2x-0)
(x* -1y
ix{x -1)(x* +1)-2x(x* +1)
(x* -1)
2:(: +1).[2(x* ~1)-(x* +1))
(x*-1)
4 a(x +1)[2%% =2-x* -1]
(* -1)
& _ 20 +1)(x* -3)
dr (x*-1)
¥+l
lwi)——;
Solation:
X +1
e -3
ﬂ - dfx*+1
dx  dx| x*-3
(-3 L2 +1)-( + 1) (2 -3)
= dx dx
(x*-3)°
_ (¥ =3)(2x+0)=(x* +1)(2x-0)
(x*-3)}
@& _20-6x-2-2x _ -8x
& (-3  (F*-3)
2x-1
() =X=1
J_-i-l
Solution:
: 2x-1
Let y==___l
[Xxi-l)l

Differentiating w.r.t. *x:

Y _d| 2x-1
& &l 5
(x*+1)

1 1
(* +1)F %tzx—n-(zx-n%(z' +1)!

=
————

{\’;’ +1)
) J¥z+1[2—0}-[2x—1).%[x’+l)3_l{2:+D]
(x*+1)

. A
2Jx‘o|-(2x—1).2x.%[x’~1]'3
i (+1)
zJ_ x(2x-1)
J.I'z*l
(x*+1)
Ax* 417 -(2¢ -x)
X +1
(x* +1)
22'4»2-2:’.:* 1
I +1 (x* +1)
2+x _ 2+x

2-
dx

L]

la .
(x+1)F (¥ 1)
®) a-x
a+x
Solution:

1
a-x\:
Let y= 22X
& [a-»x)
DifTerentiating w.r.t. *x":

1
2 -4 u-—x]I
de dxla+x

1{a-x i'l dfa-x
1 (a_,]—: .(aﬂ}étﬂ-l)—[a—x);:;{n-xl

“2 (@+x)

2 \a+x

1
21 (a-x) % (a+x)(0-1)-(a-x){0+1)
] ¥ (a+x)

(a 4-.:]‘i

-a-x-a+x -2a
=

fo=

1 1 3
2Aa-x) .(avx) } 2Aa-2F (asx)

PRse——
Ja-x(ooxﬁ

gl

(x) 7{;;11
x* -1

Solution:

1
o
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Differentiating w.r.1. *x":
1

& _d(ra)
dx  dx| x? -1

1
_1fx*+1 7 d(x2+1
2\x*-1) dx{x*-1

(Vx- 1][ x--z—-J-_-+ x‘] (x? -J-u’-lj[ J;]

i (Vx-1) i

- axx -1+3x 1 .2 H
(Vx u[ T ]2&..:: Jx+xi-1)

x (Vx -1y

[x +1].l | (x? -1]%{::’ +1)-(x* +1]i(-"'2 -1)

1
2\ x? -1 (x* -1y

= {x*+1)‘a (¢ -1)(2x+0)-(x* +1)(2x-0)

(x*-1)}

2(x*-1) i

_1)(2x)-(x* +1)(2
_ (x*=1)( x}l (x*+ ]I' xi\

AP +1)2 (P -1) 2

2} -2x-2x" -2x
- 1 3

2(x? +1)3 (x2 -1)?
—-4x

T e T
2 +1(x? -1)2

dy _ -2x

dx 3
I+ 1(x*-1)2

2. Find :ﬁ ify=——2 (x21)

1
xz-1

Solution:
3
(J"+1)[ - ]
Given that: y= [(x=1)
x2-1
3
- x}-Jx+x1-1
Jx-1

DifTerentiating w.r.t 'x*
3
[ }_i X =Yx+x2 -1
oRT R

3 3
i (&—1)%[?—«5?”3—1]-(x’-»f§+xi—1}§ﬁ;-lj
¢ Wx-1y

J_.(J_ 1][4x= 1+3x)=(x? -\I'nciI -1))
(Vx-1)?

3 3 3
" 4x2;3’+3x3 -4x2 +1-3x-x? +;f;-13 +1
2Jx(Vx -1)?
3

dy _ 3x? -2x2 =3x+2

2Jx(Yx -1)

(Vx + 1][::; - 1]

3

x? _xi

3. Differentiate with respect tox.

Solution:
|
3y
Given that: y=E’L’U[_"__1_)
X2 -x3
2
- X -Jxaxicg
1
xi - x.i
Differentiating w.r.t. ‘x’
2 -x x’
—ty) - __’+
x1-x1

1 a 3 ! 1
xi);&(a‘ —x+x2-1)-(2 —J;-ui—l)ilx‘ -x)

(x

2le

(-
] -2 —Vx+x2 -1)[513 ]

(R -a2)

31 1
l_lzl-
{x x)[ 2% 2

'.l
4x3 —1+3x

=0 - -(<* f+x’-1]{"‘j-1]

B—

(X‘ X’)

33
(x? -x2)

SCHOLAR T MATHEMATICS - 11

——

L 3 3
..}.-_-{(xi -x2)(4xE =143x)- (¢ =Jx +x2 ~1)(3x-1))
Wx

= e 3

1
(i -2
4,1_,&:]{{—4.@ +;K—)él-3x’ +xt4
}x/{—;&'-—){;-ﬁz+3x—l

31
2Jx . (x2 -x2 )}
dy -3¢ +3x 1
zJ'(xZ-xtf

1
J;%+y[%x‘ ’ .1} =1

Higlag) -
Multiplying both sides by * 2v/x *
2Jx. [J' ] 2Jx(1)

Zx%«*y =2Jx as required.
X

5. If y=x*4+2x*+2, prove that %m&x.}y-—l A

1 dy
4 It y=vx———,show that 2x L+ y=2Jx
il Pl

Solution:
.
e
.y =x-1 Multiplying both sides by V&

Differentiote w.r.L *x";

d _d
Z0x 9 = x-1)

1
JE%W.%(;:!] =1-0

Solutlon:
y=x'+2x* +2 D)
Differcntiating w.r.t. ‘x":

% = 4x’ +4x+0

= 4x(* +1)

= 4xy(x* +1) =4xdx* +1+424

= axyx* +1+2x? +1-1 (Add and subtraet '1")
= 4xVx' 428 +2-1

% = 4ny-l (Proved)

using eq. (1)

Application of Differentiation:

We will apply concept of differentiation to real-world problems such as (profits on diminishing retumns,
environmental factors, financial investments, population growth, spread of diseascs, movement of particles, time-
speed in transportation, structural stress, material required that is changes in construction).

Profits on Diminishing Returns:

Example 12: A company's profit function is given by P(x)=100x -5x*, where x is the number of units produced.

Determine the'marginal profit when x = 8 units.

Solution:
Profit function: P(x)=100x - 5x*

The marginal profit is the derivative of the profit function with respect to x.

" P(x )__d_P i(mo: -5x%)
lﬂ(l] 5(2x)=100-10x
Marginal profit when x = 8 is
P’(8)=100-10(8)=20

S0, the marginal profit is 20 when 8 units are produced (in the given currency).

Movement of Particles

l:"“'l“e 13: A particle moves along a line according to the position functions(t) =4t -3t +2¢, where s(t) is
--L“_"_li_og_m metres and ¢ is the time in seconds. Find the velocity and acceleration at t = 2 seconds.

Solution;

Position function: s(t)=4¢>-3t*+2¢



