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Domains and Ranges of Sine and Cosine Functions:

Let P(x,y) be any point on unit circle with centre at the origin O such that
m£XO0P = @ in standard position, then
cosO=x and sinB=y
= for any real number @ there is onc and only one value of cach x and y i.c., of
cach cosé and sind.
Hence sin@ and cos@ are the functions of 8 and their domain is R, the set of real
numbers. i.c.,

Domain of sinB: R

;  |Domain of cos®: R|

Domainofsinf =R and Domain of cos@ = R
Since (x, y) is a point on the unit circle with centre at the origin O, therefore
-15xs1 and -1sys1

= -1scosf<1 and =1<sinB<1
[Range of sinB:[-1,1]]  ;  [Range of cos0:[-1,1]]

Domains and Ranges of Tangent and Cotangent Functions:
(i) From the Figure 11.1

tan9=!~.x=0
x

= terminal side OP should not coincide with OY or OY’ (the Y-axis)

= thi,iﬂ.ts—“,...
- S -

=5 B={2n+1)-;—.wherenez

Domain of tangent function= R-—{xl x=(2n+ I)g.ne Z}

If y__.l,mng:-l—-as x—po,—i-—-pimﬂrcrcforc the
2 2x 2x

[Range of tangent function =R= Set of real numbers|
(ii) From Figure 11.1

X
cot0=—,y=0
y

= terminal side OP should not coincide with OX or 0X' (the X-axis)
= 020,+1,42n,...

= 0=nt, where NeZ

[Domain of cotangent function =R—{x|x=nr,neZ}|

1 1 1
If x==,cotd=—as o therefore th
X > cot0 2 y=—0 2y—>:oo re the

[Range of cotangent function = R =Set of real numbers|

Domain and Range of Secant Function:
From the Figure 11.1

secO =l,x =0
X

= terminal side OP should not coincide with OY or OY" (the Y-axis)
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x . 3=x S5n
o — o —
2 0:12. 2 2

n
—, whereneZ
0%(2n+ 1)2

0
5 9;(2n+1)i. whereneZ

Inumain of secant function =R —{x |x=(2n+ 1)%'" € Z}

1 1
, —21,5ec021 and -15x<0 so, —<s-1,secO0<-1
_45051'515 50, Z se an e

As secB attains all real values except those between —1 and 1
IRange of secant function = R—{x|-1<x <1)|

pomain and Range of Cosccant Function:
from the Figure 11.1

1
csc0=—,y=0
F ¢

- terminal side OP should not coincide with 0X or 0X’ (the X-axis)
5 020, 4, 12m, ...
5 0zm,wherene Z

l’D?maln of cosecant function =R-{x|x =nm, ne Z}|

Ascscd attains all values except those between ~1 and 1
[Range of cosecant function = R-{x|-1<x<1]|

The following table summarizes the domains and ranges of the trigonometric functions:

Function Domain Range

y=sinx (-,2)=R [-1,1)
y=cosx (-»,m)=R [-1,1]
y=tanx R=(-—w.°°),x==(2n+1)-’z—r,nez (-w,»)=R
y=cotx R=(-w,»), x#m, neZ (-o,=)=R
y=secx (-w,»), x==(2n+1)%.nez (~o,-1]U[1,)
y=cosecx | (-w,),x#nm, neZ (—,-1]U[1,)

Even and Odd Functions:
Even Function: A function f is said to be even if f(—x) = f(x), Vx € Domain f
Forexample: f(x)=x? is even function of x.

Remember!
Here [ (—x):(—x}z The graph of even function is
2 always symmetric about y-axis.
=X
=f(x)

0dd Function: A function f is said to be odd if f(=x) = —f(x), Vx & Domain f
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—
For example: f(x) = x* 15 an odd function of x.
Here f(-x)=(-x)* Remember!
= -x! The graph of odd function i
= ~f (%) symmelric abomlheon&m
The function £ (0)~ cost for all 0 € R is an even function =
(See figure 11.2) e

Here  f(~0)=cos( -0)=cos®= [(0).
Mus, f(0)= cosh 1s an even function,

(1 0) = (cosn, sn k)

-1.0 W (Lo

Similarly, the function f(0) = sin 0 forall & € R is an odd " =
function
Here  f(-0)=sin(-0)=-sind=~f(0). (5 9= (con gy
Thus, f(0)=sin0 is an odd function. 0. -1y
Figure 1y

Note: *
(In both the cases, for each x in the domain of £, —x musi also be in the domain of /. J

- - - T —
Period of Trigonometric Functions:
Periodicity: All the six trigonometric functions repeat their values for each increase or decrcase of 21 in 0 therefen
the values of trigonometric functions for 8 and 8 £ 2nm, where 8 € R and n € Z, are the same. This behaviouy
trigonometric functions is called periodicity.,

Period of a trigonometric function: Period of a trigonometric function is the smallest positive number whyt
when added 1o the original circular measure of the angle, gives the same value of the function.
Or

A function is periodic, if f(0 + p) = f(0), for all 8 in domain of function and the least positive value of p is calle
the period of the function.

Now, let us discover the periods of the trigonometric functions.

Theorem 11.1: Sinc is a periodic function and its period is 2n.
Proof: Suppose p is the period of sine function such that

sin(0+p) =sin® forallOeR e (A)
Now put 0 = 0, we have

sin(0+p) =sin0 *
= sinp =0
= p = +n, +2n, +3n,...(Taking +ve values only)

Checking:
If p = m, then from (A)

sin(0+n)= sin[z.-’i‘w D] =sin® (not true)
Thus 7t is not the period of sin0
If p = 27, then from (A)

sin(0+2n)= sln(4.-g—+ 0) =sin0 (true) ** sin(0+2a)=sIn0

As  2n is the smallest positive real number for which
sin(0+2n)=sin0
2n is the period of sin0.
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:'r';;;',;;:l_l.l: Cosccant is a periodic function and 1is period is 2m.

Ws the period of cosecant function, such that
cosec(0 +p) = cosec® forallBe R .. (A)
1 1
sin(0 + p) = sind
= sin(@+p) =sind
Now put 0 =0, we have
sin(0+p) =sin0
sinp =0
= p = w 2n,3n, ... (Taking +ve values only)
Checking:
Ifp=mn, then from (A)
casec (0 +m) = cosecO
cosec (2 x 90° +0) = cosecO
= —cosec 0 =cosecB (False)
s misnot the period of cosec 0.
If p= 2n, then from (A)
cosec (0 + 2n) = cosec O
cosec (4 x 90° +0) = cosecO
= cosec 0 =cosec® (True)
As 2w is the smallest +ve real number for which cosec (0 + 2x) = cosec ©
. 2nis the period of cosec 0

=

Theorem 11.3: Tangent is a periodic function and its period is .

Proof: Supposc p is the period of tangent function such that
tan(0+p) = tan® forall@eR ~(A)

p=m,2m,3m,...

Note:

Il p = m, then from (A)
tan(0+x)=tan0, which is true
As  m is the smallest positive number for which

By adopting the procedure used in finding the

periods of sine and tangent, we can prove that
= (1) 2n s the penod of cos0

Checking: (i) 2n is the period of csc®

(i) 2m is the penod of secd

(iv) m is the period of cotd.

tan(0+m) =tan®
Therefore, nt is the period of tan®.

Theorem 11.4: Cosine is a periodic function and its period is 2.

Proof: Suppose p is the period of cos 6, such that
cos(0+p) = cosO . (1) vOeR
Now put 8 =0, we have
cos(0+p) = cos0O
cosp =1
= p = 2=, 4mn, 6m, ... (Taking +ive values only)
Checking:
If p=2n,then from (1)
cos (6 +2n) = cos0O
cos (4x90° +0) = cos0
= ¢os0 = cosO (True)
As  2nis the smallest +ive real number for which cos (0 + 2x) = cos ©
< 2mis the period of cos ©
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Theorem 11.5: Sccant is a periodic function and its period is 27. %
Proof: B
Suppose p is the penod of sec 0, such that
sec(0+p) = secO (D Y0eR
1 1
cos (0 +p) = “cos0
= cos(D+p) = cosO
Now put 8 =0 , we have
cos(0+p) = cos0
cosp =1
= p = 2x,4n, 6r, ... (Taking +ive values only)
Checking:
If p=2n,then from (1)
sec (0 + 2xn) = secO
sec(4x90° +0) = secO
= secB = secO (True)
As  2m is the smallest +ive real number for which sec (0 +2x) = sec 0
s 2mis the period of sec
Theorem 11.6: Cotangent is a periodic function and its period is . S Eo
Proof: S ———

Suppose p is the period of cot 6, such that
cot (0+p) = cot0...(1) YOeR
1 1
tan(0+p) - tan®
= tan(0+p) =tand
Now put 0 =0, we have
tan (0 +p) = tan0
tanp =0
= p = m,2n,3n, ... (Taking +ive values only)
Checking
If  p=mn,then from (1)
cot (0 + n) = cot®
cot(2x90°+0) = cotd
= cot® = cot® (Truc)
As  mis the smallest +ive real number for which cot (8 + x) = cot 0
& misthe period of cot 0

=

Example 1: Find the periods of: (i) sin2x (ii) 3+tan§-

Solution:

(i) Since period of sin x is 2m, therefore
sin2x =sin(2x +2r)

= sin2x =sin2(x +mx)

It means that the value of sinZx repeats when x is increased by =.
Hence nt is the period of sin 2x.

39
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W To find the perod of 3+ tan% . consider only tan% .

since period ol tan x s 7, therefore

5 l.‘ll'l[‘*'!]
I.1113— 3

X 1
an—=tlan—=(x +3n
t*m3 3( )

X P
Jtmeans that the value of tnns- repeats when x is increased by 3m.

Hence the period of 3 + tan% is 3. The addition of constant number 3 to the tangent function does not afTect

the rcnud

1. Determine whether the following functions are
¢ven, odd or nelther odd nor even.

@ sinix (

solution:

Let f(x)=sin’x

Replace x by —x
[(-¥) = [sin(~x)F
f(=x) = [-sinx}’
J(-x) = sin’x
J(-x) =/ (x)

Thus, f(x)=sin’x is an even function.

“»sin(-0)=-sin0

() sinx+cosx
Solution:
Let f(x)=sinx+cosx
Replace x by -x
S(=x) = sin(-x)+cos(-x)
f(-X) = -sinx+cosx - {sln(—o)c—slna

cos(-0)=cosD
As f(=x)=%[(x)

So, f(x) =sin x+cos x is neither even nor odd
function.

(li) sin?x+ cos*x

Solutlon:

Let f(x) = sin* x + cos* x

Replace x by —x
f(=x) = [sin('-.u'}]= +[ms(-x]]'
f(=x) = [-sinx* _|sin(-8) = -sind

9 [ i ]+[cosx]‘ ) J\cos(—o)-coss

J(=x) = sin*x +cos*x

1(-=x) =f(x)

Thus, f(x)=sin"x+cos*x isan even function.

(iv) tanx+secx

Solution:

Let f(x)=lanx +secx

Replace x by —x
f(-x) = tan(-x)+sec(-x)

tan(-0)=~tan0

J(-x) = -tanx +secx v {scc(—ﬂ):secﬂ

As [(-x) = 2f(x)

So, f(x)= tanx + secx is neither even nor odd function.

()]

cosec’x
Solution:
? |

Let f(x)= 3
cosec’x

Replace x by —x

J(-x)=

UL vl
[cosec(-x))’

) bl
J=x) [-cosecx]

"> cosec(-0)=—cosecd
1

f=x) cosec’x

J(=x)=-f(x)

Thus, f(x)= is an odd function.

cosec’x

sinx +sin3x
M) ——
COSX + cos3x
Solution:
sinx+sin3x
Let ) —————
() COSX + COS3x
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Replace x by —x
f(-x) = sin(-x)+sin3(-x)
cos(-x)+cosd(-x)
[(-x) = —Smx - sin3x __{5’“('0)= -sin®
cosx +cosdx cos(-0)=cos0
sinx +sin3x

/(2= _cosx+c053x
f(-x) =-f(x)
Thus, f(x)= il is an odd function.
COSX + COS3x
secx +sec'x
Solution:
1
Let —
ot ) secx 4 sec’x
Replace x by -x
L S
/Ex) sec(-x)+[sec(~x))
- = 1 e A =
S(-x) ___-secxﬂseu]’ ssec(-0)=sech
e—
J=x) seex +secx
[(=x) = [(x)
Thus, f(x)=————isan even function.
secy +sec'x
i) — 1
secx +cot’x
Solution:
1
Let = —
¢t /(%) secx + cot’x
Replace x by -x
¥ — S
At} sec(-x)+[cot(-x)]*
[(~x)= 1 n {su(-ﬂ}-sc:ﬁ
secx +[-cox)?  |cot(-0)= -cot0
f[-x]:: _-1_-3_
secx +cot’x
J(=%)= [(x)
Thus, f(x)=————— is an even function.
secx +cot’x
2,  Find the periods of the following functions:
() sin5x
Solution:

Since period of sin x is 2x, therefore
sinSx = sin(5x +2m)

Unit 11 ) Trigonometric Functions ang thelr g
2n 2h
= slnS[ X+ ?]

Hence period of sinSx is-?-E :

—_—

() cos 7x

Solution:

Since period of cos x is 2n, therefore
cos7x = cos(7x +2n)

= cos?[x +£’E]
7

Hence period of cos7x is 275 :

B

(lli) tan3x
Solution:

Since period of tan x is n, therefore
tan3x = tan(3x+n)

- t.1n3(x N g)

Hence period of tan3x is %
x

i t—

(iv) co 2

Solution:
Since period of cot x is m, therefore

Cot"‘ = cot +
2 (z “J

Xx+2n
= cot| ——
[ 2 ]

1
= cot—(x+2n
S (x+27)

Hence perlod of cot-;:- Is 2n.

) 19sln(i%x)

Solution:
Since period of sin x is 2, therefore

19sin(1x)= 19sln(lx+2!t)
20 20
nx+40n
= 19s|p| ===
- "( 20 )

= 19sin—=(x+40)
20

Hence perlod of 19sln(%x] is40.
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solution )
of cosee X is 2n, therelore

2x 2%
cusﬂ[ £ J msu:( S +2n)

~ cnsn:c[ 2x+ lﬂn}
5

- cosr.'cg(x +5m)

, 2% is 51
Jlence pcnod of rosec 5 J 1

solution:
WES)
"z 2
1

since period of sin x is 2, therefore

Euf)- ()

- m(3x+4n)
2

sin-(.'!x +4m)

3( 41!)
sin=| x+
2 3

period of —sln(gx) Is =

1
2
1
2
1
2

2 3

2 3x = 4n
lence period of -sln ——— | is also —
e [ 2 2 3

(il -5—351::(71“ +%)

Ince period of sec x Is 27, therefore
=3sec(7nx) = ~3sec(7nx +2n)

= -3se|:7:|(x - 2_1:)
n

2
= -3secTn| X +—
“[' 7]

2
= Period of -3sec(7nx) =

2
Hence pried of -5- 3stc(7mr + -E—J Is alw-’}— y

ix) 12+10ta (1- )
(ix) + n :on
Solution:
lZ+lOun(lx)
30
: 3
Consider: lﬁt.m[—x)
30
Since period of tan x is =, therefore
n n
—x|= —X+T
1o:an[3oxJ wm(so - )

= 10‘3,}(-@)

n
= 10tan—(x +30
o )
n ;
i —x | i1s 30
= period of lOlan[ao ) i

Hence period of 12+ I.Otnn(%] is also 30 .

TR %
4 Pl
(:) 6- cul[‘_ +‘]
Solution:
o x
6-4cot| —+—
€0 ( 2 +4)
consider: —4cot[-7Tx)
since period of cot x is m, therefore
7x 7x
-4cot -4cot| — x]
> ( 4 ) [ *

= _%ol(h:oixJ

- %t%(h +4n)

= -4cotz-[x +-4—R]
4 7

= Periodof - 4!:0![7:) L'.‘Tx

Hence pried of 6 4:01[2;-»5) is a!so%
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x 2= (x+30n ]
- e P e = 30sec| ——
sk 30’"(15 15] L 15 )
Solution: 1
. = 30sec—(x +30x)
9.+ 30sec| — + gl: 15
W15 15

- = Period of :msec[i] is 30x
Consider: 30s 'tE E | 15

Hence period of 9+30$ec[l—x5- *f—:] 15 also30%

Since penod of oo 15 2. therefore

Wscc{ % i0sec {% + Zr:)

Values of Triconometric Functions: o

We know the values of trigonometric functions for angles of measure 0°,30°,45°,60°, and 90‘.m

established the follow ing identities:
sin (=0) = —sin 0
sin (m—0) = sin O

cos (—0) = cos 0
cos (m—0) = —cos B
sin (1 + 0) = —sin O cos (+8) = —cos O tan(m+8)=tan@
sin (2n—0) = —sin 0 cos (2nm—08) = cos B tan(2n—8) = —tanp |

By using the above identities, we can easily find the values of trigonometric functions of the angles of the foljos
measures: -

-30°, -45°, -60°, -90°
22107, £225°, £240°, £270°
Graphs of Trigonometric Functions:
To plot the graph we shall follow these steps:
(1) Table of ordered pairs (x, y) is constructed, when x is the measure of the angle and y is the value of g
trigonometric function for the angle of measure x.
(1) The measures of the angles are taken along the X-axis.
(ii1) The values of the trigonometric functions are taken along the Y-axis.
(iv) The points corresponding to the ordered pairs are plotted on the graph paper.
(v) These points are joined with the help of smooth curves.
Graph of y = sin x from -2n to 2n:
We know that the period of sine function is 2m so, we will first draw the graph for the interval from 0° 1 34
(from 0 1o 2m). :
To graph the sine function, first, recall that =1 < sin x € 1 forallx € R.

We know the range of the sine function is [—1, 1], so the graph will be between the horizontal lines y = +11d
y=-1
The table of the ordered pairs satisfving ¥ = sin x is as follows:

tan (—=0) = ~tan g )

tan(m—0)=—tanp ]

£120°, £135°,£150°, £180°
+300°, £315°, £330°, £360°

o | 2|2 |2 |&Z |3 )| |78 |4n | 3| 5x |Ux|
X 6 3 2 3 6 6 3 2 3 6

0* 30° 60" 90* | 120° | 150" | 180" | 210° | 240" | 270" | 300° | 330" | 36
sinx 0 05 0.87 1 087 05 0 -05 |-087| -1 |-087|-05] 0

To draw the graph:
1 side of small square on the x-axis =10°

(1) Take aconvenient scale {
1 side of big square on the y-axis =1 unit
(i1) Draw the coordinate axes.
(iii) Plot the points corresponding 1o the ordered pairs in the table above i.e., (0, 0), (30%,0.5), (60, 0.87) and 0%
(iv) Join the points with the help of & smooth curve as shown. So, we get the graph of y = sin x from 01038
i.c.. from 010 2m,
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Nole:
gy WE € that the graphs of tngonometnic functions are smooth curves and none of them 1s line sepment or has sharp
r5 of breaks within their domain. This behaviour of the curve is called continuity. It means that the irngonometric
@ cons 1€ continuous, wherever they are defined Moreover, as the tngonometric functions are periodic so their curves
£ fined intervals.
ﬁ;anﬁt
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Graph of y = sin x from 0° to 360°

s the similar way. we can draw the graph for the interval from 0° to —360°. This will complete the graph of
y=sin X from —360" to 360" (from —2m to 2 ), which is given below:

T T —r T
Yr Gy A |Xr W s dar 2T

wrr Vi Ao

Graph of y = sin x from -360° 10 360°

The graph in the interval [0,2r] is called a cycle and the maximum height of the wave from its mid line is called
mplitude. Since the period of sine function is 27, so the sine graph can be extended on both sides of x-axis through
every interval of 2.

Propertics of graph of sine function (y = sin x)

(i) The domain is the set of real numbers ( —»@ < x < ).

() The range includes all real numbers from —1 to 1, inclusive, [—1,1].

(u1) The graph of sine function is continuous for all real numbers.

(iv) The period of sine function is 2. Mathematically, we can express it as sin(8 + 2r) = sinf.

() The sine function is an odd function. As the graph of sine function is symmelric about the origm.
Mathematically, it can be written as sin (—8) = —sin 8.

(vi) The maximum value of ¥ = sinx is 1 when x =%+2xn.whcrc nez.

(v11) The minimum value of y = sinx is —1 when x=3?=+2m. wheren € Z. .

(Vi) The x-intercepts of the sine function occurs at x = mm, wheren € Z.
() The y-intercept of the sine function is 0.

(x) The amplitude of sine function is | .

(xi) In unit circle sin@ is equal to the y-coordinate of the given point.
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Graph of y = cos x from 2= to 2=
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oraph of y = tan x from - = o =:
L

W know that the persosd of cosme function i 77 so, we will fiest draw the graph (o the wteryal from g hb that tan (—1x) =
fr o om ) we ™ w
(P 0 e o

~tan rand tan (= - ) = —~tan ¥, so the values of tan x for x = O0°_ 30", 60°, 90" can
L the table
Woo hrnw the ramgr of the womane futsm m | - 117 w0 the graph wall be hetween the e wrsowtal laves y "4 2
The table

=+ -y, . we koo that tan x s undefined at x = $£90°, when
{ the ordered pasry satnfy g ¥ cos 3 oas follows Al c
= (®
= = = 2= 5= Tn i: :‘_‘ 2 g approaches — from left x _.il - | ,tany decreases inde finstely in Quard |
x b ' 3 2 3 H - 6 3 F 4 3 = -

o 30" | 60 | %0" | 120" | 150" | 180" | 210" | 240" | 270" | 300° o 2 \
snx| 1 Josc | os ] o |-0os|-o87] -1 |-087] -05] o 05 ) xappronsi=t 2
The graph of ¥ = cos x from 0" 1o 3607 is given below:

from nght 1e , I—o% -

Nia

| LEINY decreases indelinitely m Quard IV

n [ =)
) 5 approaches - = from leflic, ‘—'l"EJ tant increases indefinitely i Quard 11
x x)
(n) ¥ approaches —— from nght 1e, X "(-E—J . tan x decreases indefintely n Quard (11
We know that the period of tangent is m, so we shall first draw the graph for the intersal from 0 o @ (from
0" o 1807)
The table of ordered

pairs satisfying v = tan x is given below
2x Sn
0 = s Tzl 21 21 &
x 6 3 2 2 3 6
0 £l 60" 90" -0 90" + 0 1207 150" 180°
sinx 0 0 58 1.7 4o - - 1.73 05K 0
to 360°
Graph of y = cos x from 0° 10 3 Since the penod of tan X is 1, so we have the following graph of y = tan x from = 360" to 3607

In the similar way, we can draw the graph for the interval from 0° to =360°. This will complete the graph
¥y = cos x from =360 10 360" 1.e. from =2 1o 2, which is given below:

It 4 s
ty ' : :
.“T ------- S — : . .
- - — 2 24 : -
- - 200 : ‘;. . .
e ssmsssia e e I i it ol 11 -
Graph of y = cos x from -360° 1o 360° : :
As mn the case of sine graph, the cosine graph is also extended on both sides of x-axis through an interval of 22 — e —— T e ey —
P ; Or‘ﬂﬂﬂf i fu i n(y- tﬂlﬂ.‘) - (L R N ) :lr - L -‘ (B | e Yaw - :—..
(1) The domam is the set of real numbers (- < x < ®). . p 5
(1) The range includes all real numbers from -1 to 1, inclusive, [=1,1]. . -1 s .
(m1) The graph of cosine function is continuous for all real numbers. . . .
() The period of cosine function is 2. Mathematically, we can express it as cos (6 + 2m) = cos 6. . -4 74 H -
(v) The cosine function is an even function, as the graph of cosine function 1s symmetnc about the y-as ' ~2= : .
Mathematically, it can be written as cos (—0) = cos 8. : . p
(v1) The maximum value of ¥ = cos x is | when x = rn, where n is an even integer. e . .
(vi) The minimum value of y = cos x is 1 when x = mn, where n is an odd integer. v ’ .
tvaThex~|ﬂtmordmmmfuuimmunnz=£oxﬂ.whmnEZ ‘: .:
(1x) The y-intercept of the cosine function is | . v L v T
(x) The amplitude of cosine function s | . F
(x1) In unit circle cos 6 1s equal to the x-coordinate of the given point.

Graph of y = tan x from -360° 10 360*
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: e hofy = 2€0S 2X
Propertics of graph of tangent function (y = tan x) : GrapP y
(i) The domain is the set of real numbers except the values where function is undefined domain o =1 _[ . 1 l A
tany = (—=, @), x ={”..n+l'.l;.\\hcrtnEZ il » _*_T T-__-i_-[__ _1 "i1_-_ ___:._Ji_]___;._-,._ i I i G Al
() The range includes all real numbers (—oo, @) . | l, | 1 | 1 [ /\ N 8
n 1
(111) The graph of tan x is not continuous for all real numbers. 1t breaks atx=(2n+1)-5.\\'hcrcn €Z T_ X V i \ I | [ | \ \
(iv) The period of tan function is . Mathematically, we can express it as tan (6 + 1) = tan 6 ‘ l : *\ ﬁ \ | | 1R/ S N T T O
(v) The tan function is an odd function, as the graph of tan function is symmetric about the Origin I I ' i |\ ]\ l ! i e
Mathematically, it can be written as tan (=8) = —tan 8 5 75 330y 100° -:w-m/-zw-ur S 1I0 00 0] 3 30 \w— 90" 1:1 150" 1H0" xlnYur 330% 160° ¥
(vi) The x-intercepts of the tangent function occurs at x = tn, where n € Z. O Tl i — - | LAl l LA —_—
(vii) The y-intercept of the tangent function is 0 | L } _L | 3 1 | ' l . L
(vii) The amplitude of tangent function is undefined because it has no maximum or minimum values, ——1 | _J 1 i f [ ]
- ___l 3 ¥ ) N = )
_...i_ \ s ! |__4_
1
1. Draw the graph of each of the following function for the intervals mentioned against each: 1 __J. i i I T 1 1 | .
() y=-sin2x,xe[-2rn,2x) B 1 1 L Tl Y _J
Solution:
i =t@an2x,x€[-n,n
Table for y = -sin 2x (i t.iv sl
n:
X 0° 30° 60° 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° 360° i::‘ ?ory=tan2x
¥y =-sin 2x 0 0.87 | 087 0 -0.87 | -0.87 0 0.87 | 0.87 - 0 -0.87 | -0.87 0 X 0° 30° 60° g90° | 120° | 150° | 180°
x | -30° | -60° | -90° | -120°|-150° | -180° | -210°| -240° | -270° | -300° | 330° | 35 y=tan2x| 0 [173[-173] o |173]|-173] o
y=-sin 2x . -0.87 | -0.87 0 0.87 | 0.87 0 -0.87 | -0.87 0 0.87 | 0.87 0 x -30° | -60° | -90° |-120°|-150°]|-180°
Graph ofy =-sin 2x 3 y=tan 2x -173] 173 | o [-173] 173 | o
_I— i C [ | = \ ‘; W G"Ph Ury=n“2x y
i O KA =
- RN Ll 1 '
| u BRE | ' ’
! T/ R — r
. 10 T O 3 e | bt 2
! F T IM T T
= EEN e \i I 1 ]
! 1 \ | | ] |
X' TS e e e e Tie ape S50 110 4 6or 30 for 307 607 120° 150" 140" 210" 240° 2 T T .. 1
i _'r\ ] r i 4. 4} 1‘ ! ﬂ | e T T-Jm :l.\orrl ¥ ’ !
Ve B3 | ! | | | | ! / / / /
T S i\_' _._/__,_l L—!\-‘——i-flﬂ-—: \——- = T RPh o o - --!_.' \ _i
k4 { i ' |l b3 I \ | [ x' € -1/ > X
i K. | T ) -180° -150°1-120° ;90° -60"1-30° /[0* 30° » 60° H0° 120% 150" 180°
| \J LNL ]! L 1] \iu’ L A [ Wil
| ! | 1 | | ! 1
- .l ! - | I 1 / l /
EEEEEE SR BEE SN | |
- = = — 1 1 .| § I |
(ii) y=2cos2x,xe[-2n,2Zn]
Solution: 2
Table for y = 2cos 2x | | |
X 0° |-30° 60° 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360° l l l ‘ \
=2cos2e] 2 | 1 | a2 ]a]1f2]1]alT2]al1]z2 ,Jf i L
x -30° | -60° | -90° |-120°|-150°|-180°|-210°|-240°|-270°|-300° | -330° |-360° y
y = 2cos 2x 1 -1 -2 -1 1 2 1 -1 -2 -1 s 1) I 20




»ew U=t 11 3 Trignaeeirg 'w'““hﬁ‘ —— -
> (] “wn -0
- - "
iny u-m: se| 2n.dw] .
- A
Slwieom y
o 1
| ' | | ¥ “ 12 18 1 .ol1s0«0] 210" | 200 2T0 0 | 1w [ “:’
S X
v - tam- 2 jose] 3 nisM - ' § 73 H oS8 |-027 «—
3 1 - 173 1 3 o Yo
. 107 | 60 | sos 11200 1500]- 10070} 160" - - 210°] -240° | - 270" | - 300" | - 130 | . 3 -05
L
y - tan— ol -1 famjan| - « |373|173| 1 |ossoe2r| 4 N
Cieaph of ¥ rm:_ vy
F . =
* fh ¢ on y'm'i‘-"['-"l
' . i
1 |l salgtee
[ 7 -— L] -
: : e o 3 = con
H - ) - - -
! % : i x 0* 30* 60" 90* 120" 150" 180"
' ' m——
-
$ ¢ . y = cos—x 1 068 -007 -078 -0 R 0.22
| —~ b4
» U — ' —
! ! x -30° -60" -90° -120° | Saser - 180”
' ] ' . 1
x
l ¥ _§ i 3 b b3 y ~cos=x 068 -0.07 078 -0 056 02
L] 1 —— -
| ' ! L
- uir A lor 3¢ w00 e 1200 1% 1R0C 200F Jeer 2O - (mol’y-rtos;.t
] ' i ! .- ] . - )
: 1 1
! 2 S S = ! 5
[ | -
] ] 4 -
'
I| ‘. . '
" L
: % . . —— N e X X
' | “ r"’ -
1] . - R - - v S T o
' | i
: 7 ' . n . - "
' [ | |
N " T — = S " —— l
v 4 | | v | |
Yw | = A ! : J
e i s St e
i~ ’.ﬂa:.".’n'z.l 1 Onthe same aves and (o the same scale, draw the graphs of the lollowing functioas for heir complete perind
2 ) y=9lnxand y = sin Zx
Soletoa: “olation:
Tabie lor y sin—a y=sns
2 y = sin 2r
: 0* 30° | &0* | 90 | 120° | 150* | 180* | 210° | 240" | 270" | 300* | 330" | 3&0* As period of sin x = 2%, w0 s« (0, 21]
= and penod of sin 20 = 2, %0 2« (0 =)
yo sm;x 0 073 1 062 | -015]-083]-096|-050]| 029 | 050 | 093 | 037 |08

FoTT—
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Table of v = sin x and y = sin 2x

Unit 11 ) Trigonometric Functions and their Graphy
— P

X 0" 30° 60° 90° 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° 360
yEsnx 0 0s 087 . 0.87 0s 0 -0.5 | -087 -1 -087| -05 0
¥ =sin 2x 0 087 | 087 0 -087 | -0.87 [1]

Graphfory=sinx and y = sin 2x
Ay I T T A i T
1 - - - ! S Sl b =
0.5 | A r— T
X
<
4]
-0.5
-1
A L | S J - . S [— -
(ii) y=cos xandy = cos Zx
Solution:
y=cosx
y=cos2x
As period of cos x = 2n, so x e [0,2x]
and period of cos 2x=x, so x€[0,7)
Table for y = cos xand y = cos 2x

x 0° 30° | 60° | 90° | 120° | 150° | 180° | 210° | 240° | 270° | 300° | 330° | 360°
y=cosx 1 087 | 05 0 -05 |-087| -1 |-087] -05 0 05 | 087 1
y=cos2x| 1 05 | -05 | -1 -05 | 05 1

Graph fory=sinx and y=cos 2x
| _ I
‘ ——y =c0s2x -— —_—

= _\rf‘__l_

0° 300° 330° 360°
ly = cosx———4+——

3. Solve graphically:

U}

sinx =cosx,x€[0,n]

Solution:

We draw the graph of two functions:
y=sinx and y=cosx

Table for y=sinx and y=cosx

SCHOLAR 2 MATHEMATICS - 11 381
St —
x 0° 30° 60° 90* | 120* | 150* | 180*
y=sinx 0 05 | 087 1 087 | 05 0
y=cosx 1 087 | 05 0 -05 |-087] -1
fory=sinx and y=cosx
Graph Ay T Sy
s o = e s .
05—l —i— = F—e &=
Lt | l ! - y=sinx i
< 145" % >
o 30° 60° 90% 120* 150°180°
-05)—1— .." ] S 1
q i WY
_ Ayl Pl [ | SR
The two curves intersect each other at a point where x = 45°
The solution of the equation sin x = cos x is x = 45°
(i) sinx=x,x€[0,n] s w.__‘i’_"l’h fery=sinxandy=x
A
Solution: |
We draw the graph of two functions: =it - = y=x
y=sinx y=x
Table for y=sinx . y=x aaa—
F 0° | 30| 60° | 90° | 120° | 150° | 180° ~25 s =
y=sinx| 0 05 |087| 1 |087]| 05 0
y=x 0 |052|1.05]157]|2.09|2.62|3.14 25—
n — . -
0°=30
30°=39%780 ,
a€ars|l— - - -
=052 rad
= 15— — - —-
60°=60x—
180 . . v b |
=105 rad
1
T
90°=90» —
"180 A W ¢ AN
=1.57 rad H
N ~05{ —f ———— —>> = cosx
120°=120x——
180 025 ‘
=2.09 rad x x
150°=150 P o 30* 60* 90* 120* 150" 1BO*
= t Sy
180 ~05] ———- . S 8 SR i .
=2.62 rad -1
L]
180°=180x— vy
180 The two cures intersect each other 21 a point where x =0
=314 rad The solution of the equationsinx=xisx=0
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Maximum and Minimum Values of Given Functions of the Type:
* a+bsin® * a+bcos®
® a+bsin(c0+d) * a+ bcos(cO + d)

®  The reciprocals of the above, where a, b, ¢ and d are real numbers.

The trigonometric functions like sine and cosine are periodic function because the values of these function re
over regular intervals. These functions are fundamental in mathematics because of the repetition of their values 5
definite cycles and are used to model various real-life situations, such as radio waves, light wave, and a'llcrna!ing
current in electricity and are also known as a specific case of sinusoidal functions.

Sinusoidal Functions: The functions of the form f(0) =a+bsin0, g(0) =a+bcos0, f; (0) =a+bsin(c0+d)
and g, (0) =a+bcos(c0+d) are the types of sinusoidal functions.

Now consider the general fonn of sinusoidal function f;(8) = a + bsin (c8 + d) i)

Here *a’ represent the vertical shift refers to the vertical translation of the graph of the function, achieved by
shifting the entire graph upward or downward. This shift, also known as the vertical displacement, moves the
function's position along the y-axis without altering its shape or period.

Amplitude |b| is the maximum height of a wave measured from its midline.

JI0) =1 + 3 sin(20)

The period of (i) is equal to H T
c

“Penod

Phase shift *d" indicates the horizontal translation of the
graph of the function, determining how far the wave is
shifted leR or right along the x-axis. A positive d shifls the Amplitude|.
graph to the left, while a negative d shifis it to the right,

altering the starting point of the wave without changing its ~ Vertical
shape or period. shift \ z
For Example, consider the function f(8) = 1 + 3sin (28).
Here Vertical Shit:a = 1

Amplitude = |b| = |3| =3

and Period = 2?“ =n as shown in the adjacent figure.

Now, finding the maximum and minimum values of the functions f(8) =a+ bsin(c8+d) and
g(8) = a + b cos (c 8 + d) is not a difficult task. We know that the maximum absolute values of sinc and cosine
are cqual to 1, so the maximum value of the product b sin® is |b].

Thus, the maximum value of f(8) org(8) is : M = a + |b], whenever sinf = 1 or cosf = 1 where M denotes the
maximum value of the function.

The minimum value of f(8) or g(#) function is: m = a — |b|, whenever sinf = —1 or cosf = —1 and m denotes
the minimum value of the function.

Note:

The absolute value of b is called the Amplitude of /{0) = a + b sin 0. The value of the amplitude can also be determined
using the formula

Maximum value = Minimum value

Amplitude 2
Example 2: Find the maximum and minimum values of the following functions:
(1) 2+ 3sinx (i) 5—2cos3x (iii) reciprocal of (ii) 2 e
Solution:
(i) Let f(x)=2+ 3sinx
Compare it with

f(x)=a+bsinex
Herea=2andb =3

SCHOLAR % MATHEMATICS - 11 b
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Maximum value of f(x): M =a+|b|=2+3=5
Minimum value of f(x): m=a-|b|=2-3=-1
Thus, maximum value of the function is § and the minimum value is -1
(i) Let f(x) =5—2cos3x
Compare it with
f(x)=a+bcosex
Herea=S5and b = -2
Maximum value of the function: M =a + |b| =5+ |=2|=5+2=7.
Minimum value of the function: m=a—|b|=5~-|=2|=5-2=3.
Thus, maximum value of the function is 7 and the minimum value is 3.
() reciprocal of part (ii)

reciprocal of 5 = 2cos3x is ———
L 5-2cos3x

1
kgt S-2cos3x
First, we will find the maximum and minimum values of 5 — 2cos3x.
Let f(x) =5— 2cos3x
Compare it with
f(x) =a+bcoscx
Herea=5Sand b= -2

Maximum value of the function: M =a + |b| =5+ |=-2| =512 =7
Minimum value of the function: m=a—=|b|=5-]|-2|=5-2=3.
Now,  Maximum value of g(x) =—1- = 1 =0.33
m 3
and Minimum value of g(x)=l=l=o_14
M 7 -

Real World Applications:

Ferris Wheel Problems

The first Ferris wheel was invented by George W. Ferris. He built the first one for 1893
World’s Fair. A Ferris wheel 1s an important example of periodic motion that can be
deseribed using trigonoinetnic functions, specifically sinusoidal functions. When we model
the height of a rider on a Ferris wheel over time, we can use these functions to capture the
peniodic nature of the motion. The motion of Ferris wheel can be modeled by f(¢) =

a+ bsin (ct + d)

o f(t)=a+ beos (ct +d).

Example 3: A Ferris wheel with a radius of 45 fect has its lowest point located 5 feet above the ground. It completes
one full revolution every 60 seconds in counter clock wise direction. Model an equation that describes the height of
arider on the Ferris wheel as a function of time t. How high is the rider from the ground after 40 seconds?. Also
£rph the model equation.

Solution:

Siﬂt_&' ittakes 60 seconds for the Ferris wheel to complete one full revolution (one cycle), which is the period of the
Femis wheel, that is

period = 60
2n 2n n
-— = 60 = — = —
c e

Amplitude: b = radius of a Ferris wheel b = 45
Vertical Shift: a = height of the center of the Ferris wheel above the ground



14

Unit 11 550 Triganarmeteie Functions M\dlhglfg'%
a=5%vbh="5445="50
Sance the nder stans at the lowest pent and goes upl, 0

Wty = =heos (et) + a, viicre € iz time and Jois height
Mo subiztituting the above valies, we pet

The lowest point is % feat above the ground

hit)= -4.’.cm( %l ] 50, wihiich bs the required oquation of Fetnis wihee)

Mext, we find e height of the rider at £ = 40 seconds,
h(A0) - —‘lﬁrnu[%- 4IIJ v G0 =725 leet

hus, hesght of rider after 40 second iy 72.5 fest,
Ihe graph of the model equation is shoven below.,

Hetght of o ruler after A0 seconds

hin ~ fl:‘arlla.['q‘J ;50-]
] 36

b

| |
5 10 15 20 25 30 35 40 45 SO % )

Faxample 4: The water level L (in feet) of a tidal river varies throughout the day. Suppose the level of the tdal rrer
can be modeled by the cquation: [(¢) =0+ 4sln(%t] , where t denotes the time (in hours), The water level oscillue
4

4 feet above and below an averape level of 4 feet.
(a) Find the water level ot ¢ = 3 hours?
(b) What is the minimum water level?
Solutlon:

(2) Given equation of water level: L(t) =04 4:!:{%1)
To find the water level, substitute t = 3 into the equation
n . n
L(3) = B+4sin| =3 | = B+42in| =
e (o ) [z)

L(3)=B+4(1)=12
Thus, water level att = 3 hours is 12 feet.
(b) Now, to find the minimum water level, we necd o deteninine when the sine function attains its minimum v

We know that the minimurn value of sint = —1, substitute the aln(-Er) = =1 into the equation

L(t) -B+4a|n[%:)-8+4(—1)¢a-4.4

Thus, minimum water level of the tidal river Is 4 feet.

i
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Jurddant
WS: Fromn a peiet 100 abierve the surface of a lake, the angle of elevation of a peak of a chiff is found 16
be 15" and the angle of depression of the inage of the peak 13 40" Fird the height of the peak

;umﬂ: 121 A b the top of the peak AM and H11 bo its image Let P be
e pant of obaecvation and 1 b the point just belew P (on the surface of
fhe hke) .

fromn P, deaw ) 1AM

121 mf‘i;) - ymetres and mAM = b metres.
mZ’r} -h rr-;.;:’:f b Pl ~ h-- 100

From the Nigure,

i

tanlf” - -42 - !'-—-——L 100 and  tan0” -{{2 --——-I 00+h
n y rg
By division, we get
it h_100
andh” h+ 100
liy Companendo and Dividendo, we have
anl 5 s tar”  h-1004 hs 100
tan) 5> = tan30”  h-100-h-100
tanl 5+ tan3ir __2h
anl 5 < tan30” =200
tan15% » tan30” .__{l_
tand0” - tan1%* 100
_tani0” v tan15” __'[0.5774 + 0.267‘}],100
tan 30 - tan15” 0.5774~0.2679

= h=2721179.
lence height of the peak = 277% m. (appraximately)

Exercise 11.3

L. ¥ind the maximum and minimom values of the | Herea=3b=1

_lollowing functlans: Mazimum value of f(«):M = a+|b|
() 3~sin3x MeZe|lj=3+1=4

Salation; int ¥

' Minimum value of f(x):m=a-|b]
:1 !Egj-?--qlrﬂx m=2=|1j=3-1~2
kg Thus, M = 4 and m = 2

[(x)= a+bsin(cx)
lletza =2 w1
Mazimum value of f(x): M =a+|b|

—_——

(lif) -;--ulu(Sx +x)

M =34|-1|=3+1=4 Solution:
Minimum valuz of f(x):m «a=|b| Let f(:]--;-+sln(5x+n)
m = 3=|-l|n3=1n2 otk :
pare it with
Tha,  M=4andm=2 f(x)~a+bein(ce+d)

() 3+41n 2 Here, n-%.b-l

Solallon;
[(x)=3+sin2x Maximum value of f(x):M =a+|b|
pare it with M,l. 1 .1.1;.3.
[(x) = u s bain(cx) 2 1 2 2
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Minimum value of f(x).m =a-|b]
1

:——lll:-——] = ——

2
3 1
Thus, M==and m=—
us Zan 2

4 3 =
(iv) z+cos(x 4)
Solution:
Let f(x):%wcos(x-—-}]
compare it with
f(x)=a+bcos(cx+d)
3
H a==,b=1
ere, 2
Maximum value of f(x):M=a+|b|
3 3 5
M==+|1l|l==+1=—=
Z i=31=3

Minimum value of f(x): m=a - |b]
3 3 1
m 3 |1|===1==

2 2

5 1
Th M==and m=—

(v) 1-—3cos 2x
Solution:
Let f(x)=1-3cos2x
compare it with
S(x)= a+bsin(cx)
Herea=1,b=-3
Maximum value of f(x):M =a+|b]
M=1+|-3|=1+3=4
Minimum value of f(x):m=a-|b]
m=1-|-3|=1-3=-2
Thus, M=4andm=-2

(vi) 1+2$ln(x 4%)

Solution:

Let f(x)=1 +29In(x +%]

compare it with
[(x)=a+bsin(cx+d)

Here, a=1,b=2

Maximum value of f(x):M=a+|b|
M=1+|2|=1+2=3

Minimum value of f(x):m=a-|b|

Unit 11 ) Trigonometric Functions and thelr Graph
—th

me=1-12]=1-2=-1
Thus, M=3and m=-1

[

1
10-2sin3x
Solution:

1

Let f(x)= 0 2em3x

First. we will find the maximum and minimum values of

10 - 2sin3x

Let, g(x)=10-2sin3x

Here, a=10,b=-2

Max. value of g(x):M =a+|b|
M=10+]-2|=10+2=12

Min. value of g(x) :m=a~-|b]|
m=10-]-2|=10-2=8

i

Hence, Max. value of f(x)= —=% and

1

Min. value of f(x):-ﬁ -

——

1

(il 7+3cos(-2x)
Solation:

1
ks f(x)=7+3cos(-2x)

First, we will find the maximum and minimum values of
7 + 3cos(-2x).
Let g(x)=7+3cos(-2x)
Here, a=7,b=3
Max. value of g(x): M =a+|b]

M=7+I3I=7+3210
Min. value of g(x):m=a-|b)

m=7-|3|=7-3=4

s |

Hence, Max. value of f(x)=—== and
m 4

. 1
Min. val f = — —
in. value of f(x) 10

(Ix) 1
5-3cos(3x-1)
Solution:
1

Nt i) 5-3cos(3x~-1)

First, we will find the maximum and minimum valuesof
5-3cos(3x~1)

Let g(x)=5-3cos(3x-1)

scHOLAR T MATHEMATICS - 11
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g——
fee, 0=5.b=-3

yax value of g(x):M =a+[b|
m=5+|-3|=5+3=8

Min. value of g(x):m = a-|b|
meS-]-3=5-3=2

Hence, Max. value of f[x]=l=l and
m 2

1 1
invalueof f(X)=—==,
Min. v I )=M=B

L The temperature T In a certain city varies
throughout the day according to the equation

13
r(t)=?sln(%t—%)+ 15, where t Is the time In

hours, with £ = 0 corresponding to midnight.

(s) Find the maximum ond minimum temperature
during the day.

(b) Find the temperature at =9 hoors (9:00 a.m.).

Solotion:
: 13 LN
1l function: T(t)=15+—sin| =t -—
Temperature function: T(t) *2 s n(st 9]

compare It with
T(t)=a+bsin(ct +d)

Here, azlS,bag

(2)
Max. value of T(t): M =a+|b|

M=15+l—| 15+ 13 =3 s
2 "2

Min. value of T(¢):m=a~ IM

m=15- H IS-E=£—B.5"C

, £=9 hours (9:00 am)
pul r =9 in temperature function

ng) = 15+?sln(—(9)-—]
= 151-12 sln[—a-;i—-g-]

13 n
= ]15-—= —
2%

= 15-%&9397)
=15-6.108

.3%‘--'9-'._250' fies in 111 quad

Solution:
T

a\3

xm B ym

]
oL

Let distance between ships =AB=xm
Clearly m£CAD = m£ADT = 17°

and m£CBD =m£BDT = 19°
In right ABCD

tan19°=—

03443=290
y

y=—_-290.42m

03443
Now, in right AACD
ch
tan17°=—
sl -

100

0.3057=—— = X+y=

x+y
x=327.12-290.42
x=36.70m

__100
03057
v y=29042m

100m

4. P and Q are two points in line with a tree. If the
distance between P and Q be 30 m and the angles
of clevation of the top of the tree at P and Q are
12° and 15° respectively, find the height of the

J09) =8892°C

3. Aman on the top of # 100 m high light-house is in
line with two ships on the same side of it, whose
angles of depression from the man are 17°and 19°

i ~_Tespectively, Find the distance between the ships.

tree.
Solution:
B.
h="?
12° 15"
P 30m Q xm A-
Let the heightof tree=AB=hm
In right AQAB
o AB
tan15°= A0
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tani15°= h 6. A child is playlng on a swing in a playground. Ty,
x height h(t) of the swing seat above the ground (j
h ) metres) at time ¢ (in scconds) is modeled by tp,
=tan15° ---(1) function: h(t)=1.5+1.2sin(3nt)
Now, in right APAB (a) Wh‘::i is the maximum height reached by the swip,
scal.
tan12o=22 (b) What is the minimum height reached by the swin
PA seat?
h h ing t
0.2126= (10« (c) How long does it take for the swing to compler,
304+x = h=(30+x)(02126) one full back-and-forth motion (period)?
= h=6378+0.2126x (d) At what time(s) does the swing seat first reach,
h height of 2.12 melres?
h= 6.378*0.2126[m] using (i) Solution: o
= (@) Swing height function is
h=6378+07934h = h-0.7934h=6378 h(¢) = 1.5+1.2sin(3xt)
= 02066h=6378 = h=30.87m Compare it with
5. Agiant Ferris wheel has a diameter of 60 feel. The h(t) = a+bsin(ct)
lowest point of the wheel is located 6 feetabove the | o o 15 p=12,¢c=3x
ground. The whecl completes one full revolution (a) Max. Il;.'i ght: 4
every B0 seconds. M i a+ bl
(a) Model an equation that represent the height h(t) M =15+ 1.2 = 2.7 metres
of a rider on the Ferris wheel at any given time L b Min. Height: ’ ; ’
() Find the maximum height of the rider. &) Malcgt :
() Find the beight of the rider from the ground after i
35 seronds. (€) The swing. i o e g A
R C € SWINg wi ¢ lime o t.omp ¢le one lu .
snlm'?“' : and-forth motion
(a) Since the Ferris wheel takes 80 seconds to complete ¢ = Period
one full revolution (one cycle), so 2% 2
Period = 80 t=2=Z seconds
2x 5 3 3
i = cels (@) h(t) =212 metres, t=7
Amplitude: b = radius of wheel h(t) =15 + 1.2sin(3xt)
1 1 2.12 = 1.5 + 1.2sin(3n¢)
b = ~(dismeter) = =(60)=30 212-15 = 12sin(3n2)
Vertical shift: a= 6+ b =6 + 30 = 36 282 o sin(3xe)
Since the rider starts at the lowest point and goes up, so 12
The equation for the height A(t) is sin(3nt) = 05167
h(t) = -bcos(ct)+a 3nt =sin-1(0.5167)
m
h(t) = —301:05(—! ] +36 (1) t= _!-g]n" (0.5167)
40 3n
(b) h(e) = 36-30:0;(3:) ¢ = 0.058 seconds -
40 7. A carnival ride consists of a vertical wheel witb?

(c)

Max. height: M =a+|b|=36+30=66 f.

h=7 , t=230seconds
h(35) = -30:05[%[35])-&36 Using (1)
= —30(05[%}36
= -30(-0.9239)+36
=27.72+36
h(35) =63.72 ft

diameter of 40 feet. The centre of the wheel is 28
feet above the ground. The wheel rolates st #
constant speed and takes 120 scconds to make 0of
complete revolution. Model an equation (hi!
describes the height h(t) of a rider on the wheel
a fanction of time . How high Is the rider from th¢
ground after 90 seconds? At what times will 1%
rider be 36 feet above the ground?

Solution:
Since the wheel takes 120 seconds to make one complcké

1
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|ynon. S0
ot Period = 120
_21(_ =120 = ¢z
¢ 60
liude: b = radius of wheel
Ampll B E(dinmclcr) = 1(40} =20
2 2 i
cal shift:
Lo a=28

gince the rider starts at the lowest point and goes up, so the
N.u;uon. for the h[‘] is y

h(t) = -bcos(ct)+a

Ft] = -20 l:os(-é%t)-r 28

Height of rider after 90 seconds = h(90)

n
-20cos| —(90
(60{ ]]+23

3n
_20cos[._._) 2
2 +28

=-20(0) + 28
= 28 feet

Now, we will find the time, when h(t) =36 fi

n
= =20 —t |+28
h(t) cos(w )+
T
6=-20 —t |+28
3 cos(ﬁo )+
n
-28=-20 —t
36 cos[60 )
ﬁ = cos[lt)
20 60

n -1 —2)
—_—r = —
50 cos [ 5

Since cos function is negative in 11 and 111-quad,, so

Il-quad I1l-quad
-ﬁ%l = n-cus"(%) zﬁat = n+cos™ (—E)
t= E":'-(1-:—1:05“3) = -r-’-q(n-n-ms"i]
n 5 n S
t=60-0c0s12 t= 60+ 8012
n 5 n 5
t =37.86 seconds t = 82.14 seconds

& Suppose the temperature T in degrees Fahrenhelt

of Lahore city in a month of December throughout
the day can be modeled by the equation:

T=64+85ln[%(t—a)), where t is the time in

hours. The temperature oscillates 8 degrees above
and below an average temperature of 64 degrees.

(a) Find the temperature att = 9 bours?

(b) At what time the temperature will be maximum?
(c) Calculate the maximum temperalure.

Solution:

Temperature equation

. ,
T = 64+8sin| —(t -8 (1)

snflz[ ]J
(@) T=2

t =9 hours

T= 644Bsm(-i%(9-8}] using (1)

= 64+ Bsm-z-
12

= 64+8(0.2588)
=64+ 20704
=66.07°F

(b) Temperature will be maximum, if

sln(l—’;(r -8}) =1

.i"i{:-a] = sin-1(1)

12( =
-8 == —
‘ .1(2)
t=6+8
t =14 hoursor 2 pm.
n
T = 64+8si (— r-a)
(c) +8sin 12[ )

Herca=64,.b=8
Max temperature: M =a+|b|=64+8=72°F

9, Suppose the population of a coastal city follows a
sinusoidal pattern due fo seasonal migration. The
population of the city over the course of a year can
be modeled by the equation:

P(t) =70000+100I]0:us(-2! —-;—). P(t) Is the

population at time £(¢ is the time in months, with £
=0 correspooding to January 1*). where t denoted
the months in a year.

(a) Find the population of the city at ¢ = 7 months.
(b) Find the maximum population.

Solution:

Population equation

P(t) = 700004-10000:05(%:-%)

(1)

(a) Population at t =7 months = P(7)
= 70000 + 10000 cos(?—"-i)
6 2

= 70000+ 10000:05(’“23“)
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4 P(7) = 65000 - b —
= mononoooo:os(—“) 7= . ra
25 ) P(£) = 70000+ 10000 :os[gt--;]
_ _:It - -
- 7°°°°+1°°°°‘°’( 3 ] Here @ = 70000, b = 10000 lelt and
— 10000[_1) Max. population:
= + —_— e - -
2 1 = 70000 + 10000 = 80000 Continuity
=70000- 5000
Formula Sheet
—_—
Sinusoidal Functions Introduction
1. f(0)=a+bsind,, 2. g(0)=a+bcosb, 3. = in(co+d) | 4. 0)=a+b e o o ; : : ; :
f(8) I 9(8)=a+bcos | 3. /i(8)=a+bsin(cO+d) I 9:(9) €os(ch+d) Jn mathematics, the concept of limit and continuity is foundational in understanding the behaviour of functions and
5. For f(6)=a-+bsin(c0+d), where a= vertical shift, [b] = amplitude, d = phase shift, 2%= period sequences, especially when applied to real-world scenarios. This unit will introduce and explore how to demonstrate
: c and find the limit of a sequence and a function, understand continuous and dicontinuous functions, and apply these
(i) Maximum value of f(B)= M =a+|b| | (i)) Minimum value of f(0)= m=a-|b| concepts in various conltexts such as cconomics, finance, and natural scicnces
Maxi —Mind Tl . 8 :
P — aximum w:h.u:2 Minimum value Limit of a Function

- ?h?conccpt of limit of a function is the basis on which the structure of caloul ss rests. Before the definition of the
Multiple Choice Questions (MCQs) limit of a function, it is necessary to have a clear understanding of the followiiz phrases.
m Mecaning of the Phrase “x approaches zero™:

1. Domain ofy = cosx is~---- ‘ Supposc a sequence x,, =% assumcs a sequence of values as:
(A)-o<x<ew (B)-1sxs<1
(COOR-{x|x=nna)neZ (D)R—{x|x=2nn}neZ l.l.l,liu. l,
2. Rangecoftanxis ~---- 2t Pt o
(A)-o<y<ew (B)—0<y<0 C)oosyse D)0<y<2n 1 ; ’ 2
3. Iff(x+ p) = f(x), where ‘p’ is the Jm‘"eﬂ m,mw(,,gmhcf‘m s ‘._a"“(! _}_ - __y We can sce that the sequence x, =H—JI is becoming smaller and smaller as n increases and can be made as small as
(A) domain of f{x) (B) codomain of f{x) (C) period of f{x) (D) range of f{x) 1
4. Period of 3+ tan% is: we please by taking *n" sufficiently large. In other words, x, =n_’ becoming closer and closer to 0 as n becoming
In large. This unending decrease of x,, is denoted by x, —» 0 and read as “x,, approaches zero” or “x,, tends to zero as
(A)3r (B)5 (C)3+3n (D)3 —3n n = ©0.” That is, the limit of the sequence x,, is 0.
5. (ﬂ;)) = xmris a/an----- Sroiihe - Meaning of the Phrase “x approaches infinity”
even function ction neither even nor odd (D) cubic function = 2
6. - If f{-x) = ~f(x) Vxedom(f), then the function f(x) is called - - - - - Suppose a sequence X, =10" assumes values as 1, 10, 10%, y L1 PR, | A
(A) linear function (B) periodic function (C) odd function (D) even function Itis clear that the sequence x,, is becoming larger and larger as n increases and can be made as large as we please
7. f{x)=x"+sinx then f(x) is - -~~~ ) . by taking n sufficiently large. This unending increase of the sequence x,, is symbolically written as “x,, — @™ and
(A) constant function (B) even function (C) odd function (D) neither even nor odd is read as “x,, approaches infinity” or “x,, tends to infinity as n — co.” That is, the limit of the sequence x,, is ¢o.
Exercise 11.2 Meaping of the Phrase “x approaches a”:
8. Ingeneral form of sinusoidal function f(6)=a+bsin(c6+d), is called - - - - - Symbolically it is written as *“ x—»a ™ which mcans that x is | Point to remember:
(A) phase shift (B) vertical shift (C) amplitude (D) period sulicierly closc 104 but differes from the pumber a, Bom bothi || Thnoysstiolr=n 0 i qebeibont fromx =0,
9. Maximum value of the function f(8)=a+bcos(c6+d) is----- the let and right sides of a that is x —a becomes smaller and | = _.,-3|mm WS
2 smaller as we pleasc but x —a == 0. u: A . )
(A) a-|b| ®= (©) a+]b] (D)1 Concept of Limit of a Function: e
¢ 3
10. Maximum value of the function 5—-2cos3x is----- () By Finding the Area of Circumscribed Regular Polygon:
(A)3 ®)7 ©9 (D)2 Consider a circle of unit radius which circumscribes a square (4-sided regular polygon) as shown in Figure 12.1,
ANSWER KEY . s i g S > .
i 2 units, It is clear that the area of inscribed 4-sided pol 1
CIAZ A Tele TA TAale TeTm W Y ICiWE Th:sldcofsqumlsﬁandnsmus square uni ided polygon is less

| than the area of the circumcircle m = 3.142 = (Area = r? = n(1)? = w = 3.142).
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Figure 12.1: 4-sided polygon

Figure 12.2: 8-sided polygon Figure 12.3:16-sided polygon

Bisccting the arcs between the vertices of the square, we get an inscribed 8 -sided regular polygon as shown ip

Figure 122, Its area is 2*/5 =2.828 square units which 1s closer to the area of circum-circle. A further similar

bisection of the arcs gives an inscribed 16-sided regular polygon as shown in Figure 12.3 with area 3.061 square
units which is more closer to the area of circumcircle,

It follows that as *“n", the number of sides of the inscribed polygon increases, the area of polygon increases and
becoming near to 3.142 which is the arca of circle of unit radius,

We cxpress this situation by saying that the limiting value of the area of the inscribed polygon is the area of the
circle as n approaches infinity, i.c.,

Area of inscribed polygon — Area of circleasn = @
(i) Numerical Approach

Consider the function: f(x) = x3,
Domain f= R = The set of all real numbers
Let us find the limit of f(x) = x? as x approaches 2.
The table of values of f(x) for diffcrent values of x as x approaches 2 from lef and right is as follows:

From left of 2 — 2 — from right of 2

x 1 1.5 1.8 1.9 1.99 | 1.999 [1.9999|2.0001|2.001| 2.01 2.1 2.2 25 3
fIx)=x"| 1 |3.375]|5.8326.859 | 7.8006 | 7.8806 | 7.9988 | 8.0012 | 8.012 | 8.1206 | 9.261 | 10.648 | 15.625| 27

The table shows that, as x gets closer and closer to 2 (sufficiently close to 2), from both sides, f(x) gets closer and
closerto 8.

We say that § is the limit of £(x) when x approaches 2 and is written as:
f(x)—>8 as x—2 or [irr;[x’]:B
Limit of a Function:

Let a function f(x) be defined in an open interval ncar the number “a” (need not be at a). If, as x approaches “a”™

from both left and right side of “a” f(x) approaches a specific number “L" then “L", is called the limit of f (x) s
x approaches a. Symbolically it is written as:

I‘i_r.::f(x) =L read as “limit of f(x) as x = a, is L.

* lItisneither desirable nor practicable to find the limit of a function by numerical approach. We must be able

to evaluate a limit in some mechanical way. The theorems on limits will serve this purpose. Their proofs
will be discussed in higher classes.

Theorems on Limits of Functions:
Let f and g be two functions for which Lim f(x)=L and Limg(x)=M, then
=0 =g

Theorem 1: (i) limx® =a®, wherep >0andp € R

=20

(ii) limec=c

Theorem 2: (a) The limit of the sum of two functions is equal to the sum of their limits.

Lim[f(x)+g(x)]=Lim f(x)+Lim g(x) =L+ M

For example, LII‘I;I(X +5)= Llr;lu +LIm5=1+5=6

Unit 12 ») Limit and Comlnu]w
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() The limit of the difference of two functions is equal to the difference of their limits.
Lim[f(x)—y(x}]=L|m,"{x]—L|_mg{x): L-M
For example, Lin’i(x -5)= Llrr‘i(x}- L|n115 =3-5=-2

) If k is any real number, then
Lim[kf (x)]=kLim f(x)=kL

For example, Lim (3x)=3 Lim(x)=3(2)=6
(d) The limit of the product of the functions is equal to the product of their limits.
Lim[f(x)g(x)]=Lim f(x)-Limg(x)=L.M
For example, Lmll(Zx)(x +4)= LIH;I(ZX) . LinI:(x +4)=(2)(5)=10

() The limit of the quotient of the functions is equal to the quotient of their limits provided the limit o:
denominator is non-zero.

Lim f(x
Lim L(x) =Lf()=-£-. provided g(x)#0 in a neighborhood of @ and M = 0
e g(x) | Limg(x) M

For cxample: Lim[3”*4]—]:L'?[3x+4)-5+4 il
AR el e Lim(x+3) 2+3 5

(0 Limitof [f(x)]", where n is an integer
Lim(f (x))" =[Lim ()] =1
For example, Lim (2x-3) = (Lim(2x -3))’ =(5)’ =125

We conclude from the theorems on limits that limits are cvaluated by merely substituting the number that x
approaches into the function.

Limits of Important Functions:

: 0 .
Ifby substituting the number that x approaches into the function, we get (E) . then one possible way to evaluate

the limits 1s as follows: _
We simplify the given function by using algebraic techniques of making factors if possible and cancel the common
factors. The method explained in the following important limits.

x"-a"

Question 1z Lim
X2 X-a

=na™" where n is a non-zero integerand a > 0.

Case I: Suppose n is a positive integer.

LHS = Lim>—2 [9] form
¥—=a X-0 0
-1 n-z+ 2.n-3 n-1 .
= Lim (x—a)[x" o - : g2 ) By Factorization of (x" -a")
£=+d -

= Lim(x"" +ax" +a x4 40"
X=»a

= ¢ +ad"  +ata"™ +da" +...+a™!
= a" 40" 40" +0™" .. .+0"" =na™' = RHS
Case I Suppose n is a negative integer (say = —m ) where m is a positive integer.
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LHS = LimZ—
R ]
11 a"-x"
‘"_ - "
= LIm X 2 = Lim .4 ﬂ:u _i
s X = ot X =0 s g=0

- um( A=

- () um( S5

=1

- —(ma™ H (by case-I)
a"a™
= ~ma™ """ =—mg™!
= nd"' = RHS “nw-m
Hence proved LH.S = R.H.S
Question 2: Lim x+a-Va = A »Wwhere n is an integer and a > 0.
x=a0) X 231,

LIS = lem Ja (%J form

= Lim

a0

[_J"T: Ja ][7_7.‘!:?:: J:-] By Rationalizing

o O ) reae
-0 x( x+a+ a) z(Jxﬁ:«ja)

= Lm Lim = =1
el S T

. -1 -3
Example 1: Evaluate: (i) Li Li
mple valual (1) '-Tx’—x (n) mm
Solution:
]
; x -1 0
® ['J-:Il‘x‘—x (E) -
1
L s Um%—) wsing a* =b” =(a+b)(a-b)
=l x° - x n=sl x
- I.imx—+1- 1'..:---Z=2,
- X 1 1
()  Um—t2 (-'1) form
s Jdx-43 \0
x-3 x-3 Jx+3 o
Lim = Lim By Rationalizin
x-al 31_3 n-sl jx..J 3343 y &
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2=z - ) w_(z—3)!~5ﬂ’5j
.l-l [-j—f (.‘(—f 1) [x-ZJ
Lm(Jx+42)=SB+3=243

-

‘.‘_".'7'7, -
Limit at Infinity:
we have studied the limits of the functions f(x), f(x). g(x) and —— f(x)

9(x)
Let us see what happens to the imn of the function f(x) if ¢ is 4+ or —2 (lmns &t infinnty) 1c. when X — +=

“x--m
(3) Limitasx = 4=

, when x — ¢ (2 number)

Let ﬂx}:%.wbcnx:ﬂ

Thas function has the property that the value of f(x) can be made as close as we picase 10 zero when the number x
s sufficiently large

SE -
We cxpress this phenomenon by wrting m;ﬂ)
(b) Limit as x — -5

This type of limits 2re handled in the same way 2s limits as x — +@. ic,, Um——o wherex = 0.

8 ——— X
The following theorem is useful for evaluating limit at infinity.
Theurem: Let p be a positive rational number. If x* is defined, then
L:rn—-Oa.nd le;—o , where a 1s any real number.

;-—-;

For example, um;,-=omd P N

e p——y

Limit of a Sequence:
Let {2, ) be a sequence, ﬂmlmudam{a.]n&:\nhememof&mwmds
n = o, that is,

Lima, =L

If such an L exists, the sequence is said to convergs to L 20d {a,,) is called convergemt sequence. If no such L exists,
the sequence is said 1o diverge. .
1
For example, consider the sequence {a,s%f: As n——ow.;-ho

S0, we wrneLim g, =Lim—=0.

o -
. .. 2n+3
Example 2: Find the limit of the sequence @, = —
Selation:
Consider l.ama = um2n+3

e ﬂ“‘l

Dmdmgm-ddmm‘ by o we gt

2n 3 2 3 1

e c s 2+0 B} 1
Lime. = Lim| -2—2_| = Lim sl ~Lim==0
proveodpy [ P_‘l ._.l 1 1 1-0 —

nn n

2
Limg, = —=2
--E' 1



