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Unit 12 ) Uimit and Continyiry

Divergent Sequences: A sequence is divergent if it is not convergent. Divergence can occur in the following wayy
»  The sequence may increase or decrease without bound (¢ g.. @, = n? diverges fo infimty).

e The sequence may oscillate between different values and not sett
oscillates between =1 and |1, so 1t does not converge).
Methods for Evaluating the Limits at Infinity:

le near any one value (eg..a, = (-1

In this case we first divide cach term of both the numerator and the denominator by the highest power of x thy

appears in the denominator and then use the theorems on limit.

Sx* -10x? +1
Example 3: Evaluate Lim
v een -3’ 4 10x? + 50
Solution:
Dividing numerator and denominator by x?, we get
Sx 10¢ 1
4 3 e
moX 107 +1 x_ x _ =-0+0 -l
1-veo —3x* 4 10x% + 50 ""‘_3"2‘59 -3+0+0 s 0P
o
- —
Example 4: Evaluate Lim 4: -
se-3x% e 20 4 1
Solution:
Dividing numerator and denominator by x° , we get
4 5
4 b | e
le-uizs_x = Lim L = 0-0 =0 -.-l.Iml=0
sevo -3 2 2x% 41 —— 2 1 -3+0+0 ey 4
i s
x
Example S: Evaluate: (i) Lim—amax @) U
" £—— 34_4,] - 3“9
Solution:
(i) Lim Col Here Jx_'=|x|=-xasx <0
Y3 dx?
Dividing numerator and denominator by —x, we get
2.
Lim 2- = Lim —pu =E=E ]_uni:ﬂ
"‘"J3+4x’ ...—J:; 0+4 2 P
o
x
(1) Here Jx_'—:lx|=xas: >0
Dividing numerator and denominator by x, we get
2.0
TR MO o .. Lm-==0
e 34 ax? '-"-JS Jo+4 2 s x?
—+4
'l
1 n
Theorem: Show that Lim [I+—) =e.
LA RS n

Proofl:
By the binomial theorem, we have

n ; 2! \n 3 \n

)ﬂ,..
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1 n(n-1) 1 n(in-1)(n-2)

A e N o

_ .iﬂ"_l-lﬂ n-1n-1
22n n 3n n n
1Y s, ) 3. 3y, 2
lo=| =tete{t—=}=l1=}11-Z1].
[ rl;l 2\ n) 3N al n,
323
When n—= +=,—,—,—, __all tends 1o zero, therefore
nnn
( 1Y 1 1
e=| = 1+1+—(1-0)=—(1-0)(1-0)~ ..
.“iﬂ‘_l n) 2(1-03(1-002-0)
= 1_1-—1.---1-+l.-
2 3 4

=1+1+05-0.166667-00416667 - .
As approximate value of e is 2.718281.

Lim|1+=| =¢
—— n,

1
Deduction: l;l-l'.:t{l -x) =e

We know that Lim| 1 +%J =e
=—

P‘l.l‘ll'l-—-l in (i) then x:-l-
x n
When n— =, x — 0 so,
um{1+2) = Lim(1- 2y
—t nJ_'-'

.

14
Lim|1+-—| =e
—— n

e=ll..i_.r_l.:(1-x}:

1
Hence I;J_r.;v.(l -x)' =e

=2.718281....

Note:

We can also show that

a2

| =e
)

Theorem: Show that Lima' . =log, a
-0 X
Proof:
Limn‘ -, = l.og‘a
=at) x

LHS = Lim&—) [3] form
x=e x 0;

Put g’ 1=y
then a*=1+y
x=log,(1+y) (In logarithmic form)
From (i) when x—0,y—0
a -1
x

—D)

L.HS = Lim
e
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Lim 4 =Lim
—log, (1+)») r=o

1
—log. (1+ ¥
- R (1+¥)
1 "
= 1:\31’ T = nlog(m)=log(m)
log,(1+y)
3
e I_OE.: l;llno[l-ry]' =¢
1
=) e
og, @ o log,a
=R. H. S (Proved)

Important Results to Remember
() Lime' ==

(i) Lime'= I..lrn[-"—]- 0
H— e o¥

Deduoction: Umlc—_l) =loge=1
X

We know that LimLa =
==l

X

)=lng,u (1)}

Put a=em (1), we have

e' -1

r

I..iml
e

]=log:=1 (Proved)

#

n 1
Example 6: Express each limit in tems of &~ (i) Er&(h%) (i Lim(1+2n)"

Solution:
0] Q)]
™ I arT 1 1
un(1-2] - um|(1-3) Lin(1+20" = Lim(1+21)
- -3
Lim||1 3)3 a1
= — =
(e fos]
- .-..
3\; 1
= Lim (1*_]" Using Formula: Lim(1+x)* =¢
e n ]
X S . ,
The Sandwich Theorem:

Let f, g and A be functions such that f(x) < g(x) < A(x) for all numbers x in some open interval containing “¢
except possibly at ¢ itself
If I;_i“mf(x)al and 1:;1:&{1):!..(}!@ lizlg(x]=l.

» Many limit problems anise that cannot be directly evaluated by algebraic techniques. They require geometns
arguments, so we evaluate an important theorem.
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; . " sin0
heorem: I 0 is measured in radian, then prove that MT =1.

JE—
proof:

Let @ be the positive acute central angle of a sector 0AB of a circle with
rdusr = 1

Jon Aand B and extend OB to D such that 0A L AD.

Also draw EE i —6-6 on OA.

Inthe right AOCB In the right AOAD

sin0 =L’£! tan0 =ﬂ’-‘
108] |0A]
mo:%‘ﬂ -|0B|=r=1 tan0=1421 .\ BA|=r=1

sin0=]1BC| ... () tan0=|AD| ... (i)

; t U e R | 1
Arca of AOAB - %{Bm)(ﬂcnghl):iwﬂllBC|=E(1)(sin0)=Esin0

1 1
Area of sector OAB = %r’oz-i(x)’(e)=ie -

" 1 e e | 1
Arcaof AOAD = %(anc)(}lcugh!) = E]0A|M0|=E(‘.l)(un0) =Etan0
From the figure(1) we sec that
Arca of A 0AB < Arca of sector 0AB < Arcaof & 0AD
= %sinﬂ < % < %mnﬂ
sin@ < 8 < tan0  (Multiply by 2)

As sin0 is positive, so on division by sin0, we get

{ < 0 = tan0
sin0 sin
o L . sinl‘lfms o
sinB sin®
0 1 R
1€ — < — 0<0 —]
sin® . cosO [ i 2
Taking reciprocal of each term
1> siTnl') > cosO

sin®
cosh) < —— < |
0

r=1 C A
Figure: 1

Using eq.(1)

Using eq.(i1)
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Taking Lim of each term

sinf} Note:
Lim cos < Lim . Lim | The same resull holdy g,
ino e
i ik sing _ : 5 <B<0
- ]

By the sandwich theorem, we have

{1}
le—-sm =1 (Proved)
a0 0

Example 7: Evaluate Lim Sta7%
i)
Solution: =
Lim Ll (E] form
0 0 0
Multiply and divide by *7"
u sin70 _ msm78;—7—
ajf:ll 1] w2 B
o7t sin70
o0 70
_ sinB
=7.(1) A UE—O 1
Example 8: Evaluate Lim L-sh
s
Solution: Lim J-cos9 (E] form
o= 0 0
Multiply and divide by (1 +cos8)
l‘iml—-(:osﬁ . Lirnl —cos0 1+cosB _ 1-cos’0
o= 0 o0 0 1+cos® -0 8(1+cosB)

2
= Um& Um sinf.——.
0= 0(1+cosB)

smO 1
= U sin@- le —
-~ 0 o0-01+cosH

- toltl)(m)=o
s 121 o

1.  Find the limit of the following sequences if exists: | Dividing numerator and denominator by n, we get
2n 3
O e en.3
n+1 Limag, = Lim|-—=Z
Solution: o= L EL
_2n+3 nn
n+1 - i 2+§_
Consider: Uma = I..lrn[ s ) = Lim =
n+1 e 1+l
n

RS
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=20 Limi=0 =2
1+-0 =y 2
=2€R ==¢R
Ge. e GVED seguence is convergent. So, the given sequence is divergent.
2n+3 n
b= d = =-3n+1
_ w41 e = P
. i Solution:
b, =-3;— R2—3ﬂ-;1
) 3 " 2 +n+4
—— E‘:{hﬂ) Consider: Limd, = uxn[":“B"‘l]
ol ”1_'_1 Pt 2,-‘3_*"_.,4
Driding numerator end denominator by n?, we get Dividing numerator and denominator by n?, we get
(20 3 m 3 1
P .
b = Lim| A —I_ Limd, = l..lm
S S
\n* n? \n* n*
'
3 23
= n =
C) P S =S
\ nl k n nl
0+0 a 1-0+0 a
= < Lim—=0 = - —_—
1+0 1 x? 220-0 e
Y. i -
1 2°
=0eR So, the given sequence is convergent.
the v i L
B gven aqunos s convamgens: 2. Evaluate cach limit by using theorems of limits:
_ s M Um(2x+4)
i T =
Selution: Soluation:
s Lim(ax-+ 4
2n+3 = Lim(2x)+Lim(4)
Cﬂ% . =1 r=3
e, - (5 - 241+ 42094
2n+3 =6+4=10
Dividing numerator and denominator by n, we get
sn* @) Lm(3x*-2x+4)
Ume, = Lim 2; 3 Solution:
] Lm(3x* ~2x+4)
L_J : -
e L (oe)-LinGee) ()
3 1
24— = o
= 3Lim(x)" ~2Lim(x)+4 '
. Lime=0 = 3(13)=2(1)+4=3-2+4=5
2+0 e X
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(i) l.'i";' [ Sty 3. Evaluate cach limit by using algebralc technig,
Solution: (U] Llﬂ’: x:::
3 K==
1;'_["“'* +x+4 Solution;
1 x'-x 0
L “-'i_[',‘["2 +x+4)f ’L_.rpl x+1 (—6) o
1 I-1)
. 2 2 = L'mi‘i——
(Lim(x )*E‘_{'}[X)*’;’_{l}["‘]] xa-1 x+1
1 1 i 2 _p = -
= (3 +3+4)1 =(16)2 =4 R b N retie=a)
= pmX(x*1)(x~1)

(iv) LLnng‘ +4

Solution:

leJx +4 = Lim[x ¢-4]-

r=1

-

1
- [ 4}
=Ja+4 =8
) I;J_.n;l('Jx’ +1-Vx? +5)
Solution:
l'.i_rn:;n(w}x’ +1-vx? +5)
= LimVx’ +1-LimvVx? +5
r=sl x=sl

1
= (Lim(x)' + l,-i_.ngllE ~(Lim(x)’ *l;ln;(S)];

1 1
= (2 +1) (22 +5)2

=J9-yo=0

3
) Lim 2x" +5x

r—-2 Ix-2

Solution:
3
Lim 2 5%
12 3x-2
leztz.‘ +5x)

Lim![‘a.r-z)

2L'm (x) +5}ir_r;(x)
“3Lim(x)-Lim(2)
P TS r=-=1

o 2-2)'+5(-2) _-16-10 -26 13
3(-2)-2  -6-2 -8 4

x-s-1 (x+1)
= Umx(x-1)=(-1)(-1-1)
= -1(-2)=2

) Lim(—i'ﬁ]
x>3\ x2 -2x-3

Solution:

x*-5x+6) (0
Lim| ————| | =
'-‘3[31—-2:-3) (O)I’orm
» u“{x' -3x—2x+6]
=3\ x* -3x+x-3
- um(x(x—:i)-z(x-n]
=3\ x(x-3)+1(x-3)
> (x=3)(x-2)
=1 (X'i' 1)(3—3)

=Ll x-=2 _3-2 2 1
r-o!x+1 3+1 r

iil) L X8 ]
e l-nl{x —Sx+6]

Solution:
im—xl =8 (E) form
=2 %% —_5x+6 0

— -2
= m_
-2 x* _3x-2x+6
Using @® -b* =(a-b)(a* +ab+b?)
(x=2)(x* +2x+4)
x=2 x(x~3)-2(x-3)
(x=2)(x* +2x+4)
-1 (x-3)(x-2)
= L|mﬁiﬁ
=1 x=3

o2 +2(2)+4

2-3

—
—
ﬁ&
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4e4+4
D p—
-1
=-12

x?=-3x*+3x-1
U o 2-x
Solutlon: ; : . 5
upt 2L (G tom
=me'-1’-:4::(,\--1)
=1 x(x*-1)
Using [a-b)’ =a -b -3ab(a-b)
(x-1y
.-:x[x-l-l]{x -1)
x=1¢ (-1
':'i’.‘i(n):) 10+1)

=2
2
=0
l -
) um["j“ﬁ’: +12x a]
-1 x —-4x
Solution:
gl
um[x -6x +12x—8] [2]&"“
=1 © -4x 0
3
- Um® -2 -6x(x-2)

=t x(x*-4)

Using formula: (a-b)* =a® -b* -3ab(a-b)

(=20
"'lx[x -2%)
- um A x-2)
‘“IxM{:Hz]
= um&=21
12 x(x+2)
- (2-2)
2(2+2)
(U)l
2[4) 8

(v1) um[_’_i_
=1\ x*=3x+2
Solution:

C
um[_._:l_ (2]
- -3:+2] 0 frm

r

-+

- Llrn[
=l

= le[——-—-(x‘ )3 .

X -2x-x+2

|

pnuw-n]

x(x=-2)-1(x-2)

Ay + -1
m(x 1)(x+1)(x~1)

=l

24 1)(x+1
= Lln'r——------(Jt it
=1 x-2

. (12+1)(1+1)

1-2

= .ﬁ:-}
-1

(2

(vii) Lim

=1

Solation:

Lim———

-2

x
Jx+2-Vo-x

;-34 J
Rallom.hzmglbt demmlm:or

x-2

= Lim—m———

S e Y e o s
(x~-2)(Vx+2+v6-x)

1=1

= Lim

=l

=l

= Lim
=l

(x=2)(x-1)

(o

4302+46-—z

= (e 2y -(Yo-xy

(x-2)(Vx=2+6-x)

x+2=-6+x

(I—Z](\"x +2+46-x)

2x-4

(x-2)(Vx=2+V6-x)

—

o Y242+ .

Ji+da 2+2 4
S ——— = —

(vilf) Lim
Solution:

=

l.lm——-JxT:"J; [-—) form

?

2 - S
Jx+h-Jx
h

2(x-2)
Jx+2+46-x
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Al ] =X - __--N‘.'
e o= e Mol oDl
o L.__\t-h-\'x ‘\'r-h—\x 180 180
— h ~vr=-h-ax sin %
Nx=hY —[JxF = Lim—180
= L————— ————— ot x
M~ hivx=h=vx) ”
i Muluplying and dividing by —
= 1_.n 100
nL\r-h-\r) in = =
e SIin—
R i T S Wi T~
== Nz =h=dx) '-"x_ﬁn_ 180 180 =0 xx
= Li 1 ::-—-1—-:'——1— o
N o = < = == Lm0
—_— L]
x"-a"
(x) m . nﬂ) uml:fﬂ
. e o sind
Solution: Solution:
L™ 4 - b
- |£][nrm Lim1ocos® [E)I‘orrn
— n" 0/ =0 sin0d 0
Di\dms up and down by (x-a) . l-wsﬂ' 1+cosB
- [ o™ g™ #0 sin0 1+cosB
- Liml 2= | " 26
= x—a sy a—a ) = =
— " . lax,._a,..\l 00 5inB(1+cos0)
r—o i x-0 i S _ 5in* 0=1-cog
=0 5inB(1+cos8) b

=00 ___Nprma 0o oaw
MB.'l m m
4. Evaloate the fnl‘lnwlng lmits:
® l sinSx
Solouon:

sin3x 0
Lp™3E (3o

Multply and dnade by 57
sinSx

= Lim——5
=~ Sx
= SLimnSX
=0 Sx
=35(1)
=5
nn'.
(i) Lim ——
== X
Solution:
snr® o
L — = form
-t ¥ L0/

- sin® sin0 0 =.l:i_
~~01+cos0 1-cos0 1+1 2

sinx —cosx

+ x-:
Solution:
umsmx-msr [(:I

- = —) form
— g 0

Multiply and divide by *v2*

2,
Tz(nnx-cusz)
= Lim——
—— L

S 4

2 uqﬁ(nn:_—;;-m%)
~ x-Z

4

nm-ms%—msx-sln-'-‘

"\6-[-1!1: %, s!n--uﬂ-"z

s . X

4
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g {ormula. sinacosfl-cosasinf = sin(u ~f)

a\&(l’-‘v
u cosax—cosbx
M R 2
sglution:
—cosbx
u “'"" { J;om
=0
,O P-
Using formula: cosP -cosQ = -2sin > _,",TQ
‘ax = bx’ [u-bx‘
—Z.nrll Jsln 2 J
T x-x
<in E_LJx sln(f_..ﬁ)x
"21:1-"? X l:l-?; x
arb a-b)
ks ’"'[ s a+b)_Um""(—"—z "
s - ,_I:: a+b) \ 2 2=40 (a-b) L2 J
e b i
2 J 2
i e P

-?ilsm.t —cusa)
- l.J.rn"rE =
e cos:fx-— |

4/

N ot

:o:x.rx —%J

n ®
1 SInX Cus — - Cusa sm-‘-
- -&Um—Al AT
e COIX 5 X=——
4 *

4

Using formula: sinucosf) —cosusinf) = sinlu - {1)

sm{x x)

AJZ_ i Lim 4J
n L] n
Co5— *~7 x-—

4 4
me-i‘--o
Mx—--:-,sao—-o

-2 1 44 sin®
1 (]
vz
=(¥2) 0
1-cos2x
R
Solution:
1-cos2x o
I:]—n 2z i I,rcrm
Li 2sin® x cos2x =1-2sin” x
it
=y 1-coslx=25n"x
= sin’ x
=t &

2

-zfumﬂ’-\ =201F =2
-t X J
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3 =
(“u)uml:osax —cosbx > x*=x+1
10 COSCX ~cosdx =1 x+1
Solution: 3 1 +1+1 3
cosax — cosbx [E) form ___l¢l =3 ;
=0 coscx - cosdx 0
2
Using formula: cosP —cosQ = -2sint~2..sin2=2 (x) Lim X_—Xlogx +3logr -9
2 2 ] x-3
?_sm[ ) smrusz) Solul.lon. l b
= Lim i X =logx +3logx - [ fnrm)
—o_zﬂn[azdx)_sm[a dx) 121 x-3 0
2 (x* ~3%) ~logx(x-3)
a+b a-b Lim———
sin 2 x-sm[ 2 )x 2=} x=3
= Lim -3 =(x~-3)-
Lim [hd) o - L&A=~ (x-3)-logx
sin = x‘sm( 2 )x 2=3 x-3

(a*b}' {n-b [u-b}‘ a-b
TEy }rmf}

1—0 ( : rc‘ y [ . {c_
e e
(o) Umm(s;_b),
() M ),

Ty - e w3 J

.-.n c+d c—
(T)' ( 2
@ -b
4 (W@ vy SinB
c-a° (1) -
4
_a =¥
é-d
-1
() Lim-—>—
Solution:
P | 0
l."i.l‘n‘, = (EJform
-
I-"-ﬂx‘ g
(x=1)(x* +x+1) _'_{a’—b’ =(a-b)(d* +ab+1")
_a=t (x-1)(x+1) o -b =(a-b)(a+b)

um(x-3)11+3-logx}

x=a3

x-3

= l;i_n;:’\[x-v3—Iogx)=3+3—log3=6-—log3

5
(xi) um—"[z =1)
=0 1-cosx
Sohmon'
x(2*-1) 0
Lim———2Z al
e (o)
x(2* -
e A
-0 x 1-cosx
cos2x=1~-2sinx
2'-1 1
= Limx* - . 2sin®x=1-cos2r
= X 2¢n?X
2 1 con=2sln'%
x 1 gl o
= Lim—-log, 2- . -
=0 2 e x 2 Il.'.l-ﬂ X lﬂ&ﬂ
sin— :
L 2.x
x 2
2
s imx? 1
3 Iog,ZI'..:_.n;nx o
| I
x| 4
2
4 1 sin®
=—log,2Limx? - — . — - Lim—=1
Ee .-t“;x xZ [1]2 '.'{E 0
4
=-2--Iog,21;Lm°[l]
= 2log, 2
= 2log2 ~rlog,2=In2=log?
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/...---;a limit in terms of e. ® I.lm(l ...i)
/’Lfl_zl Nevem n
@ um(i ;) Solution:
—_ 4
solution: i .lirl.l(i +;]
un1-7) =
4
1Y’ B le[lv—)
=[le[l+-) ]2 e U
———— n
L _ 4 N l.lc -
- 1] -
2 =
L]
7 (vi) Lim(1+3x)*
@ um(1+l)‘ -0
L aaes n Solution:
: 2
Solation: . Hﬂ() B
Ltm('h-i)z N
= 1 = [Lim(1+3x}']l
1 Tz =0
=[Um[1+;] AP
%5 of = [“:f,'tm:)’-r
= ei=J; '.'.lﬂ(l'f-:-l} . %
——as =e* Lim(1+x)* =e
1 L]
i) LI (1——) 1
@ 22 (vi) l;hj(lan-z.x‘).l
— 1y Solution:
1
E—’-E[l"r?] Lim(1+2x%)7
1 x-=0
| [ T £ 5
- | um(1e 2 ,[Umwxz,,,
=0
= g1 =l . 1 l). =e 3
e e E.m...( & - ez .- l;l;l_'l;l[l"-xr =
n “ br -
o un(io3) o
Solation Solution:
ar bx
1 R = Lj =2 {gf ]
m[1+§) l..l_EE e % 'orm
' Add and Subtract *1* in numerator.
= 1P ., e —1-e™ +1
[E“nl[l+§) ]- l;lrn abx
1 n - -1 E -1
=e .l‘_’ﬂ(“%} =e 1;‘3{ abx  abx }




e' -1 _

Using formula: I:l_r.lg

=1 1
‘;(1) a(l)

=2-b

ab

(ix) Lim(-L.)'

=0\1+x
Solution:

2
er-1

3
er+1
Solution:

1

(x) Lim
=0

X<

Henes
I.lms——l; x<0
=0 1

ef+1
Asx<0,s0 l.lml-‘-:-eo
=0 x
1
e
1
l;l“n;[e' +1)

=

e -1 _0-1

e™+1 0+1 “eT g
-1
= —=_1

er -1
(xi) l;l_.l';l T x>0
er+1
Solution;

er =1 @
U_.I'I;Il x>0 (;—)fom\

x

ef +1

Asx>0,so0 Liml=+an
x=+0

x
1

s 1
i i X a
= Lim e Limlizet et
=0 4 r=0 L 7
er 1+_1‘_ l+e ¥ 14e0

er

1-e™ 1-0
T e 2 e 2 e 2] e
14+~ 1+°=1 Ve =0

B —

- e’ —-e?
(i) Lim <=2

=1 X= .
Solution:
e* —¢? 0
Lim—— -
'-I'I;l x=2 (0) form

Put x=2=y > x=y+2
As x=2,s0y-0
- 2 _ 2
e -¢ it e

-2 x=2 y=0 y

Unlit 12 ) Umit and Copy
__""'"&.'-..

* Continuity of a Function at a Point:

SCHOLAR T2 MATHEMATICS - 11 409

Continuity and Discontinuity of Functions:

One-Sided Limits:
In defining Il.l_ll'lf(x}. we restricted x in an open interval containing ¢ i.c., we studied the behaviour of f on both
sides of ¢. However, in some cascs it is necessary (o investigate one sided limitg that is, the left hand limit and the
right hand limit.
@) The Left Hand Limit:

Lim f(x)=L is rcad as the limit of f(x) is equal to L as x approaches ¢ from the left i.c.. for all x sufficiently

=
close to ¢, but less than ¢, the value of f(x) can be made as close as we please to L.
(i) The Right Hand Limit: Note:

Lim f(x)=M is read as the limit of f(x) is cqual to M as x approaches ¢ | The rules for calculating the left

Py L hand and the right hand limits
from the right i.e., for all x sufficiently close to €, but greater than ¢, the | sre the same u‘l:“ studied 10

value of f(x) can be made as close as we please to M. calculate limits in the preceding
Criterion for Existence of Limit of a Function: - | section
Lim f(x)=L ifand only if Lim f(x)=Lim f(x)=L
1=+ FE

(£

2x+1 If 0=sxs2
Example 9: Determine whether I..II'I;I f(x) and Lim f(x) exist, when f(x)={Y-x if 2<x<4
=+ -4

X if 4sxs<6
Solution:
(0] 4 Remember!
Left Hand Limit = Lil;q f(x) = un;(zx +1)=2(2)+1=5 AT e
Righlllmdi.imit=.l._l.|:1_f(x] = .L_I'rzn?{?-x)=7-2=5 uﬂ!%_u
=0

Since Lll;'! f(x)= th;}f(x) =5

= l.'l.n} J(x) exists and is equal to 5.
(ii)
Left Hand Limit‘.L_i:! f(x) = I;Ln;n(7—x]=7—4=3
Right Hand Limit = Lim f(x) = Lim(x)=4 .
Since Lim f(x)= Lim f(x)

Therefore, Lin} J(x) does not exist.
X

(a) Continuous Function:
A function f is said to be continuous at a number “c* if and only if the following three conditions are satisfied.
(i) f(c) is defined -

(i) Limf(x)exists e, Lim f(x)=Lim f(x)
@i} Lim f(x)=/(c)

®) Discontinuous Function:
If one or more of these three conditions fail to hold at *¢™, then the function £ is said to be discontinuous at “¢™,
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Example 10: Consider the function f(x) = ad 11 . discuss the continuity of f atx = 1.
x—
Solution:
2
x" -1
J(x)=
x-1
Here f(1) 1s not defined.
= J(x) s discontinuous at 1 .

Example 11: For f(x) =3x% -5x + 4, discuss continuity of f atx = 1.

Solution:
f(x)=3x*-5x+4
Condltion: (i)

f(1)=3(1)2-5(1) +4 = 3—=5+4 = 2(defined)
Condition: (if)

Lim £ (x) =Lim (3x* ~Sx +4) =3-5+4=2
Condition: (i)
Lim f(x)=f(1)=2

From conditions (i), (ii) and (1ii), it is clear that f(x) is continuous at x = 1

Example 12: Discuss the continuity of the functions f(x) and g(x) atx =3

scHOLAR 1 2 MATHEMATICS - 11
seno——_

m; Discuss continuity of f(x) at x = 3, when:

x=1 , if x<3 1:

[z xe1 , 1 x23 i
Solution: 1:.‘..:
x =1 , il x<3 o :
[(x)= 2x +1 if x23 i
Condition: (i) | Ta——
f(3)=2(3)- -1=7 (defined) g {8 ,1 .
Condition: (il) 3 3

LHL =L imf(x)=Lim(x-1)=3-1=2 / ’-

- 3 13

RHL = U m/(x)=Lim(2x+1)=2(3)+1=7

Vigure 12,7

As Lim f(x)s - Lim f(x).s0 Lin;;’(x] does not exists.
=) x-03* e

From condition (i), W is clear that f(x) is discontinuous at x = 3.

g Erercisei22 ooy

1. Determine the lei 't hand limit and the right hand
limit and then, fin d limit of the following functions

x!-9 5
= -9
@ f={5s (®) gm={’;_ if x23
6 if x=3
Solution: )
x}-9
—_—f 3
@ f(x)=1 x-3 At
6 if x=3

Conditlon: (i)
£(3)=6 (defined)

Condition: (il)
x'-9 0
g/t ~unT  g)
_ oy (x+3)(x=3) _ o
—-:-‘:!‘_(x-?.] —I;l_[l;l[x-r3]—3+3-6

Condition: (iii)
Lim /(x)=/(3)
From conditions (i), (i1) and (iii), it is clear that f(x) is continuousat x=3.

¥ |
®) g{x]={"7_‘?9 i * 3

As g(x) is not dcﬁncd atx=3
g(x) is discontinuous at x = 3. .

(“7

0

0.3

Figure 12.5

-~

1.7

(3.6

Figure 12.6

when X — €.
(0 f(x)=2x*+x=5 .c=1
Solutlon:
f(x)=2x* +x-5,¢ ‘=1
Left Hand Limit

LHL = Lim f(x)
T=sl
= Lim (2x2+ x~ -5)
1"

=2(1)t+1-5
=2+1-5=3-,5=-2

Right Iand Limit:

RHL = }.lr‘:} J(x) :

- Lh-'q(zx‘ +x-5)
=2(1)t+1-5
=241-5=3-5=1:1-2

As  Lefthand limit = Rigt t hand limit = -2
o Umf(x)=-2

(") f("}=-§—-39-.c=-3

Solution:

:_
nx)=-":32,,_-= 3

Left Hand Limit:
LHL = Lim f(x)

p=a=3"
2 _
o pm =2
-3 X=3
= .(Lz_g‘_‘qq“—gzl:
-3-3 -6 -6
Right Hand Limit:
RHL = Lim f(x)
21"

0

i
= Lim £ 9
1= X=3
= .(__3:'1;9=ﬁ =£=0
-3-3
Left hand limit = Right hand limit=0

Lim f(x)=0

As
So,

@) f(x)=|x-5].c=5

Solution:
f(x)=|x=5|,c=5

_J (x=5) if x-520 or x25
H"_)'{-(x-s) f x-5<0 or x<§

Left Hand Limit:
LHL = Lim f(x)
=5

= }-_lg [-(x-5)]
=(5-5)=0
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Right Mand Limit: 3x I x<-2 -
RNL = Mo flw) LM fR)={x -1 o -2<x<2
- U“‘![‘“s] 3 ir xa21
. ;t‘s i Discuss continuity atx = 2andx: - -2
As  Leit hand imit = Ry 2ht hand limit =0 Solution:
i 3x if xs-2
S Limgx)=0 - %
[ SIx)=yx" =1 if -2<x<2
2 Discuss the contin aity of f(x) st x = ¢ 13 i x22
2neSif xs2
L L T Condition: ()
Selation: MR) =3 (defined)
[2x+S f 182 Conditien: (M
aa gl PRIRER W= U AO=int -3=0/ #-an
Condition: (1) RHL= Lim f(x)=Lim(3)=3
2) = 2(3) +5 =9 (detinad) ek’ s
Condition: (if) As Lim fix)=Um f(x)=3,50 Uin| af(x)=3

LAL = Lm f(x) =Lim(2x +§)=2(2)+5=9
RHL = Lim /(% )=Lim{4x+1)=4(2)+1=9
As lef(x)-l.arr_n f(x).solimf(x)=9

Condition: (iil*
Um /(x)= /@)

From condities s (1L (1) and (iu\ it s clear that fix) s
CONDNUOUS al 3y = 2

x-1 if x<1
(i fx)=14 if x=1, c=1

2x if x>1

Solation:
|3x=-1 o x<1
f(:\e{i if x=1,¢=1
2x i x>1

Condition: (i)
A1) = 4 (definad)
Condition: (i)
LHL = .l.n‘n f(x)= l:w[:ix-l]:.‘i[l)—l -2

RHL = Lm )‘[;]al.lTL.‘.‘.th:(l}-:
=1’ .
As Lim f(x)= Lim f(x).s0 lm:f(:]-:
r-=] w—al® ==l

Condition: (iii)
l_-l__ﬂ;l fix)= (1)

From condition (1i1), 1t is clear that {x) is discontineous at
x=1

Condition: (iii)
um/f(x)=f( )

From conditions (i), (1) and (il it is clear that fiv) s
conlinuOus Al x = 2

hen x = -7 J
Condition: (1)
A-2) =3(-2) = -6 (defined)
Condition: (i)

LHL=~ Lm ﬂx}z}aln‘ﬁt)- 3(-2)=-6
RHL= 'Eﬂj_flxlt}_i_glx‘- 1)=(-2F -1=4-1=3
As .l-ml f(x)= Lm f(x),so Lim f(x) does not exist

From condinon (iik itis clear tF  at f{x) is discontinuous at
x==2

" "I(na{x+2 xs-1

c+2 x>-=1
find *c” so that l..ln:f[. t) cxists.

Solution:
_|x=2 xs-1
“ﬂ-lco: x>-1

LHL= }:_Tf(!]ﬂ!fj‘:[’ i=2)=-1+2=1
R-H-L"‘L_i_rr'-'fl:)=_l§_l§:‘[ c+2)=c+2
Since !.un flx) enists, sc

T .Egn flx) = l m fix)

= 1"1.' +2
= c=- 1

(cHOLA R 9 MATHEMATICS - 11

"""ﬁ:; the values of m and n, so that given function

'.L! continuonsatx = 3

mx If x<3
@ f{x)=y N Ifr x=3
~2x+9 If x>3
Qlite n:
mx if x<3
fx)={ n if x=3
1—2.\'+9 iIf x>3
f3)=n

L L= Um f(x)=Lim(mx)=3m
)" )
¥ L= Lim /(x)
b
- ]_'{51[-2] +9}=—2(3}49=3

©ace f(x) is continuous atx = 3, therefore

um/(x) =/13)

s Lim f(x) = Lim f(x)=f(3)
p=l r=a3"
3m=3=n

o 3m=3 and 3=n

b=l = B=3

® f[l)-{": If x<3

If x23
Solution:
mx if x<3
f(x)=
) {x’ if x23
fB3) = (3)2 =9 (defined)

WL= }-_"ﬂ‘l_lf(r]=l:l_?;|{mx)=-3

ML= Um f(x)=Lim(x*) = @) =9

“*Ih]i;mmm-a.nmfm Lim £ (x) exists

” Lim /(x) = Lim f(x)

3m=9

A =3

413
421¢5-Jx¢7
—_—, x22
6 [f(x)= x=2
k , Nm3

Find value of & so that [ is continuons x = 2.

Solution:
Since f(x) 15 contiruous at x = 2, therefore

Ufl'lf(')‘ f12)
JZ:- —Jx- (0‘]f
:-. \E,‘ -

Rationalize the numerator
Vax=5-Jx+7 ax<5+Jx+7 Jﬁ
G S~ e
Using (a=b)la-b)=a" =b*
Lim (V2x=5Y -(Jx=7¥
3 (x-2)(V2x25+vxe7)
2x+5-x-7
TN
(x-2)
--2(: z)(J"_ wixe7)

Lim =
"‘3Jz+54\l‘1¢7
W  IS——-
"iii)* +J2+7

1 1 1
-_= —_—k D k==
J;*J; 3+3 6

x+3, xs1
7. i =
Given the function f(x) {11-»4. -t
Discuss the limit and continuitvatx = 1.
Solution:
2x+3, xs1

= =l
1) {_‘M' o
Condition: ()

f(1)=2(1)+3=5 (defined)
Condition: (i)

LHL= l.lrnf{x)-

Lim(2x<3)=2(1)+3=5
RHL = u:‘y(x)-t_x_nl;(-x-q}--hha
As u::y(x)- l..u;:!f(:}.so l..lgf(:) does not exist

From conditlon (il), it is clear that f(x) is discontinuous at
x=1
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aplication of Transcendental Functions to Limits and Continuity on Real Worlg
roblems:

—
imit and continuity of transcendental functions are fundamental concepts m caleulus with numerous real-world ap, Slications

hese concepts help us model, analyze and solve problems in various fields such as growth and decay, finance,
sconomics, surveying and predicting long-term stock prices.

—
Example 14: Growth and Decay (Radioactive Decay)

The radioactive decay of a substance 1s given by the function A(t) = Age™", where Ag is the initial amour 1 of the
substance, k is the decay constant, and ¢ is the time in years. Find the limit of the amount of substance as t = ¢,

——
Solution: We need to compute the limit:

LimA(¢) =LimA,e™
e (e

Ast = ,e7% 0, 50
ymA.,e‘" =4, x0=0
Thus, the amount of radioactive substance approaches 0 as time increases indefinitely. L_g
Example 15: Finance (Compound Interest)

The value of an investment grows according to the formula for continuous compounding A(t) = P,e™, wher =P,

is the initial principal, r is the annual interest rate, and ¢ is the time in ycars. What happens to the value of the
investment as — oo ?

Solution: We need to compute the limit: i
E.im A(t)= I'..lm Pye™

Since e™ = o as t — o for any positive r, therefore
LimA(t)= LImPe =w

==
Thus, the value of the investment increases indefinitely as time approaches infinity,
Example 16: Economics (Supply and Demand) {
In cconomics, the demand function D(p) decreases as the price p increases. Suppose the demand function is given

by D(p) :% » where p is the price in dollars. Find the limit of the demand as the price becomes very large, ic.,
LimD(p) .-

-

Solution: We need to compute the limit:

LimD(p)=Lim— L

pw P 4]

As p = o, (he denominator becomes very large, so Lim——mol =0
p—= p -

= LimD(p) =Limﬂ]-- 0

P P p+ 1

Thus, as the price becomes very large, the demand approaches 0 .
Example 17: Astronomy

The apparent brightness B(d) of a star decreases as the distance from Barth increases following the inverse square
law B(d) =d_L’

I—

, where L is the star’s luminosity. Find the limit of the brightness as d — oo,

Solution: We need to compute the limit:

L
Y B(d)=iiner

4CHOLAR 2 MATHEMATICS - 11
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a1%
As d = 0 the denominator becomes very large, so L:mL" 0
4-»
— LimB(d) = le—- 0
dowr
Thus, as the distance increases rndcﬁmtdy the apparent brightness of the star approaches 0
1. A substance decays exponentially following the 500t
formula .‘l(l):ﬂne""" + where Ag is the initial . le_r,_o
smount. Find the limit of A(t) as t —» w. s '; -
Solution:
We need to compute the limit: = ums.;':o
LimA(t) = E.Im/l.,-e"'" 1+ 3
tar v
- Ao Lime e . 500 LmS.0
Py 1+0 peam y
= A" =500
= iia Thus, it represents the company's weekly sales increases
4 (0) e as lime approaches infiniry.
L 4. Signal strength 5(d) at a distance d from a tower
1L A town's population is modeled by 1000
100,000 is modeled as S(d)=
P(t)=———=; . What is the long-term d*
1+9e () Whatis the signal strength at d = 10?
—population as ¢ —» <o, (i) What happens 1o signal strength as d — =7
Selation: 100,000 Solution:
PR e e e Signal strength Formula: S(d)= ’:00
Long term population as tl_o’;;oi; (i) Signal strengthat d = 10 is:
= e 1000
IJI'I'IP(‘) LLT] 93'05' 5(10) = —o-;"'
- 100000 1000 D
1-9¢™" " 100
- 100000 ce"™ =0 | () Signalstrengthasd = = is:
1-9(0
lOOO(OI]J I.JmS(d] K Li moo
= -1—1;—3100000
— = =0 s jL:
LA companjy's weekly sales (in thousands) follow 92,: ’
the function S(t)= 5°°‘ . Whatis the limitof S(¢) | Thus. as the distance *d" increases indefinitely, the signal
+10 strength from tower approaches 0.
-So a3t - @ and what doeslireprmn:‘.’ 5. A stock price grows according to the function
lation; P(t)=502%%¢
Weekly Sales Function: § )=— 502:' () Find the limit of P(£) as ¢ = .
L Solotion:
UmS(e) = Lim 2200 500¢ (E) form Stock price function: P(t) = 50e925¢
taet+10 0 F—-TP[‘] = ym(50e°°")
IM"\dil‘lg numerator and denominator by ‘t’, we get =50 Pm el
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. 50.¢ I(5) = 100, 201 Using (1
50() e ~ 100, e
_ = 100(1.1610)
e = 11610
(I Calculate the price after 10 years. As we know
3 1(5)-1
Bt Inflation rate = —-“—"'\ 1009
Price alter 10 years = P(10) Iy
" oY1) 10 -
- 50" L 11618-100 |0
S0e% 100
= 50¢
=16.18%
= 50(1.6487)
= 8244

6.

The factory's cost function Is given as:
c(x}={10x+500 if x<100

12x+300 if x>100
Is the cost function continuous at x = 100 ?

Solution:

Factory cost function: C(x) ={

10x+500 f xs100
12x+300 if x>100

Condition (i):

C(100)=10(100)+ 500 =1500 (defined)

Condition (ii):

LHL = Lim C(x)= Lim (10x+500)
r==100 =100

= 10(100) + 500 = 1500
RHL = Lim C(x)= Lim (12x+300)

r=100"

=12(100) + 300 = 1500

As Lim C(x)= Lim C(x)=1500,s0 LimC(x)=1500
=100 r=ai00” x=100

Condition (iii):

Lim C(x)=C(100)

From conditions (i), (ii) and (iii), it is clear that If C(x) is
continuous at x = 100.

(1) What Is the expected price Index after 10 years?
Solutlon:

Price index after 10 years = [(10)
= 100 . ¢o0(10)
=100, ¢
= 100(1.3499)
= 13499

8.  The cost to produce x units Is:

c(x)= Xx+20 If x<10
6x+10 f x>10

Is the cost function continuous at x = 10 ?

7

Infation is modeled by !(t)nloe“" vWhere Iy Is
the Initlal price Index and t is the number of years

(D Find the [nfation rate after S years If /, =100,

Solution:

Inflation Model: I(¢)=l,e®®* ()
Inflationrate=7,t=5, J,= 100

Solutlon:

S5x+20 ifxs10
6x+10 ifx>10

Cost function: C(x) ={
Condition (i):
€(10)=5(10)+20=50+20=70 (defined)
Conditlon (ii):
LHL = Lim C(x)= Lim(5x +20)
1=+10" =10
=5(10)+20=70
RHL= Lim C(x)=Lim(6x+10)
x=210" x=10
=6(10)+10=70
As Lim €(x)= Lim C(x)=70, 50 LimC(x)=70

" Conditlon (lll):

LimC(x)-C[lO]

From conditions (1), (i) and (iil), it Is clear that €(x) I
continuous at x = 10,

SCHOLAR 12 MATHEMATICS - 11 a17
p—
Formula Sheet =
Theorems on Limits of Functions:
1 limaf=a", wherep > 0andp € R 2. lime = ¢, where ¢ is any real number
1 Lm[f(x)+ g(x)] = Lim f(x)+ Lim g(x) A Lim[f(x)~g(x)] = Lim f(x)~Limg(x)
) LR ¥ oha "o 0w ¥ o

§ I.Im[kf(x)] o kl.lmf(.\'). k is any real number 6. I'.ir:'\[f(x)g{x)] l'.h:: I(N)'l‘.ll.l‘lj](l')

f(x) l!mf(a)
l.'l.: a(x) leq(x)

B Limlf(x)) - [ll.u.-: f(x) |

-~ X=0Q

X le-—— =na""", where n is a non-zero integer and a > 0.

"

a a
Lim a0 and Lim - 0, where a is any real number,

. Letp be a positive rational number, If x® is defined, then

T=pe y Eenem
N ]
). Lim (l +—) =e 4, Lim(1+x)* -e
LR n -0

. a' =l e' -1
5 l-'f‘n' - =log,a=Ina 6. l'lm( - J log,e =1
1. Lime' =w § Lime'= le(l‘)n(] 9, llm—“no -l

- X-bo- enlp 0

Multiple Choice Questions (MCQs)

l‘..l'l'l,l\l!."l-l-i-.in----.
-

(A) 4 n)-4 6
umE=1
...T U
A)2 ([{R ©)4
L]
S s
(A)40 (B) 60 (€) 80
"}-Ln:g')“l =lonja>0, then====-=
(OB (D) o (C)e™
11(8) < g(x) < h(x) and Lim f(x) = Lim h(x) = 2, then Lim g(x) = - - - - -
(W) <2 (B)>2 (©) 2
. O

!L-llno sin7xsinsx - """

7
W B ©)2

Exorclln 12.1

D)o

(D)s

(D) 120

n)e

(D) not defined

D)35
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a-sal S50
1 1
(A)c' (B) ¢ €)e? (D)e !
' L
ST -
()0 @)1 ©3 D)=
9. When Lim f(x)=Lim f(x),then-----
T x-c*
(A) fx) is continuous at X = ¢ (B) Lim f{x) exists
X=»C
(C) Lim f(x) does not exist (D) none of these
=g
10. If f(x) is continuous at x = ¢, then:
(A) Lim (x)=0 (B) Lim f{x)=1 (C) Lim f(x) = f{c) (D) Lim f{x) = f{c)
N =»g X=»C X-4C X=*C
siox o
11. The value of “k™ for which the function f(x)=4 x * xe Is continuous at x = 0:
k ,x=0
(M k=-1 BYk=1 (C)k=2 (D)k=0
12. The function f(x) = x“l— 3 is discontinuous at:
(Mo (B)x2 (C)1 (D) %1
13. I'.imﬂ.,e'*'=- .....
(A)O (B)1 (-1 (D)w
14, 1l.imP,c" =
(A0 (B)1 (©)-1 (D)
15. Lim 200 Seemmaa
psep+1
(A0 (B)1 ©)-1 (D)=
ANSWER KEY

A |2 B |3 C |4 B |5, C |6 D

1. 1B |12 | B §13. | A |14 | D |15 | A

—eofo—
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Differentiation

.-'-'-__.
Jotroduction

Tangent to a Curve at a Point

Cne. y=f(x)

Lt P(x,f(x)) and Q(x + 6x, f(x + 8x)) be two points on arc AB of
gyphofthe curve . (Sce Figure 13.1)

Where 8x is the increment in the value of x (read as delta x)

i
4

L

(Ar = o fie = b

Pomis Qy(( = 1,2,3, ...} arc getting closer and closer to the

pemt P and PR are approaching zcro.

bctber words, as 5x — 0, the point @ approaches P, and the

:l;nr:lhnc becomes the tangent line. The revolving secant line
es the tangent line PT at P while Sxapproaches zero.

That is, —

Tke line PQ is secant of the curve and slope of secant line passing A R
trough P(x, f(x)) and Q(x + 6x, [ (x + 6x)) is: M. fishy
RQ _[(x+dx)-[(x) o /s v e
 —— A1 / Y
Mo ” PR x )

where mye, is slope of the secant line. Figure 13.1
Raolving the sccant line PQ towards P, some of its 4
mcessive positions PQy, PQ;, PQy, .. are shown in the
Frgure 132

-(2)

bx -0

T 0
- i J(x+8x) - f(x)
m,. = Lim o

where my,, denote the slope of tangent line.

We see that my, is the limit of myec as Q approaches P along the
ey = f(x).

mple 1: Find the gradicnt and an equation of tangent line to the

E!L':Ifl(j) = x? — 2 at the point P(=1,-1).
Ulion:

Given thyy.

Aswe know:

f(x) = x? =2 atthe point P(=1,-1)
M= Lim J(x +6;r:—f(r)

B =0

For gndient of the tangent linc at point (—1, =1), putx = =1, we get
-1+56x)- /(1)
M = i

Te ancient Greeks knew the concepts of arca, volume, centroids etc. which arc related to integral calculus. Later
e inthe seventeenth century, Sir Isaac Newton, an English mathematician (1642 - 1727) and Gottfried Whilhe G.
% Leibniz, a German mathematician, (1646-1716) considered the problem of instantancous rates of change. They
riched independently to the invention of differential calculus. Afier the development of calculus, mathematics
kecame a powerful tool for dealing with rates of change and describing the physical universe.
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]
£

br—s0 ox

i SKERER), Lim(-2+6x)=-2
=20 &x Br—0

Equation of tangent line with slope = —2 and point (-1,-1) is
y=y=m(x-x)

mtlll

y=(-1)=-2(x-(-1))=> y+1=-2x-2 or y=-2x-3, which is the required equation of

tangent line.
The graph of fand tangent line are shown in the above figure.

Derivative as the Limit of a Difference Quotient:

Average Rate of Change:

Let f beareal valued function continuous in the interval (x,x,)< D, (domain of [), then difference quotient

S(x;)-[(x)

X =X

represents the average rate of change in the value of f with respect to the change x; — x in the value of independent

variable x.
Instantancous Rate of Change:

Let f be a real valued function continuous in the interval (x,x,)€ D, (domain of f), then Lim [(x)-/(x)

provided this limit exists, is called the instantancous rate of change of f with respect to x and is written as f*(x).

Derivative of n Funclion:

Let [ bearcal valued function continuous in the interval (x,x + 8x), then hl_rg w provided the limit

exist, is defined to be the derivative of f with respect to x and is denoted by f'(x).

Remember That:
7 [i(x) also called the differential coefTicient of f.
7 ['(x)is read as “f-prime of x™.
» The process of finding f'(x) is called differentiation,
» The domain of f' consists of all x for which the limit exists.
» If xeDyand ['(x) exists, then f is said to be differentiable at x.

Derivative us the Rate of Change of Velocity:

The rate of change is a fundamental concept in describing the motion of an object moving in a straight line. In
physics, this s typically analyzed using position, velocity, and acceleration, which are all related through derivelives

(rates of cha 1¢).

The position versus time graph provides a simple interpretation of the average velocity over a given time interval
Suppose a particle moves in a straight line and its position at time ¢ is given by the function s(t). The averg®

velocity over the interval from ¢ to ty denoted by v, is defined as:

v = St)-s(t)
avg r' “r

n=r X=X

()
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ion (i) also represent the slope of secant line passing through the points (¢,s(t)) and (t,,s(t,)) . If the interval
(.-t isnot small, this average velocity does not accurately represent the rate of change at time t. ]
T:l illustrate this, consider a particle whose position at time ¢ (in seconds) is given by a function s(t)=t*+¢t in
getres. The average rate of change over various time intervals starting at t = 3 seconds is shown in the table below

Interval t = 3secstot = Ssecs t = 3secstol = 4secs t = 3secstot = 3.5secs
63
Average velocity '__‘5(55]_;(3] = 30212 =9 ————5[43:;[3)=—20;12 =8 s(3.5)-s(3) _ 4 . _75
35-3 0.5
) \ Al

50 50 50
40 ' 40 40
30 30 30
20 TS TET 20 20 A
10 Care R 10 & ;
123456 | 9123456 9 123456

We observe that these values are not closcly approximate the particle’s velocity at exactly 3 seconds 15 obtain a
tetter approximation of velocity al x = 3, we use smaller intervals:

Interval * Average velocity
2 B
t=3secstot = 3.1secs M:P‘ﬂ:ll
31-3 01
z -_—
t = 3secstot = 3.01 secs [[3'01) +3'01] 2o = 0.0701 =7.01
3.01-3 0.01
z —
¢ = 3secsto ¢ = 3.001 secs {001’ +3.001}-12_o.007001 _, o,
3.001-3 0.001

We see as the length of the time interval decreases, the average velocily becomes instantancous velocity at t = 3.
Based on the trend, we estimate the instantancous velocity to be approximately 7 m/sec.
Thus, over a sufTiciently small interval, the velocity changes negligibly. If ¢, is very close to ¢, the average velocity
over ty ~ t approximates the instantancous velocity at t. As ¢y approaches £, the average velocity is called the
instantancous velocity.
This is similar to approximating the slope of a tangent line by calculating the slope of a sccant line. Mathematically,
the instantancous velocity denoted by v, is given by the following limit:

Vi ™ LimM (Provide the limit exist) :

-t tl -t

Forconvenient, if ¢, = ¢ + 8t, then as ¢, ¢ =8t —»0, thus above cquation becomes:

_....__’[“5;:""{'] (i)

V. = Lim
st 0

Inother words, the instantancous velocity is the derivative of the position function s(¢) with respect to time.

Euample2: A particle moves along a linc such that its position after ¢ hours is given by: s(t) = 4t% + 2t + 1(inmiles)
(2) Find the average velocity over the interval [2,5) (b) Find the instantancous velocity att = 3
Solution;
(%) Given position function s(t) = 4t2 +2t+1, where2 <t <S5
The average velocity over the interval 2 < t S Sist
_ s(5)=s(2) _ [45) +25)+1]-[4(2)* +2(2) +1]
5-2 3

Average velocity =v,,;



N
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(b) lnstantancous velocity can be found using the formula:

=30 nuleshours

s(t~ot)-s(t
Instantaneous velocity =v,, = leLl-—)-

Unit 13 3 Differen
__....__'1'.3

o = é(
43 +5c) +2(3+80)+1]|-[4(3)* +2(3) + 1

:le[i ) +2( l.v][() (3)+1]

Bes0 ot

2 : ¥

- le-l(gl‘ﬁst'ﬁt )J+6+200+1-43

&0 =0 5;
. 36+245t+ 45t +6+ 25 +1-43

Lim

& —=0) ot
B 43+265t +45t2 -43 265t +45¢2
= Lim ~ =Lim -

Sp-a0 ot S0 ot

ot - 40
Lim SL(26 ~ 450)
&0 St

Thus, instantancous velocity at ¢t = 3 is 26 miles‘hour

= Lim(26+45t)=26
-0

Process of Finding Derivative f'(x) by Definition:

Notation of Derivative:

Several notations are used for denvatives. We have used the functional symbol f(x), for the denvative of farx

For the funcuion y = f(x).
y+8y = f(x+dx)

& = f(x+&)-y

& = f(x+&x)-f(x)
Dividing both the sides by 8x, we get

S _ flx+dx)-f(x)
&x &x
Taking limit of both the sides as §x — 0, we have

Lim . = Ly Lx+80-f(x)
br—0 §)X  Gr—s0 ox

L oy dy : dy .,
h'ﬂg 15 denoted by I %0 (1) is writlen as g [(x)

) dy . _
Note The symbol d_i is used for the derivative of y with respect to x and here it is not a quotient of dy and dr.

d
i'— 15 also denoted by y'

X

(1)

Now we wnite, in a table the notations for derivative of y = £(x) used by different mathematicians:

Name of mathematician Leibniz Newton Lagrange Euler
Notation used for denvative %Jior 3—f [(x)or y f'(x) Df(x)
X x

Derivative or gradient of f(x) at x = a:

If we replace x + 6x by x and x by a. then the expression Eﬂ%tm is wrilten as Lim [x:::(a] =[0)

Here f“(a) is called the derivative or gradientof f at x = a.

SCHOLAR % MATHEMATICS - 11 an

Finding f'(x) by Definition of Derivative:

Given a function £, then f"(x) if it exists, can be found by the following four steps
stepl:  Find f(x + 6x)

Step Il: - Simplify f(x + 6x) — f(x) -
Step ll: Divide f(x+8x)=/f(x) by bx 10 get __f{"o(::-f(_x) and simplify iL

i = [(x+dx)-f(x)
Step IV: T:ndhl_ln-—ax_

The method of finding derivatives by this process is called differentiation by defintion or by ab-initio or from first pninciple
‘Example 3: Find the derivative of the following functions by definition:
(@ [x)=c ®) f(x)=x'
Solutlon: (a)
f(x)=c
Let y=c
y+dy=c
Equation (i1) — Equation (i)
y+dy-y=c-c
oy =0
Dividing both sides by *ax":
y_0
&x  box
Taking hlﬂ on both sides:

by
hlﬂ&x Lim(0)

ot =0
dy _
o
Solution: (b)
f()=x*
Let 3 -(i)
= y+ + bx)? ...(i1)
Eq. (i)~ Eq.
y+dy- ~8x) =t
Sy - a +(Bx) +2x.8x-x*
8y = &x(bx+2x)
Dividing both sides by &x:
Sy :
3; = dx+2x

Taking hjnz on both sides:

Sy _
hlﬂ-ﬁ_x- hlﬂ[axd-z:r)
dy
- = 0+2x
p +
dy
—_—=2x
dx
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Example 4: Find the derivative of Vx atx = a from first principle.
—_—

Solution:

Let y=x ()
= y+dy = Yx+8x (i)
Eq. (i) - Eq. (1)
y+dy-y = Jx+ax -Jx
y = Vx+ox -Jx
Sy = (Vx+dx J-)*J’:S::j: by rationalizing
o xrsx) (P xadx-x
Jx+ox +x Jx+&x+\r
&x
6y= e Sy
Jx+8x +4x
Dividing both sides by *8x":
Sy _ 1

S  Jxsox+x
Taking htr:; on both sides:

Sy _

Lim=— = Lim—————=

i =l
dy _ 1 1

B Jxe0+dx Jx+dx zJ"

Now puttingx=a

(@).. "=

which is the gradienl of fatx=a.

Example 5: If y =—, then find T:-): at x = —4 by ab-initio method.
Solution:
Let y= xl: i)
= yaiy=— .. (i)
(x+6x)?
Eq. (1) - Eq. (1)
1 1 )
= +o0y-y= -
}f y -y (x+5x) o
g X =(x+8x)  x*-(x*+2x8x+(6x))
y = =
x(x+8x) X (x+&)
T (&)
8y = X xz 2x 6x z(&:r)
X (x+8x)
5y = ~2x8x~(8x)" _ Sx(-2x-8x)
(x+8x)  x*(x+x)

sCHOLAR 2 MATHEMATICS - 11
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R
pividing both sides by *8x'

by _ -2x-&

B x*(x+8&x)
Taking Lim on both sides

Sy -2x - 8x

}.‘E}g g =

dy _ _=2x=0 -2x 2

dx  x(x+0)} £ o
Now putting x = =1

(&)... gy

The gradient of fatx =-1is 2.

d L] ~-
Theorem: Find the derivation of x* wheren € Z Or Prove that -a[x )=nx"" wherene Z
Case-l  when n is positive integer.
Let y=x" (i)
Then y+dy = (x+&)" (i)
Equation(ii) — Equation(i)
8y = (x+5x)" -x"
Using the binomial theorem, we have
& = [x" +(';]x"“ 8% +[:)x*=(ax)=+-..+(sx)']—x"
8y = mx""'.8x +"(%3—)-x""[5x]1 +oo(8x)°
_ 1, N(N-1) a2 n-1
by = Gx[m' +—2! X"E8x +..+(6x)
Dividing both sides by &x, gives
% = px"! +—-——n(n2?])x""-6x 4o+ (8x)™!
X
Taking Lim on both sides
be=0
Lim & = Lim { +1(3-'—1-)-x"‘-5x+---+(ax)"'}
A0 §X &0 2!
:—y..nx +040+..+0=nx""
X
As y=x".so-‘1[x"]=n-x"'
dx
Case-Il When n is negative integer.
Letn=-m( isa positive integer).
Lﬂ y:x"
Then e )
x!
yoy = — i)
(x+8x)"
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Equation (1) - Equatlon (i)

. 1 1 x™=(x+8x)"
ay = ——
(x+8)" x™ x"(x )"
™ -[x'“ + [’;’].\‘"" ax + m(%_]_.l XS (ﬁx]"']
_ x"(x+8x)" .

Using the binomial theorem, we have
&vc.[m.\""' 14 El(nle-l}x..._;&‘ 4ot (Bx)™ ]

dy =
¥ Xx™(x+ &)

Dividing both sides by &x, gives
Sy -1
8 xM(x+dx)"
Taking Lim on both sides
Va0

[mx"'“ + m(’:l_ D em2 54 ---+(6x}"'"]

Sy _ -1 ma mm=1) ., m-1
1‘.‘5}: e 1_.13 ey [mx + 5 X770 8x 4o+ (8x) ) .
- = L} i m-1 o
= u_:}; 0y (mx +0+ +0)
dy = -1 m=1
dx  x™.x" m
= _m‘m‘-l .x-2m
= —mx\-™?
d Note:
Y o [rs=m=n) d
dx E[x")=nx"' is called power
d(x)’ n-1 rule. Wh
28 o . Wheren €R
dx _)

So, we have proved lhnt-i-(x") =nx"" ifnez
dx

Note: The above rule also holds if n € Q@ — Z, i.c. for rational powers.

d(n g .
The proof of E‘—(x )=nx" ! When n € Q — Z is Ieft as an exercise.

d(2) 223 2
For example, —| x? |==x? =—
P dx[x ) 3>

X
3x3 J

Connection Betwecn Derivatives and Continuity: o

Calculus is a powerful branch of mathematics that allows us to study change and motion. Two of its foundations!
concepts of continuity and derivatives are deeply connected. While cach concept has its own definition

application, understanding how they relate to each other is essential for solving real-world problems in mathematics
As discussed in previous units, a function is continuous at a point if its graph has no breaks, jumps, or holesat that
point. On the other hand, the derivative of a function at a point measures the instantancous rate of change o

cquivalently, the slope of the tangent linc at that point. However, this definition depends on the function being well
behaved around the point. This leads to a well-known result:

Unit 13 ) Differentiaygy
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A
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Remember That:

» Ifa function is difTerentiable at a point, it must also be continuous there.

» This means that differentiability implies continuity, but the reverse is not necessarily true,
x il x20

-x il x<0
Clearly this function is continuous at x = 0 (sce Figure 13.3).
Now, we check the differentiability of f(x) = |x] atx = 0.

Flx) = leﬂ{ x il x20 J ! e

-x il x<0
Ry definition of denivative of f(x)
Y= Lie L (X +0X) - [ ()
f{ﬂ—k‘lﬂ—&-—u
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For example, consider the function f(x) = |x| ={

0
" [(0+8x)-/(0)
0) = AR S e
/'(0) =Lim T
i LGSOy 1010 |
h I X ® Figure 133
Thus f(0) = hl_r:ln o
Because |6x |=8x when 8x > Oand |8x] = -8x when 8x < 0, so we consider one-sided limits
|5x| Sx |6x| ~bx
R.HL= Lim —= Lim —=1 d LHL=Lim—= Lim—=-1
:-.-:‘o“ ox u-?ol' ox o &0 OX  &e-s0” OX

AsLHL # RH.L, therefore, the Limm does not exist.
a0 §x
This implies that derivative of £ at x = 0 does not exist, and thus, there is no tangent line to the graph of f at this
point (see Figure 13.3). However, the derivative exists at all other points of £ i.e., it is 1 on the right side and -1 on
the left side, A function can be continuous at a point but not necessarily differentiable there.

W Crerciseisl oo

I Find by definltion, the derivatives w.r.t. 'x* of the dy

following functlons defined as: o 2(0+2x)=4x
M 2x*+1 =
Solutlon: anp z2-Jx
Lt p=2x"+1 ...(1) | Sotution:
" yrdy=2x+8x) +1 @) | Lt y=2-Jx D)
Eq.(2) - Eq.(1): y+8y=2=fx+bx (2

Eq.(2)-Eq.(1):
y+8y-y=2-Jx+ox-2+x
8y = —Jx+ax +x =fx -Jx+ox

by = J;-Jx+ﬁxxJ;+ Lkl

YH&y—y=2(x+8x)} +1-(2x* +1)
8y = 2(x? +(8x) +2x8x) +1-2x* -1
8y = 2x% +2(8x)} +4x 8x -2x* =2(8x)} +4x 5«
8y = 28x(6x +2x)

Dividing both sides by 8x: Wit
8  28x(6x+2x) By rationalizing the denominator
a ='_ax'—'=2[ax+zx] - {‘J;): -{in'ax}: . X=X =—0x
Taking Lim both sides: Veedxrdx  Jxadarsx
—bx
Sy =
ma = 2Lim(8x+2x) _ Jx +Jx+ox



