Now,  AAOB=ACOD [(SAS) theorem) -
Therefore, |AB|=|CD|
= Iﬁlzzlfﬁlz Squaring both sides

Using the distance formula, we have:
[J{msu —cosp)’ +(sina -sinf)? j: =[J{_cos[u—B]—1]' +(sin(a-p)-0) Jz
(cosa ~cospP)’ +(sina=sinP)’ =(cos(u-Pp)= l)z -|-(sin[a::.—I3)—0)2

cos’ + cos’B~2cosa cosP + sin*a +sin’B-2sina sinf=cos” (&~ B) +1-2cos (- ) +sin’ (a~p)
1-2cosa cosp+1-2sinasinf=1+1-2cos(a-p)
2-2(cosa cosP+sinasinf)=2-2cos(a=-f)
Hence, cos(a=-P)= cosacosP+sinasinp

+» sin?0+cos?0=1

Note:
[Mlhough we have proved this law for a > > 0, it is true for all values of a and f. J

Suppose we know the valucs of sin and cos of two angles a and B, we can find cos(a—p) using this law 5
explained in the following example:

—

Example 2: Find the value of sln% ,

Sn A 3
:As —=75°=45°+30°=—+—
Solution: As 2 o

slnf—: = sin(-’-':w%):slﬂﬂmsﬁi-l:t:sislnE

4 4 6 4 6
_ 18 .11 fBn
B2 22 22

Deductions from Fundamental Law:
1. We know that:

cos(a—-P) = cosa cosP+sinasinf
Putting u=-;—‘ in it, we get

cns[-;-—ﬂ) = cns% cosp-rsln% sinp
= ms[%-ﬁ] = 0-cosp+1-sinp ('.'cos-’-‘z-zo.sln%ﬂ)

cos[%-ll) = sinf (i)
2. We know that:
cos(a—pB) = cosa cosP+sina sinp

Putting B= -% in it, we get

BT T -
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n b |
= cos(cu;) = cosa-0+sina(-1) sln(-%):-l and cos[-%):ﬂ

cos(% +u) = -sinaj )
3. Weknow that:

cos[—;- - !3] =sinp

[(i) above]

S
putting B=-£+u in it we get

of ] ()

5 cos(-a) = sin[%-ba]
= cosa = s!n[%-t-a] [ cos(~a)=cosa]
sin[-g-ﬂ.-.) = cosa N (1])]

4. We know that:
cos(a—-P) = cosa cosP+sina sinp
Replacing f by —f we get
cos[a~(-B)] = cosa cos(-B)+sinasin(-pB) [+ cos(~P) =cosP, sin(-P) =-sinp]
= |cos(a+P) = cosa cosP-sinasinf| .. (iv)
5. We know that:
cos(a+p) = cosa cosp-sina sinp

. n
Replacing @ by E-l-& . we get

cos [(% +u) + B] = cos(%+ u] cosp-sin [-Tzid-u)sinl}

= cos[%-r(aﬂ})] = —sina.cosp-cosa.sinp

= ~sin(a+pP) = ~[sina cosP+cosa sinf]
[sin(a+p) = sina.cosp +cosasinp| )
6. We know that:
sin(a+p) = sinacosp+cosusinp
Replacing B by —f8, we get
sin(ax—P) = sina cos(~P)+cosa sin(-p) -+ sin(-p)=-sinp and cos(-P)=cosp
lslu(u-ﬂ} = sina cosp-cosa sinB‘ (Vi)
7. Weknow that:
cos(a-P) = cosa cosP+sina sinf
Let a=2randB=0
: cos(2n—0) = cos2n:cos+sin2n.sind
= 1.cos0+0-sin@ ** cos2n=1, sin2n=0
| cos(2r-8) = cosb| {vii)

[from (v) above]
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8.  We know that:

sin(a-P) = sina-cosp-cosa-sinP
Let a=2nandf =6
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Nole:

The above results also apply to the reciprocals of sine, cosine and tangent. These results are to be apphicd
fml“‘““} m the study nn"F“““"'Elf} and they can be remembered by using the tollowing device:

sin(2n-0) = sin2a-cosb-cos2x.sin0d
= 0-cos0-1-sind * sin2n =0, cos2n=1 I :3 :.:;:h\l?:stao or subtracted from odd multiple of right angle, the tngonometric ratios change into co-ratios
ls'm(Zn-G) = —sinﬂ] (vinn) jc. SIN & €Os, tan =2 cot, sec = cosec
. 0 (
9. g = sin(a+B) _ sina cosB+cosa sinf -y slnti-tﬂjzcoso and CBSLQZEH‘):smn
cos(a+P) cosa cosP-sina sinp
sina cosp  cosa sinf3 » 170 is added to or subtracted from an even multiple of 'E . the trigonometnic ratios shall remain the same.
+ -~
i SMECROOS] i cnscs cos) Dividing up and down by cosa cosp 3. Sofaras the sign of the results is concerned, it is determined by the quadrant in which the terminal arm of the
cosa cos  sina sinf " angle lies.
cosa cosp cosa cosP cg. sin(m-0)=sin0, tan(n+0)=tan0, cos(2n-0)=cosO.
tan(a+p) = tano + tanf (%) Mecasure of the angle Quad. v
Z-tnaitnf %-0 1 sin *ve All rve
10. tan(a-p) = sin(a—B) _ sina cosp—cosa sin - — - ” -
cos(a-P) cosa cosB+sina sinf E-re or n-0 I “— +>
sina cosp  cosa sinf 3In . -
_ fCosa cosp cosa cosB Dividi and doumibicos n+0 or —-0 1 tan =ve cOs ¢ve
cosa cosP = sina sinf i i Lo R — 3 v
cosa cosp  cosa cosf ?“+9 or 2x-0 ' v
tana-tanf
tan(a-pB) = ————_ : (= . L 3n 3n i n v
(=-PB) 1+tanatanf we(x) T (a) In sm[-z-—0].s1n[-2-+0).sin[?-0] and sln(?a»o) odd multiplies of-i are involved.
Trigonometric Ratios of Allied Angles: Thesefore, sin will changs into.Cas:
" — Moreover, the angle of measure
Two angles a and f are said to be allied, if a + 8 = n(90°),n € Z " . o - [ Z 0] 0
For example, a, 90° + @, 180° + @, 270° +  and 360° £  are some allied angles of . @ (5‘0] Wil et el kR S0 "[ 2 B
Using fundamental law of trigonometry, cos(a - B) = cosa cosp + sina sinp and its deductions, we derive the
following identitics:

(ii) (% + 0) will have terminal side in Quad. 11, so, Sil'l(% + 0) =cos0
sin (-E——BJ =cosb, cos (%-0] =sinB, tan (%- 9) =cotd

: =S
(iii) (3—;-—0) will have terminal side in Quad. 1lL, so, sm[-f——ﬁ):—cusﬁ
sin(§+8)=cose, cos(§+é)=-sin9, tan(%-rﬁ):-cot&

3
(1v) (3?“+8] will have terminal side in Quad. IV, so, sin(?ﬂ-ho]:-cosﬂ

sin(n-0)=sin6, cos(n-0)=-cosd, tan(n-B)=-tand n
sin(7t+0)=-sind, cos(n+8)=-cos0, tan(n+0)=tan® (b) In cos(n—0),cos(n+0),cos(2n-0) and cos(2n+0), even multiples of > arc involved.
sin[-:;-f-'-—a)z—cose, cos(ﬂ—e =-sin®, tan 1’-‘——0):(:0:8 Therefore. cos will remain as cos.

2 2 2 Morcover, the angle of measure

1 i -0) will have terminal side in Quad. 11, therefore cos(n—0)= -cosd '
sin(-:iz.h B)= -cosB.cos(—?-rBJ =sin®, tan(%“q-a):-com ) ifm=0iwi ( )

' (i) (m+0) will have terminal side in Quad. 111, so cos(nt+0)=-cos0
(iii) (2r-0) will have terminal side in Quad. IV, so cos(2r-0)=cos0
(iv) (2n+8) will have terminal side in Quad. I, so cos(2n+0)=cos0

{sln(Zn-B)=-sinﬂ.cos(Zr:-B):cosB,tan(er-B):-—tanB
sin(2n+0)=sin0,cos(2n+8) = cosh, tan (2n+6) = tan®
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Example 3: Without using the tables, wnite down the values of

(1) sin225° (1) tan 600° (1) cot(-225%) (iv) cosec(-420°)
Solution: \
() sin 225° -~ sin(180 + 45)°
=sin(2290+ 45)° = -sin45" = #712. - 225" lies in 11 - quad.
(h) tan 600° = tan(540 +60)°
= an(6+90+60)° = tan60° = V3 600 lies in 11 - quad
(ini) cot(-225°) = - cot225° = -cot (180 + 45)° o cot(~0) = ~coth
=-cot(2»90+ 45)"
=-cot45° = -$= —-:-= -1 -+ 225° lies in 11 - quad
(iv) cosec(-420°) = -cosec420” = -cosec(360 +60)" v cot(-0) = ~cotl
= —cosec(4»90+60)"
=—cosec60” "o 4207 hies in 111 - quad.
sin60” E e
2
o _ o )
Example 4: Simplify: sin(180°-0)cos(360°-0)tan(90°+0) -
sin(90°-6)cos(180°+6)tan(270°-0)
Solution: .
sin(180°-0)cos(360°-0)Lan(90°+0)
sIin(90°-0)cos(180°+0)tan(270°-0)
_ sIn(2x90°-8) cos(4x90°-0) tan(1x90°+0)
sin(1x90°-0) cos(2x90°+0) tan(3x90°-0)
_ 5in(2x90°-0) cos(4x90°~6) tan(1x90°+0) _ sinf.cosH.(~cotl)
sin(1x90°-0) cos(2x90°+0) tan(3x90°-0)  cosf.(~cos0).cotd
_ 5inB-cosB-(-cotd) _ ~sin® =tand
cos0-(-cos6)-cotd -cos0
Exercise 10.1 - .
1.  Without using the tables, find the values of: (i) tan(-1035°)
Solution:
() cos(-1230°)
tan(-1035°) = - * =
Solution: ( ’ :n:: ?326}@ 45° e
cos(~1230°) = cos(1230°) - cos(~0)=cos0 e
= -(~-cot45°) s 1035° lies in |lqad
= Cﬂl(lgl 90* 1‘60°) = cot45®
= -sin60° +* 1230° lies in Il-quad )
N tan45°
S 1
i = -]
1
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solution
1‘:‘” 140r) = s 2" » faﬂ'j
secl)” CNIAGE Lies i beggued
J
sl

—_

F
2

{iv) cosec [‘690.’

splutlon:
sec(-690°) = ~cosec(6907) 1 cersec(-A)) = ~comsec

= —cosec(7 2 907 » 60°)
“ ~[(-sech0) v GI0° lies in IV quad
1

s

=2

YT PN

(v) cot (1320°)
solution:
wt(1320%) = cot(14,90% + 60*)
= coth® * 13207 lies in 11l-quad
1
tan60®

"

(vl) cos(-240%)
Solutivn:

i -240%) = cos(240%) v eos(=0) = s
= cos(Z-90%+60%)
- —cnshi” 2 ZA0° lies in 111-quad
=
2

L Fapress each of the following as a trigonometric
function of an angle of positive degree measure of
less than 45°,

) cos168°
Slution:
5 168" = cos(180°~12%)
= eos(2 » 90° - 12°)
= —cos 12° 2 162* lies in 1l-quad

() sin 192°
Solution:
s 1925 = an(5lr + 127
= anlZ90 + 12%)
- 12° VT2 es i 1) -eguad
) cos 333°
Solutiun:
s 335" = enlB60° - 277)
= eon(h 2 90 - 277)
- s 27 1 B%5° hes i IV -quad

(bv) tan 213*
Saolutlon:
LanZ21%* = van( 15 + 23%)
= (290" +2%7)
7 215 lies in J1)-quuad

= tlan 23*

(v) cos(-435%)
Solution:
cos (~425%) = cos 47%5°
= un(450°-15%)
= ans(5,90°-15°)

syl B ) o oy

= sinl1%* s #4295 lies n J-quad
(vl) sin219*
Solution:
snZ19 = sin(120° + 29%)
= sin(2 » 90* » 29°)
= ~gin 29* 219 lies in I l-cyuad
(vil) tan (-597%)
Solutlon:
tan(-597%) = ~1an(597%) v tan(-6) = —tanh

- —tan(620°-27°)
- —tan(7,90° - 4%°)

- —Cot33* 2 OIT* bes i W heyaad
(vili)cos(-111°)
Bolution:
ws(-111%) = es(111°) e ) enhy
- eos(90° +217)
= eosll 290+ 21%)
= —sin21* 2 117% lies in Voguad

(ix) sin (-290°)
Solution:

sin(-290°) = ~sin390*
- —5in(360° « 307}

e -8)= —sirh
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sin(4=90" + 307)
sinin”

390° lies in l-quad.

Y. IP'rove the following:

) sin(100°+a)sin(90°-a)=-slnacosa
Solution:

LHS = sin(180” ¢ ) -sin(90° - «t)
sin(2x90% +x) - sin(1x90° - )

= (~sinw)(cosa)

“ ~sina cosa

=RHS (Proved)

() sinB10°sIn630° +cos135°sin225°= --%

Solution:
sinB10° = sin(90°+2x360°) =sin90°=1
sin630° = sin(270°+1x360°)
=5in 270° = -1
cos 135° = cos(1x90°+45°)

1
= -s5in45°=-
vz
1
sin 225° = sin(2x90° + 45°) = -sin45° =
) 32
L.H.S = sinB10°-5In630° + cos135°:5in225°

o))

= _1‘--1-'-
2

-2+1
2

-% =R.H.S (Proved)

(lli) tan150°cot330°-2sec135°cosec225°=-3
Solution:

tan150° = tan(1x90°+60°) = ~cot60° =

&)=

cot330° = cot(3x90° + 60°) = ~tan60° = —/3
sec135° = see(1x90° + 45°) = ~cosecdS5® = ~/2
cosec225° = cosec(2x90° +45°) = -cos45° = -2
L.H.S = tan150° cot330" ~2sec135°- cosec225°

- (- )-m-a~ar-
- %—Z(Jif .

=1-2(2)
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“3 = RS (Proved)

(lv) sin210°+cos240° +tan225° +cnl.225'.,l
Solution:

sin210° = sin(2»90°+30°) = -sin30°= 1

2
c0s240° = cos(2290” +60”) = -cos6pe - 1

Z .

tan225° = tan(2290% + 45°) = tan45° -
cot225° = cot(2#90° +45°) = cot45° = 1
L.HS = sin210” + cos240” + tan225°

+cot2ze
= --I— -1 w141 zs
zZ 2
“1-1424+2
2
2
74
= 1= RIS (Proved)
4. Prove that: e
o tan(100° + a) cot (90° - a) ___“;—'“"""“-
sin(360° - a) cos(270° +a) 2
Solution:

1an(180° + a)cot (90° - a)

LHS =
sin(360° - a)cos(270° + a)

tan(2x90° +a)cot(1x90° -q)
sin(4x90° - a)cos(3x90° +a)

(tana)(tana)
(-sina)(sinu)
tan’a
sin‘a

sinffu 1
B 2
cos‘a sin‘a
1

cos’a

= —seCa
= R.H.S (proved)

sin? (m+ O)t:m(gll..* o)
2
@ 3n - =cosh
cot? (‘i‘ ‘9]'-‘05' (r-0)cosec(2n-0)
Solution:
LHS = sin? (180°+0) tan(270°+6)

cot?(270° -0) cos® (180° - 0) cosec(360°-f)

sin® (2x90°+0) tan(3x90°+0)

Wn; cos* (2x90° -0) cosec(4x90° - 0)

(-sin0)’ (- cot0)
et F] e
* {an0)' (- cos0)’ (~cosecO)

_sin‘0 . cot0
: -mn’o.cos‘ﬂ.cosecn

cos0

o2g 92U
sin”0. sinf)

_sinD.cos0
sin

Lcos0= RS (Proved)

cos(90° + 0)sec(-0)tan(180°-0) -
() e (360°-0)sin(180° +0)cot (90°-0)

solutlon:
cos(90°+0) sec(-0)tan(180°-0)

LS = 20(360°- 0)sin(180°+0) cot(90° ~0)
___cos(l x90°+0) sec( - 0) tan(2x90° -0)
" sec(4%x90° - 0)sin(2x90°+0) cot(1x90° - 0)
N (-sin0)(sec0)(-tan0)
" (sec0)( - sin0)(tan0)
=-1=R.HS (Proved)
';-_sﬁaw that:

(5o ()

- sec(-0)=secO

Solution:

o el ) )
= sec(3%x90°-0)sec(5x90°-0) -
tan(3x90°-0)tan(5x90°+0)
= (-cosec0)(cosecO) - (+cot0)(—cot0)
= —cosec’0 +cot’0
= cot’0 - cosec’0 l "+ 1+cot’0 =cosec’0

| = cot’0-cosec’0=-1.
=R.H.S (Proved)

6 Ifa, P, y arc the angles of a triangle ABC, then
prove that

M sin(a+p)=siny

Solution:
Since @, 3, y are the angles of a triangle ABC, therefore
a+f+y=180° = a+p=180°-y (i)

= sin(180° - v)
= sin(2%90°-y)
=siny= RIS (Proved)

using eq (1)

a+fp Y
il = -
(i) Sl!l:( 2 ) csc 2

Solution:
Since a, [3, 7 arc the angles of a triangle ABC, therelore

a+f+y = 180" =a+f=180°~-y A
LHS = scc(“*u)
2
= scc(—waz-r) using eq. (1)

180° 1]
= c ———
se( 7 "2
Y
= sec| 1 90‘—-—-]
[ R

= csc%: R.H.S (Proved)

1
] = —
(lll) coscca snG+y)

Solution:
Since a, P, ¥ are the angles of a triangle ABC, therefore
a+pf+y =180° =pf+y=180"-a (1)
i

RHS = ——
sin(B+7)
= cosec(P+v)
= cosec(180°-a)

= cosec(2x90°-a)

using eq (i)

= coseca
=L.H.S (Proved)

(iv) tan(a+p)+tany=0

Solution: )

Since a, B, y are the angles of a triangle ABC, therefore

a+B+y=180° = a+B=180°-yp (5}
L.H.S = tan(a+p)+tany

= tan(180°~-y)+tany
= tan(2x90°-y)+tany
= —tany+tany

using eq. (i)

LHS =sin(a+p)

=0=R.H.S (Proved)
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Further Applications of Basic Identities:

N

Example 5: Prove that: sin(a=@)sin(a-p) = sina -sin“p
= cos'P-cos’a

()
~n)

]

Solution: LHS = sin(a+p)sin(a-p)
= (sina cosP +cosa sinP)(sina cosP-cosa sinp)
= sin‘a cos’P - cos*a sin’p
= sin‘a(1-sin*p)-(1-sin’a)sin’p
= sin*a -sinasin’p -sin*p+sin*asin’p
= sin*a-sin’p
= (1-cos’a)=(1-cos’p)
= 1-cos’a—1+cos’p
= cos’B-cos*a

- sin*B+cos’0=1

- sin*0+cos’0=1

B

()

~(in)

Example 6: Without using tables, find the values of all trigonometric functions of 105°

Solution: As 105° = 60° = 45°
sin 105° = sin(60° - 45°) =51n60° cos45° + cos60° sin45°

(D052

cos 105° = cos(60° +45°) =cos60° cos45° ~sin60°sin45°

QR R)-E

@n60°+tands® _ V3+1
1-@n60° @nds® 1-43-1
1 _1-43
@nl05° 1+3
1 B+
2V2
122
cos105° 1-4/3

_1+-\E
T1-43

tan 105° = tan(60°+45°) =

cot 105° =

and

e

7
I‘ks If cosa = BT Jtanfi= ?2 the terminal side of the angle of measure @ 1s in the 11 quadrant and that of
|" quadfdl‘l' find the values of
st gnl“ P (n) cos(a+f)
: vadrant does the terminal side of the angle of measure (a + ) lie?

w‘l‘j(

gon:
W sa=- = Janfi= =
grenthat X80 s
’ 2
perclore. sina = r\h -cos’a =1+ -( -%) = :1’% = :2—2; - sin‘a+cos’a =1

uw|m|ml side of the angle of measure of a is in the [l quadrant, where sin a is positive

24
. sina = —
Q.

- secp = :Jlﬂ‘an :1!1+ 12’ -:—

As the terminal side of the angle of measure of # in the quadrant III, so secf is negative

s 1+tana=sec’a

cos11°+sin11°

Example 7: Prove that —8M8 —
cos11°-sinl11®

=tan56°

Solution:
R.H.S. = tan56° =tan(45°+11°)
@n45°+@nll1® 1+tanil®
= = s @an45°=1
1-tan45°tanl11® 1-t@nll°®
i sin11® cos11°+ sinl11°
— cos11° _ cosl1®
_sin11®  cos11°-sinl1®
cos11® cos11°

_ cos11°+sin11°
cos11°-sinl1°

=LHS

cos11°+sin11°®
H —_— = >
e cos11°-sin11° e

1.3 S
secp = - and cosp=—=

144

As the terminal arm of the angle of measure B is in the [1I quadram. so sin [J is negative

-+ sin’p+cos’p=1

: 12
sin 3

sin(a + B) = sina cosp+cosa sinf

i3t

325 325
wd cos(a + ) = cosa cosP -sina sinf

=)&)
( 25/)\ 13) \25 [ 13
- 35+288 _323
325 325
As, sin(a + P) is —ive and cos(a + P) is +ive

Thus, the terminal arm of the angle of measure (@ + B) is in the quadrant 1V.

Example 9: If @, B, y are the angles of AABC, prove that:

() S ankrtant wnlenn anSel
2 2 2 2

() wna+tanf+tany=tana tanf tany 2 2

Slution: As a, B, y are the angles of AABC, therefore
a+f+y=180°
a+P=180°-y



(i) . tan(a+pB) = tan(2x90°-7y)
Rl —tany -+ 180° =7 lies in ll-quad.
1-tanc tanp

tana +tanf = —tany(1-tana tanf)
tana +tanf} = —tany+tana tanp tany
tana+tanB+tany = tana tanp tany (Proved)

—s

—

. = a B.Y_qpe
(i) As a+P+y = 180° = —+=4+==90
2 2 2
So 2,8 -90-
2 2
[+ 4 B Y
tan| —+—| = tan| 90
(2 2) "[ )
tan—-n-tanE
= cot— 90" —— lies in I-quad
1—tan£l:zfmE
Z 2
tan—-+tanB = (1 tanE tanE]
tant 2
tanE tamlﬂ'anE l'an1 = r.an-c-s-tan'l2
2 2 2 2
tan-ﬂi tan—B-r tanEtanl-i- tanltanZ =1 (Proved)
2 2 2 2 2
Example 10: Express 3sin@ + 4cos@ in the form rsin(8 + ¢), where the terminal side of the angle of measure §
in quadrant I.
Solution:
Let 3s5inB + 4cosb = rsin(0 + ¢) ... (A)

3sinB + 4cosB = r(sind cos¢ + cosO sing)
3sinB + 4cosO = r sind cosd + r cosb sind
Comparing both sides, we have

3 =rcosd )
and 4 =rsing . (11)
Squaring then adding (i) and (ii) Dividing (ii) by (i)
3" +4% = ricos’y+risin’} 4_rsing
9+ 16 = r¥(cos’¢+sin’¢) 3 rcosd
25=r2 o
5=r né
r=5 e,

Putting values of rand ¢ in equation (A), we get
3sin8 + 4cosB = 5sin(0+9¢),

where r=>5and hn¢=§

Exercise 10.2

LnT—

ng table find the values of the following:
giat: 15° =(45° - 30%) and 105° = (60° + 45°)

0 sin 15°

golution:

gn15° = sin(45°-30%)
= sin45°c0s30°-cos45°sin30°

=&z}[—?)-{%}@

£_.
o

2l
sl -

(i) €05 15°
Solation:
cos 15° = cos(45° = 30°)
= cos 45° cos 30° + sin 45° sin 30°

-(FEHE )

B J§—,1
YA

(iif) tan 15°
Solution:
ran 15° = tan(45° - 30°)
_ tan45°-tan30°
" 1+tan45°tan30°
-

. N = tan 45° =
= 1*[1)‘[3 } ~@an45°=1

V-1

&l

_B3-1

B+l J3+1

ols,

Rationalize the denominator

4-2483

]

2
2-3
(iv) sin 105°
Solution:
sin105° = sin(45°+60°%)
= sin45°cos60° +cos45°sin60°

-3 6-HZ)

1. B
22 242

= -J§+ 1
242

(v) cos105°
Solution:
cos 105°= cos(45° + 60°)
= c0545°c0s60°-sin45°sin60°

BEE D

-1 B 13
2v2 242 242
(vi) tan 105°
Solution:
tan 105°= tan(45° + 60°)
_ _n45°+@n60°
1-tan45° @an60°
1
a3 =S
1-(1)-43
= I-HE
1-43
Rationalize the denominator
1+-J- 1+J‘
1- -J_ 11-'\!—
_ (+437
12 _(,Js)z
_1+(B3) +248
1-3
_ 1434243
-2



2. Prove that:

() sin(45°+a) =71=z=(slna +cosa)

Solation:
L.H.S =sin(45° +a)
= s5in45° cosa + cos45° sina

= f—j-;-] .casa-r(jl_i-].slnu
= %(smauosu}
=RH.S (Proved)

(i) cos(ax+45°) =71£(cosn -sina)

Solution:
L.H.S = cos(a + 45°)
= cosa cos45°-sina sin45°

= cnsu[—l—J— sina(LJ
V2 V2

= -.-Jl—z-kom-sinnj

= R.H.S (Proved)

3. Prove that:

(I) tan(45°+A)tan(45°-4)=1
Solation:
L.H.S = tan(45°+ A)tan(45°-A)

- tan45°+tanA 4 tan45°-tanA
1-tan45°tanAd | | 1+tan45°tanA

_ [1+tanA [1-tan4
1-tanA ] |1+@nA
=1=R.H.S (Proved)
(i) tan(i—ﬂ)+un(£+ﬂ)=0
4 4
Solution:
LHS = un(ﬁ-eJ+ un(ﬁmj
4 4

= tan(45°-0)+tan(135°+0)
_ _tan45°-tand tan135°+tanb
1+tan45°tan0 1-tan135°tand

wan45°=1

.- s wergEEIIELIL I“'m"t:

(iii) sin (0 +1;-]+cos(0 +§) =cos0
Solution:

LHS= sin[ﬁ-u—%]+c\os[0+§]

= 5in(0+30°)+cos(0+60°)
= 5in0¢os30°+cos05in30”+c0s6 cos60° ~sing g

B 60°
= sinﬂ,[—3]+cos9‘(l]+coso .[l}-slnﬁ [‘5]
2 2 2 17
_ cos0 cosB _cosB+cosB _2cos0
z z 2 2
= cos 0 = R.H.S (Proved)

sin@ —cosO mng Py
=tan—

) 5

cos0 +sinb tani
Solution:

sin@-cos® t:\ng
LHS =

cos0+sind tang

sin-?-

sinB—cosl. g
2

sinE

2

cosB+sinb.

cos—
2

sinf cnsg- cos0 si:'lE
2 2

ms2
= 2

cosO cos-e-—sina sin-—a~
2 2

cos:e-
2

sinfln:c»sg—t:u:lsaslnE
2 2

a . 0
cos0 cos—+sind sin—
2 2

_1-tan0 -1+tano _ {;n_:;:;"‘
1+4tan® 1+tand ' an13se,
_ 1-tan0-1=+tan0
N 1+tan®
= L =0=RH.S (Proved
1+tand ‘ )

CHOLAR <2 MATHEMATICS - 11
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0 0
sm[D-E] ) smi " 0

8 =R HS (Proved)

y-tan0 tang _ cos(B+9¢)
() J+tan0tand cos(0-9)
il 1-tan0Otang
LS = T anotand
sin® sing cosBcosp-sinBsing
“cos0 cos6 _ cosOcosd
sin@ sind cosOcosé+sin0siné
e cosé cosBcosd
cosOcosd—sinBsing
~Cos0cosd +sinOsiné
_cos(6+¢)
" cos(6-9)

= R.H.S (Proved)

{ Show that:
cos(a +B)cos(a—P)=cos’ a-sin’ B=cos’ B-sin’a

Solotion:
LHS = cos(x +B) cos(a—B)

= (cosa cosB—-sinasinp) . (cosa cosB+sinasinf)
By wsing (a—b)(a+b)=a* - b

= (cosa cosP)’ - (sina sinp)?

= cos’ acos® B-sin® asin?p

= cos® a(1-sin? B)—(1~cos® a)sin*p
= cos’ a-cos® a sin? B—sin® B+cos® asin? P
= cos* a-sin® p= Middle term
Now,
Middle term = cos® a—sin®p
= (1-sina)-(1-cos?B)
= 1-sin’a—-1+cos*p
= cos’B-sina= RHS
Hence proved,

cos(a + ) cos(a - B) = cos? a - sin? B = cos2 B - sin

S Show that: Sn(@+PB)+sin(a-p) _

cos(a+P)+cos(a—P) o
Solution:
LHS = sin{a+B)+sin(a—p)
cos(a+pB)+cos(a-f)

_ Sina cosB+cosa sinf+sina cosp-cosasinf
cosa cos—sina sinP+cosa cosp+sinasinp

_ 2sinacosP _ sina
2cosacosff cosa

=tanu = R.H.S (Proved)

6. Show that:

cota cotff—1
) cot =
0 il cota + cotf
Solution:

L.HS = cot(a +p)
- 1 _ 1
tan(a+f) tana+tanp
1-tanatanp

_ 1-tanatanp
tana+tanf

1
cota.cotp
1 1

- ——
cota cotf

cota.cotp-1
cota .cotf

cotP+cota
cota .cotf

_ cota cotf-1

=R.H.S (Proved)
cota+cotp

O cor(a-p)="TEmEn
Solution:
L.H.S = cot(a-p)
1 _ 1
tan u—ﬁ]‘ tana—tanp
1+tanatanf

= 1+tanatanp
tana—tanf

1
cota .cotp
1 1

cota cotp

cota.cotPf+1
cota . cotf
cotf-cota
cota.cotf

] cotacotf+1

=R.H.S ed
cotf-cota B rove)
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tii tana-@mnfl sin(a-p) Note:Parts (in). (iv) and (v) of this question has
L tana - tanp =sin(a-[l) repeated in Q6. (1), (1) and (1) bean
Solution: (i) cot[u—ﬂ}:w
LHS = tana - tan|) mtﬂ—mﬂ!
tana - tan|) () tana+tanf _sin(ax+p)
sina _sinf tna-tanf  sin(a-p)
_ cosa  cosp =
== sine_sinp (v) cot(a +|3)__,M._‘;
L cota +cotp
cosa cosf
sina cosfl = cosa sinf} 8. Ir si =..2_'!_ d cos =20 .
- cosa . cosfl = 25 an b 29 where O<aq
sina cosf —cosa sinf and 0<f<—. Show that sin(a-p)=333
cosa . cosp z 725
_ Sinacosf+cosasinf _sin(a+f) Solution:
sina cosfl —cosa sinf} § sin(a-p) sina =-§l5'-
- ~RINS @overd) By Pythagoras theorem
7. Show that: i =gi+bht
® m(a_m=1+mna canfi (25): =(24)1+-1-,:
secasecp bt =625-576 A
Solution: br=49
RHS _ l+tnatanf b=7
seca secf Since a lies in I-quad, therefore
1~ Sine. 'St_nﬂ cosa =£’- =l
_ __cosa cosp c 25
.. Now, cosf =-2—q f
cosa cosf 29 a
. Cosa cosf +sinasinf cosa cosf By Pythagoras thcorem ‘_«;" 3
cosa cosp " 1 Q=gt+ht a=
= cosa cosP+sina sinp (29)* =a?+(20)*
(a~P)=LHS (proved @=B41-400 AT
= cos(a—-PB)= rov =
B S (proved) -
1+cota tanf i
@in sln(¢+ﬂ)=m- Since B lies 1: l-;\;.ad.. therefore
- si = —
Solution: e
_ 1+cota tanf} 333
A To show: sin(a-p)=—
coseca secfl (a-P) 735
Cosa_sinp L.H.S = sin(a~P)
- sina cosf = sina cosf — cosa sinf}
L L _2820 7 21
sina cosf 2529 25 29
_ sina msﬂrcosusinﬂxsinucosﬂ _ 480 147 _ 480-147
sina cosp 1 725 725 725

= sina cosP + cosa sin}
= sin(a+B)= L.H.S (proved)

= ﬁ= R.H.S (Proved)

725
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//—-_-_—:::: = = —
=-— and  cosfi=-—— e
T B=-g  where gy

3n o -60-24 84

3=z 1 dm <——. Find: - e R i

3% ca<lx an <fi< 2 in = =

(i) cos(a<+p)

ain tan (@+B) (iv) sin(a-p)

o cos(a=h) (i) tan (a- )

ch quadrants do the terminal sides of the angles
(a@+ ) and (a— B) lic?

“'. Sil! L“ B “‘

o Wb
ofmed sures
wlation:

na = "1";

0 prihagoras theorem
o c=at+ b A
= N
(1'}]: =8+ b &
b = 289-64
bt =225
b= 15 A b=7? [
sice @ lies 1n 1V-quad., Therefore
8

= cosa = = tna = 9
sina = 17 -—17. = s

o
gy Pythagoras theorem 8
) c=at+ bt
l=gl+ 4t =
at=25-16
at=9
a=3 A
Since f lies in 11l-quad., therefore
3 B 3
sinfi= —E.msﬂ = -—5, @nf >
M sinfa+p)=?
Solotion:
sin(a + ) = sina cosP + cosa sinf

(5 =HER)

=32_45

85 85

_32-45_ 13
85 85

@ cos(a+p)=?
Solution:

ws(a+p) = cosa cosP - sina sinf

-EEHEE

(li tanfa+p)=7
Solution:
tana + tanf

— 1-tana tanf}

s i —

(5 )3)

-32+45

(iv) sinfa=p)=7
Solution:

sin(a=p) = sinax cosP - cosa sinf

(HEEE)

() cos(a-B)=?
Solution:
cos(a—P) = cosa cosP +sina sinf

B
A/ U7As
60 24
—— e —
85" 85
_=60+2¢ 36

85 85

(vi) man(a=-p) =7
Solution:
tan(a-p) = tana - tanf

1+tana-tanf
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—32—45.
_ 60 77
RS T
60

Since sinfa + 1) < 0, cos(a + [}) < 0 and tan(a + f§) > 0,

therefore a + [ hes in 11l-quad.

Since sin(a - ) > 0, cos(aa = ) < 0 and tan(ee - }) <0,

therefors a = fi hies in 1l-quad

10. Find sin (a + B) and cos (a + ), given that

(i) tzmu:%. msl]:-i% and neither the terminal

side of the angle ¢f measure a nor that of B is in

the quadrant I.
Solution:

tiil'll:r.:E
4

B=ct+a’
By Pythagoras theorem
bt = (4)2+ (3)?
=16+9=25 A

=4 i}
b=5 ¢
As « lies in 111-Quad, therefore
3 4
sina=— , cosa=—
S 5
¢

5
Now, cosp=—
p 13

B =d s b-13 =
By Pythagoras thcorem
13y =% +(12)} y

=T B
69 = ?+144 = c?=169-144
& =25 = ¢=5 ;.
As B lies in 1V-Quad, therefore
Lo 22
sinfp= 3

sin(a + ) = sina cosP + cosa sinf}

FEHEE)

15 48

!I:.-_+—
65 65

_-15+48_33
65 65

cos(u + B) = cosa cosp - sina sinf

()66

__20 -36_-20-36_ 56

65 65 65 65

Unit 10 ») Trigonometric 'd""‘l’h
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15 7
(i) tanu.—.T and sln[l:-—iE and ntilh“m

terminal side of the angle of measure g n
P is in the quadrant IV.
Solution:

OF thay o

[anu:.ul_s
8
bi=c2+a?
By Pythagoras thcorem
bt=(15)+(8)2
=225+ 64 A
b2 =289 =b=17
As a lies in 11-Quad, therefore

sinu=1—5~ ¥ msuz—i
17 1

Now, sin fi = -27—5

bt =c?+at?
By Pythagoras theorem
(25)* =2+ (7)°
625 =¢c2+ 49
= 2=625-49
ct =576
= c=24
As [ lies in 111-Quad, thercfore

A

25
+—_
425 425
-360+56 _ 304
cos{a+P)=cosa cosp-sinasinp
425 425

cosl}:—-z—4
sin(ua +p)=sinacosP+cosusinp
B2
17\ 25 17)\ 25) " azs
T4z 42
(FEHEN ) -2
17)\25) \17)\"25) " a5 T
_192+105 _ 297
€0s19°+sin19° _
€0s19°—sin19°

11. Prove that: tan64°

Solution:
R.H.S =tan64°
=tan(45° + 19°)
_ _@an45°+tan19°
1-tan45°.tan19°
- 1+tan19°
1-tan19°

tana+

tan(a+p)= T

+r tand5’=1

LAR 7= MATHEMATICS - 11
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scHO
sin19’

" cos19’
cos19° +sin19°
_ cos19°
~ cos19°-sin19°

cos19°
cos19° +sin19°
- cos19°-sin19°

=L.H.S (Proved)

Dividing both sides by t.‘ln% . t..m—z-- tanL

b

i B

«a y a )
col=+col = +cot = = col — cot = col =
2 2 2 2 2 2

p 1 B

cot£+ cot=+cot 1. cnl-‘-‘- col— cat; (Proved)
2 2 2 2 2 2

T Prove that: cos(60° + 6)cos(60° - 0) + sin(60° + 6)
in(60° - 0) = cos 20

14,

Ifa+p+y=180° show that: cotacotp+cotp
coty+coty+cota=1

a—
Solution:
LS = cos(60° + 0)cos(60° - 0) + sin(60° + 0)sin(60° - 0)

Using formula: cosa cosp + sina sinf} = cos(a - p)
L.H.S = cos((60° + 0) - (60° - 0))
= cos(60° +0-60° +0)
= cos(20)
= cos 20 = R.H.S (Proved)

13, Ifa,p,yaretheangles ofa triangle ABC, show that

a B Y a B v
—+cot=+cot—=cot—cot=cot—
cot 2 +C 2 2 2 zco 2

Solution:

Since a, B, 7 are the angles of triangle ABC, therefore
a+p+1=180°
a+p=180"-y

Dividing both sides by *2*

a.B_gp-X

—_——

‘2 2 2
> tan(%+%]=lan(1 x90°-%]

tana+tanfl
1-tanatanf

i

a
lan—+tan-
2"

Using n(a+p)=

i
=cot=-
a p 2
1-tan—tan=
2 "2

a B
h.l'l.z"'ml'l-z- N 1
1-tangtanE tanL

2 'z 1Ny

tanl-{tan2-+ lﬂl‘lE} =]—mng'- mnE
2 2 2 2 2

B

1 a
lan:-tan__.+ unl.ung.'. mng.un.—= 3k

Solution:

Itis given that, a +p+v=180°
a+p=180°-7y
tan(a+f)=tan(2x90°~-y)
tana +tanp
1-tanatanf}

tana+tanfi=—tany. (1-tana tanp)
tana+tanf=-tany+tana.tanf.tany
tana +tanf+tany = ana.tanf.tany

==tany

Dividing both sides by tana-tanfp-tany

1 : 1 1 tana-tanf-tany

+ +
tanf-tany tanu-tany tanu-tanf} tana-tanfi-tany
cotP-coty+cota -coty+cotu-cotf=1
cota-cotf+cotfl-coty+coty-cota=1

Hence proved.

15. Express the following in the form rsin(6+¢) or
rsin(0—¢) where terminal sides of the angles of
measures 6 and § are in the first quadrant:

() 24sinD+7cos0

Solution:

Let 245in0+ 7cos0 = rsin(0+¢) (1)

24sin0+7cos® = r(sind cos¢+cosdsing)
24sin0+7cos0 = rsin0cos$+ rcosBsing

Comparing both sides

rcosy = 24 (2)
rsing =7 ...(3)

Squaring equations (2) and (3), then adding

reos’+rising = (24) + (1)
P(cos’s+sin’d) =576 + 49

=625 =r=25

Dividing equation (3) by equation (2)

rsing - 7



24
Putting values of r and ¢ in equation (1)

Lang

24sin0 + Tcos0 = 25sin(0 + §), where ¢ « tan '[

(ii) 12sin0 - S5cos0
Solution:

Let 125100 - Scos0 = rsin(0 - ¢)

= o-tan!(

24

)

S~

(1)

125100 - 5cos0 = r(sin0 cos$ - cos0 sind)
12s5in0 - 5¢cos0 = rsin0 cos$ - r cosO sing

Comparing both sides
rcosg =12
rsing =5
Squaring equations (2) and (3), then adding
rlcos’o+risin’y = (12)2 + (5)
rf(cos’ $+sin‘$) = 144+ 25
rt =169
Dividing equation (3) by equation (2)
rsind - i
rcos¢ 12

=>r=13

=i = -1
tang 12 = ¢=tan (

Putting values of r and  in equation (1)
125in0~5cos0 = 13sin(0~-¢), where ¢=tan™ (

(lii) sin0 - cos®
Solution:

Let sin0 - cos® = rsin(0-¢)
sin0 - cosd = r(sinO cos¢ - cos0 sing)
sin0 - cos0 = rsin0 cos$¢—rcos0sing

Comparing both sides
rcosg =1

rsing =1
Squaring equations (2) and (3), then adding
recos’d+risin’d =124+ 12

r*(cos’d+sin’$) =2

rF=2 = r=v2
Dividing equation (3) by equation (2)
reing 1
rcos¢ 1
tang = 1 =é=tan"'(1)

Putting values of rand ¢ in equation (1)
sin0-cos0 = vZsin(0-4), where ¢ =tan™ (1)

B

(2)
(3)

)
)

R«

(1)

(2)
.(3)

Unit 10 ) Trigonometric ld"'"“u
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(iv) BsIn0 - 6cos0
Solution:
Let 8sin0 - 6¢os0 = rsin(0-¢) g
Bsin0 - 6cos0 = r(sinOcosg- cososu.”

8sin0 - 6¢cos0 = rsin0 :os‘-rcusﬂsm.

Comparing both sides
rcos¢ =8
Ay
rsing =6

will
Squaring equations (2) and (3), then adding 3

ricosté+r? sinfé =B1+62
r*(cos?$+sin*¢) =64 +36
=100 =r=1p
Dividing equation (3) by equation (2)
rsing _ 6 )
rcosp B
3

tang = = ¢= tan“[i]

4 4

Putting values of rand ¢ in equation (1)
8sin0—-6cos0=10sin(0~-¢), where ¢= tan“(i]
4

(v) %slnﬂq—?caso

Solution:
1 V3

Let —sin0+—cos0 = rsin(0+
ZSII'I 2 ( $) A
1 3

Eslno - ?cosﬂ = r(sin0 cos$ + cosd sing)

%slno +i~§-coso = rsin0 cosé + r cos0 sin0

Comparing both side

1
rcosg = —
] 2 )

rsing = g )

Squaring ct‘quations (2) and (3), then adding

Peos’y+risin’ = (%]z {%}3

r*(cos’y +sin’) = %r%

P = % =rA=1=r=1
Dividing equation (3) by equation (2)
V3
rsing L

2
rcosg 1
2

SCHOLAR % MATHEMATICS - 11
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putling values of Fand ¢ in equation (1)

’;mf"‘;"”“ =1-sin(0+4), where & = tan” '[Ji]

3
-

o 13sin0-B4cosD

”minn:
Let 13sin0 - Bicosh =

135in0 - B4cosO =
135in0 - 84cosh =

Companng both sides
rcosg =13

rsing =B84

i

rsin(0-¢)
r(sin0 cosé - cos sing)
rsinbcos¢-rcos0sing

]

.(2)
.(3)

Squaring equations (2) and (3), Then adding
rleos’+ rsin‘g = (13)7 + (B4)!
r(cos’d + sin‘g) = 169 « 7056

n=7225 = r=85
Dividing equation (1) by equation (2)

sing E
rcosdy 13
ané = —
. . 13

84

= tan™'| — |

-] an |Il3

Putting values of r and ¢ in equation (1)

B4
13sin0 - B4cos0 = B5 sin(0-¢), whereg = un!’——
LY

13

)

pouble Angle Identities:

We have discussed the following results:

sin(a+P) = sina cosPp+cosa sinf

cos(a+f) = cosa cosP-sina sinp and tan(a+p)=

tana + tanf}
1-tana tanf}

We can use them to obtain the double angle identities as follows:

i) Show that: sin2Za = 2 sina cosa
Proof
L.HS =sin2a

=sin(a +a)
= sina cosa + cosa sina
= sina cosa + sina cosa
= 2 sina cosa
= R.H.S (Proved)

lii) Show that: cos2a = 2cos?a -1
Proof
L.HS =cos2a
=cos(a +a)
= cosa cosa - sina sina
= cos?a - sina
= cos?a - (1 - cos?a)
= cosia — 1 + cos?a
=2costa~1
= R.H.S (Proved)
2tana
1-tanla

¥) Show that: tan 2a =

Proof
LHS =tan2u
=tan(a + a)

il) Show that: cosZ2a = cos?a—sinfa
Proof

LHS =cosa
= cos(a +a)
= cosa cosa - sina sina
= cosZa - sinZa

= R.H.S (Proved)

iv) Show that: cos2a = 1 - 2sinla
Proof

LHS =cos2a
=cos(a+a)
= cosa cos a ~ sina sina
= cos?a - sin‘a
= (1 -sin’a) - sinia
= 1-sin‘a - sin‘a
=1-=2sin’a
= R.H.S (Proved)

- tana+tana _ 2tana =RH.S (Proved)

1-tanatana 1-tan’a
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Half Angle Identities: T e
The formulas proved above can also be wnitten in the form of half angle identities, in the following w;y_;--""*'

(1) cosa = 21:0522—1 :mszg=£'—cﬂ :cosE=t1}l-t-‘:ﬂ
2 2 2 2
(i) cosz = 1-2sinf2 gt lotesa =sinE= 1-cosa
2 2 2 2 2
o slnE- 1-cosa
(i)  tan= = =d O ’1“_"‘“
- 1+cosa 2 1+cosa
B 2
Triple Angle Identities:
(i) sin3a = 3sina-4sin’a (ii) cos3a=4cos’a-3cosa
o 08
(i)  tan3g = 32NG-QNQ
1-3tan‘a
Proof: (i) sin3a =sin(2a + a)

= sin2a cosa +cos2a sina

= (2sina cosa) cosa +(1~-2sin’a)sina

-l [sinZu =2sina cosu]
. X

= 2sina cos’a +sina-2sin’a cos2a =1-2sin’a

= 2sina(1-sin’a)+sina-2sin’a .+ cos’a =1-sin‘a

= 2sina-2sin’a +sina -2sin’a

|sin3u =35ina-4sin’u|

(ii) cos3a = cos(2a+a)
= cos2a cosa-sinZasina
= (2cos’a~1)cosa-(2sina cosa)sina
= 2cos’a -cosa - 2sin’a cosa
= 2cos’a -cosa—2(1-cos’a)cosa
= 2cos’a ~cosa ~2cosa +2cos’a
[cos3a = 4cos’a - 3cosal
(iii) tan3a = tan(Za+a)
_ _tanZa +tana
1-tan2a tana.

-+ cos2a =2cos’a~1

-+ sina =1-cos’a

Ztana 2tana + tana (1-tan’a)
—:+tanu
1-tan’a - 1—tan’a
Ztan —tan‘a- 2
- .tna 1-tan’a-2tan’a
1-tan‘a 1-tan’a

_ 2tana+tana—tan’a
1-tan’a-2tan’a
=

m:u=3l:ana tazn af

1-3tan‘a
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B sm—
=T

el sin0 +sin20 10
- A0 L e —
gsample 11 Pro 1+cos6 +cos20
E i LHS, = sin0 +sin20
Solution: 77 1+cos9+cos20
sin®+2sind cos®
= .+ c0s20=2cos’0 -
1+cos0+2cos’0-1 o8 st
_ sinB(1+2cos0) _ sin® =tanO=RH.S
cos0(1+2cos0) cosO
sin0 +sin20
—————— = tan0.
Hence 1+cos0+cos20
"mmpk 12: Show that
2tan0 s 1-tan®0
20 = e N it
(1) sin . (ii) cos20 g
N 2tan0
0=
D) sin2 Tetan?
Solution
E 2tan B
IUlS - 1 *unzo
2sin0
cos 0
= oecl® “1+tan?0 = sec? 0
2sin0 1 2 si
=20, Sne'msia

cos@ sec® -~ cos0
=2sin0 +cos0® =sin20=L.H.S (Proved)

1-tan2@
i) cos20 =—

1+tan20
Solution:
1-tan?8
RHS TS “1+@nt0 = sec2d
_[1_5n26) 1  cos?@-sin2B
_(] cos? 9) sec2® ~  cos?0 £o3re

=cos?0-sin?20
=cos2 8= L.H.S (Proved)

Erample 13; Reduce cos*0to an expression involving only function of multiples of 8, raised to the first power.
Solution:

Cormdcr tos‘B = [cosza]z
2
=[_1+_:;s_28]  2c08%0 = 14c0s20 = cos’0= 1+cos2
o AR o Y -1—[1 +2c0520+cos’20|
r 4
= —:—[l +2c0s20 +-1—+-C:L40] - cos?0 _-,l"'ZL’z.q = cos?29= 110540

. |

4

.

2+4cos20+1+cos40]_1
[ +4cos ; ]:E[3+4cosza+cos40] (As Required)



346

Unit 10 ) Trigonometric 1d,
Wty

M E)ercise 103 oo

1. Find the values of sinZa, cosZa and tanZa, when:

3
() sinas= E
Solution:
sina = 2
By Pyvthagoras theorem %
c=gl+ 2
51=3t+ b2
b =25-9 A
b =16
b=4
Since @ lies in I-quad., therefore

El 3
cosa—-s-, tana =—
Now, sin2a = 2sina cosa
= z(i)[i),ﬁ
S/\5) 25

cos2a = 2cos"a-1

{49

4 n
ii) cosa=—,wh 0 -
(ii) s where -cu.<2

Solation:
4
cosa=—
5
By Pythagoras theorem B8
=g+ b2
Si=gl+ 42 Py
25-16 =a?
al=9
a=3 A

Since « lies in l-quad., therefore.
) 3

sina ==, tana =—
5 4

Now, sin2a = 2sina cosa

3R

cos2a = 2cos’ -1

y 2(5) (e z(;g) =

_32-25_7
25 25
tan2a = 2tana’
1-tan’a
2(3 3
1_(2) 1--9—
4 16
3
=2 _3.16 24
16-972 7 7
16

2. Prove the following Identities:
() cota-tana=2cotZa
Solution:
L.HS = cota-tana
_cosa _sina _cos’a-sin’a
slnu cosa  sina. cosa
cos2a
" sina. cosa
2cos2a
" 2sina-cosa

= 26052a _, ot2a=RH.S (Proved)
sin2a

using cos2a =cos? a-sin'a

Multiplying up and down by ‘7'

sin2a
)y ————=
ah 1+cos2a -

Solution:
LHS = sinZa
1+cos2a
sin2a

=——2"2 __ using cos2a=2cos’a-}
1+(2cos’a-1) :

- 2sinacosa s'"“’=r.anu RH.S (Proved)
2cos’a cosa
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1-cosa _ &
et
solation:
1-cosa
LHS = —Gna
l-(l—Zslnz%] o e
5 =1-7¢int &
B ...—————-—smu using cosa =1-2sin i) mstco::;omzo -cotg
1a Solution:
2sin” — S
Pt 2 using sina=2sin—cos— | | s = cosec + 2cosec20
a a 2 2 st 0
Zsin--COSE sec
2 1 . 2
smy_ - Sin0__sin20
- —2 - tanZ =R HS (Proved) i
> 2 cos0
2
= | — 0 . Ao -
A [sin0+2sln0m0] cos $in20 = 2s5inf) cost
———————=secZa~-tanZa
™ cosa+sina . cosO+1 L so'cosOvl
Solation: sin0cos0 sin0
cosa—sina
= 0
uns cosu +sina [2:05’5- 1]91 ”
i " o e "> cosf = 2cos’ =~ 1
_cosa-sina cosa-sina _ (cosa -sina) sin® 2
cosa+sina cosa-sina cos’a-sin’‘a 20
2 2cos” = 0 0
using cos2a=cos’ a.~sin’ a - 2 -~ 5in0 = 2sin— cos—
2 2 00 F 2
_ cos a+sin“a-2sina cosa 2sln§ms—
cos2a
_ 1-sin2a _[sin* a+cos’a=1 cosg 0
cos2a " |2sina cosa =sin2a = '“’l'i' RH.S (Proved)
1 sin2a sin2
S — = -tanZa=R.H.
T o secZa-tan R.H.S (Proved)
(vii) 1+ tana tanZa = secZa
a Solution:
1+sina _ sinZ *‘“‘5 LHS=1+tana tan2a
™ Yi—sina of a s sina sin2a
. “ Nk cosa cos2a
Solution: - fos2a.cosa +sinZa sina
LHS = [L#sina cos2a. cosa
“Y1-sina Using cosacosf+sina sinf = cos(a - )
) cos(2a-a)
Usig sin’ 2.+ cos? 2.1 and sina = 2sin=-cos> g
cosa

sil‘l’E«-n:coszE 2sin2 cos=
K 2 sy, R
sin* = +cos’—-25!n%~ms%

L —
cos2a .cosa

=sec2a = RH.S (Proved)
cos2a
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2s5in0sin20

cosD+cos30
Solution:

2sin0.sin20

cos0 +cos30

- 25in0.sin20
cos0+4cos’ 0-3cos0

_ _2sin0.sin20
4cos’ 0-2cos0

25in0.5in20

2c0s0(2cos’0-1)

- SinB.sin20
cos0.cos20

=1an0 . tan20 = R.H.S (Proved)

(viii) =tan20tan0

LHS =

*> 00530 = 4cos’ 0~3cos0

~*c0s20=2cos*0-1

(ix) _s_l_!ﬂ :0530=2
sin® cosB
Solution:
LHS = sln3ﬁ_ms38
sin® cosO
_ 5in30 cosB-cos30sin0
sinOcos®
Using sina.cosp-cosa.sinf=sin{a-p)
_ sin(30-0)
sinOcos®
_ 2sin20
- 2sin0cos0
_ 25120
i) sin20
=2 =R.H.S (Proved)

Multiplying up and down by *2*

*»2sinB cosB =sin20

cos30 sin30
—+——=4c0520
®) cos®  sind

Solution:
cos30 sin30

e cos0 | sin®

- c0530sin0 +sin30 cos0
5in0 cos0

sin30 cos0+cos30sin0
- sin@cosO
Using sina .cosp+cosa.sinf=sin(a+f)
_ 5in(30+0)
sin0 cos0
2sin40
2sin0 cos®

Multiplying up and down by *2*

Unit 10 > Trigonometric entyy,
_ 2sin2(20)
sin20
N 2.2s5in20 cos20
sin20
= 4c0520=R.H.S (Proved)

wsin2a= 25"1“.‘“5“

tang+cot-g
(xi) ——o—azsecﬁ
cot—-tan-—
- 2
Solution:
tang+cot-g-
LHS = )
cot—~tan-—
2 2
sin— cos— sin*g,ng
+ o -___:-'_________2_
0 o
cos— sin— sin=cos—
= 2 - 2 =2
cos— sin— cos? 8 sln'g
- 2 2
sin= cosg sln-e-:os.o_
2 2
5 o '.'sin22+cns=2-.l
cos?=—sin®= 2
2 2
1 20 20
= —_ L Cos ==sin*==
cos0 " 2 BN 2 oas

=sech) =R.H.S (Proved)

sln30 0:0530
(xif) —— 8 si o =2cot20
Solution:
LHS = sm30 cosBG
mse sine
- sin30sin0 +cos30 cos®
sin0cos0
_ 0530 cos0+sin30sin0
sin0cos0

Using cosa.cosp +sina.sinp =cos(a-f)

- £05(30-0) _ _cos20
sin8cos®  sinBcosd
200520
AT i i lzt
Zsin0cosg  Multiplying up and down by
2cos20
- " = 0
sin20 sin20=2sin0 cos

= 2cnt2A=R H S (Prova)

= 2c0sec* 201

RIS = %(mnz 0+cot’0)

1 anl‘)*m:o]
2\ cos’0 sin’0
1 [sm’a)‘o(coszﬂl‘]
2l sin*0cos’0
_ {(sin* 0Y’ + (cos* 0)" + 2sin* 8 cos® 0) - 2sin’ 0 cos® 0
2sin*0cos* 0

_ (sin*0+ cos*0)* —2sin*0 cos’0
2sin*Bcos’ 0
. (1) -2sin*0 cos’®
2sin*Bcos’0
Multiply up and down by *2*
. 2-4sin’0cos’0 _ 2-(2sin0cos0)

4sin*0cos® 0 (2sin0 cos0)*
L2020 2 sin*20
(sin20) sin*20 sin®20
= 2cosec’20-1
Hence proved LH.S =R.H.S
1+sin20 n
(V) —=tan?| =
Visinzg " 2P (4*9]
Solution:
LHS = 1+51n20
1-sin20

c0s’0 +5in%0 + 25in0 cosO
€0s’0+5in*0 - 2sin0 cos0

s cos*0+sin*0=1
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et 3
mi;,m& =;(mn=0-cot=0) _ (cosB +sin0Y
My _cos4® 2 (cosh - sinb)
slation: \
_ 3+cosd0 MJU{ 1 - )
LUS T T cos40 = cosd :
; si
A 0320° 2c0s° 0-1=> cos40 =2c0s* 20 -1 ms‘[l[l- %]
ol msm_l—Zfln 0= cos40=1-2sin"20 _ _(1+tan0y
Lils 3+(2c0s°20-1) (1-1-tan@)
1-(1-2sin’ 20) \3
5 : t]'n— +tan
2sin’20  2sin"20 2sin’ 20 -un-—-tanﬂ
1 2
& w——+ 0L 20
S“ll 20 = ( [_‘e]) -M hn(uvﬁ)
« cosec” 20+ (cosec® 20-1) “+1+cot? 20 =cosec® 20 " -

= un‘(§‘9]= RH.S (Proved)

(n)ms‘u+¢us‘3" cos‘s"I ms"—-—-=2
Solution:

LIS = 08t X e 009350 ot s et 2
8 8 8 8

8 )'m—('-g)

- cos?2 cm“---ﬂ:us’[
" mz_+

8 B 8
2R, 23R 3% X
= 0SS  — + (05" =+ (05 + 005 —
8 ] B8 8
= "cos'“+2cnsz%‘
zms=(1-§£]+m~§5
8 8
3= 3= x 3x 3n
= 2sin*—+ 2cos’ — —-—) sin—
S e 2 8] "8
= 2(&1n‘?+ms‘3x)
=2(1) v sin'Becos’O=1

= 2=R.H.S (Proved)

3. Show that: 2c0s8 = Y2+ v2+Zcos40

Solution:

RHS = ¥2+42+2c0os40
=24 ‘F..:(l +coz40)
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% . T —
As we know (i) 18* -3 b=-2.c=-1 (rv) 72°
cos26 = 2cos 91 (1) | Solution: o= 4 . : .
cos40 = 2cos 20 -1 0 = 18° Y- 22V4+16 Vi-16 using quadratic formula Solution:
: » . oY = 8
1+ cos4d = 2cos” 20 -(2) 56 =90 (Muluply by 's") . X T 215
J—-'_ 20+ 36 =90° =20=90°-3p 52430 2(1:V5) 1:+5 sin72% = 5in(90" - 18%) = cos 18 g
RHS = ¥2+y2(2c05°20) wsing (2) $in20 = sin(90° - 36) A==g— 8 4
= V2 Yicos?20 25inf.c0s0 =cos30 - 5in(1x90°-30)=cogyy 1-45 = |inre o 4102265
= 2+ 2c0s20 25in0 . cosB = 4cos’0 - 3cos gaz8=367 s Iquad., so cosB = - Therefore, 4
2s5in6 = 4cos?0 - 3
- F] - N . 5-1
= 21+ cos20) Dividing by cos0 (cos0e0ubentuty | oo lB Soster-1F cos72" = cos(90°-18%) =31 =
= 2. 2cos%0 using (1) 25in® =4(1-5n%0) -3 --cos*0=1 —sin'g ‘ ' :

g 4 -1
= J4cos'0 2s5in® =4 - 4sin*0 -3 = 1+45 3 = [0s72°® = ——
= 2cos8 = R H.S (Proved) 4sin®0 + 2sin0-1=0 ga36" = Y1-cos?36 =J“[_4 ] -

4. Reduce sin*  to an expression involving only | Herea=4,b=2,c=-1 Now, we will prove that:

- ;:::lionnl’mnlu‘pl:sol'B.rniudtol.hcﬁnlpawer. sma;z:\gm R - Fﬁl‘:ﬁ L ‘!15-:21!5 c0s36° cos72* cos108° cos144° ;_l_lg
Consider: sin*® = (sin® 6)° o -2+420 2(-1 :hfg) =-11J§ 10-245 L.H.S = c0os36° cos72° cos108° cos 144°
N (1—cos20J’ 8 ‘ 8 4 dii. = . = c0536° cos72° cos(90° + 18*)cos(90° ~ 54)
= Since 0 = 18° lics in I-quadrant, so sinﬂaﬂs_A = = c0s36° c0s72°(-sin18%)(~sin54")
Using cos26 =1 - 2sin*0 = sm‘e=1'—°2“-2-§ Pt . ﬁs?h::; B {cos(er.r’- 18°) = -sin18*
o EE'S_ZA{:‘_M sing =1 ;JE = [sin18°= —J%l sin54° = sin[90'—36°}=cos36'=-1+—;r§ gl oeausia

ng-lig-l‘{ Js'-t]‘[ Be1)
1 1+cos40 N3 ” |
= 1—2msza+(——-—J} o . eao o ¥5+1 4 4  J\- "
I{ 2 cos18°=V1-sin?18°= |1 -[“%1] = ===

2 2
i ; 1+cos20 = (f5) -1 x (5 -1

Using cos28=2cos’0-1 = cos’@=—-—"" J10-2

5 ’ 2 B J‘ 5+1-2V5 _ [16-6+2V5 cos§4° = cos[90'—36']=sin36‘=—4—'rs- 16 16

1+cos40 = & 4 4 1
= mfze:T 3 16 Y 16 . lo—ng L-izu—l-gnﬁ
W = Kos54° = ———
s {2-—4:0:291-11-00549} cos1g°=Y10+2¥5 4 = RH.S (Proved)
) " . . = 2 p
4 2 Express the Product (of sines and cosines) as Sums or Differences (of sines and cosines):
sin'@ = S—4c0s20+cos40 (As required) @) 36° i) Show that 2sinc cosp = sin(w + P) + sin(a— )
5 Solution: Proof

5. Find the values of sin 8 and cos 0 without using 8 =36° RHS =sin(a+B)+sin(a-p)

table or calculator, when 0 is: . = sinu cosp + cosa sinf + sina cosP - cosa sinf

M18° (i)36° (iif) S4° (iv)72° BOmIG0T - (MtelrbyS) = 2sina cosP= L.H.S (Proved)

Hence prove that: 20+ 306 = 180° = 20=180°"-30 i) Show that 2cosa sinf = sin(a + B) - sin(a - )

cos 36° cos 72° cos 108° cos 144° = —— HERGEACN 0] e _

16 2sind . cos® = sin(2 x 90° - 30) RHS =sin(a+f)-sin(a-p)
Hint: - 2sin0 cos® =sin30 = {sina cosP + cosa sinP} - {sin a cos ﬂ—cofasin B}
Le  6=18° Let 0 =36° 25in0 cos® = 3sin - 4sin’ =sincuctaps oiosing —sinoofieemsing
56 = 90° 50 =180° _ ' = 2sina cosp = L.H.S (Proved)

+28) =90° =180° 2cos8 =3 - 45in’0 ii) Show that 2cosa cosp = cos(a + B) + cos(a - B)

(39+28) =90 30+20 =180 it g R nere 0=367)
30 =90° - 26 30 =180°-20 ividing by sin (--sin@=0, where 8= Proof
sin 30 = sin(90°-20) | sin30 = sin(180°-20) 2cos0 =3 - 4(1 - cos?6) ; RHS =cos(a+p)+cos(a—p)
elc. elc. 4c0s?0 - 2cos0-1=0 = cosa cosP - sina sinp + cosa cosp + sina sinf}

= 2cosu cosp=L.H.S (Proved)
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iv) Show that -2sinu sinf = cos(u + ) - cos(a - 3)
Proofl

RHS =cos(u+p)-cos(u-p)

Unit 10 ) Trigonometric !den"llq
——lty

= cosu cosf} — sinu sinfP - {cosa cosf + sinu sinf3)
= cosu cosf} - sina sinf} = cosa cosP - sinu sinf

= -2sina sinf3 = L.H.S (Proved)

Express the Sums or Differences (of sines and cosines) as Product (of sines am
— C0sines);

i)  Show that:

sinP+sinQ=2 smP_;Qmsﬁz_Q_

Proof
We know that
2sina cos =sin (a + B) +sin (a-P) ...(1)

Let a+pP=Panda-p=Q

By adding By subtracting
a+P =P a+p=pP
a-p=0Q ta ¥ P =+Q
2a =P+Q 2B = P-Q

LAY £-Q

& =3 P w3

Now putting values in eq (1)
Zsin%‘gcos‘%a=sinP+sinQ
sinP+san=25in£§£cos£;—Q'

iii) Show t}_mt:

CDSP-&COSQ:ZCOS"%‘Q‘COS_F%Q
Proofl
We know that
2 cosu cos 3= cos (a + B) + cos (e - ) ....(3)
Let a+fi=pP and a-p= Q
By adding By subtracting
a+fl =P a+pB =P
a-p=Q taF P =20
2a =P+Q 2p = P-Q
a wEH 5. 2=0
2 -2
Now putting values in eq (3)
2cosp_;Qcosf—;Q=cosP+msQ

cosP+cosQ=2 cusP_;Q'cosfzi

ii) Show that:
P L
sinP-sin@=2cos _;Q'sln-e—z-q-
Proofl

We know that
2cosasinB=sin(a+p)~sin(a-p). n

Let a+p=P . a-f=0Q
By adding By subtracting
a+Pf =P a+f=p
a-p=Q taF P =1Q
2a =P+Q ZB = P_.._Q'
P+ P~
a =_2£ B = ‘——2-2
Now putting values in eq (2)
2cos%9'slnp—50'=slni’-slnq

sinP-sin@Q=2 cosP—;Q'sinP—;q-

iv) Show that:

u:a:os!i'—1:1:~st',)=-25inP—;'Q‘slnﬂ-;-‘l
Proof
We know that
—2sina sin B=cos (a + B) - cos (a-p)...(4)
Let «a+p=P , a-B=¢Q
By adding By subtracting
a+f =P a+pfp=P
a-p=Q ta F P =40
2Za =P+Q 2p = P-Q
P+Q F=0!
o = 2 p = 2

Now putting values in eq (4)

-Zslnp_;g'sin L;—Q& cos P—-cos @
pg P
2 2

cos P—cos Q=-2sin sin

353

CHOLAR 72 MATHEMATICS - 11
5

1c 14: Express 2sin70 cos30 as a sum or difference.

fump
cawtion: 2sin70 cos30 = sin(70+30) +sin(70-30)
= sin100+sin40

f.ump't 15: Prove without using table / calculator, that sin19° cos11°+sin71° sin11° =%

—  LHS =5in19°cos11°+sin71°sin11°
solution:

= %[Zslnl‘!“ €0s11°+2sin71°sin11°]
= %[25“119" c0s11°-(-2sin71°sin11°)]
1
= S[isin(19°+11°) +5in(19°~11°)} - {cos(71° +11°) ~cos(71°~11°)}]
1 i o i o o o 1 1 1
= =[sin30° +5in8° - c0s82° + c0s60°] = —=| = +5in8°~cos(90°~8°) +—
2 212 2
111 1
= —=| =+sinB8°-sin8°+=
2[:2 2]

1[1 1]
= | ——
2z 2

=2 nrus
2

("~ cos82° =cos(90°-8°) =sin8°)

Hence, sin19° cos11°+5in71°sin11° =;;-

Example 16: Express sin5x + sin7x as a productL.

S5x-7x
2
= 2sin6xcos(—x) = 2sin6xcosx (" cos(—0)=cos0)

Sx+7x

sinSx+sin7x = Zsin cos

Solution:

Example 17: Express cos0+ cos30 +cos50 + cos70 as a product.

Solution: cos0 + cos30 + cos50 + cos70

= (cos30 +cos0) +(cos70 +cosS0)
30+0 36-0 70+0  70-50
2
= 20520 cosO +2cos60 cos® = 2cos6(cos60 +cos20)
- 2:050[2:(:: g0 ; 20 e ;20]

= 2c0s0(2cos40 cos20) = 4cosO cos20 cos40

= 2cos +2cos

cos cos

Example 18: Show that cos20° cos40° cos80°= %

Solution: L.H.S = cos20° cos40° cos80°
1

= -Z(-tcus?.()‘ cos40° cosB0°)

1
= ;[{2:0540" €0s20°)-2c0s80°]
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=%[{cos(-lﬂ°+ 20°)+cos(40° -20°))-2cos80°)

= -i[(cosﬁO‘ +¢0520°)-2c0s80°)

= l[[l+co520°)-2co530°]
al\2

= -i—{cosBD" +2c0s80° cos20°®)

='}[ cosB80° + {cos(80° +20°) +cos(80°-20°)}]

= %(cosBD“ +¢0s100° +co0s60°)
= %[co s80° + cos(180° -80°) +cos60°]

- l[n:osﬁ()" —cosB0® +l]
4 2

1(1) 1
2(5)“ B

Hence, cos20° cos40° cosB0° =%

Unit 10 ») Trigonometric Iden%
—

1:cos£v0°=l
2

[+ cos(180°~80°) = cos(2x90°~80°) =~cosayy)

Exercise 10.4

1. Express the following products as sums or
differences:

() 2sin306cosH
Solution:
Using Formula 2sina cosp=sin(a+p)+sin(a-p)
2sin30cos® = sin(30+0)+sin(30-0)
= 5in40 +sin20

(i) 2 cos 50 sin 30
Solutlon:
Using Formula 2cosasinp=sin(a+p)-sin(a-p)
2c0s50sin30 = sin(50+30)-sin(50-30)
= sinBO-sin20

(iif) sin 50 cos 20
Solution:

sinSBcosZB:-;-[2sln50coszﬂ]
Using Formula 2sina cosp=sin(a+p)+sin(a-p)

=%[sin[50+ 20)+sin(50-20)]

=2{sin70+in30)

(iv) 2sin76sin 20
Solution:

Using Formula 2sin a sin = cos(«—P)-cos(a+p)
25in705in20=cos(70-20)~cos(70+20)
=c0s550-cos90

(v) cos(x+y)sin(x-y)
Solution:

cos(x+ y)sin(x—-y) = %[2ms[x+ y)sin(x-y)
= %[sin[x +y+x—y)-sin(x+y-x+y)]
= %[sanx—sinZy]
(vi) cos(2x+ 30°) cos(2x~-30°)
Solution:
cos(2x+30°)cos(2x-30°)
=%[2cos[2: +30°)cos(2x-30°)]
Using Formula 2cos a cosP=cos(a +p)+cos(a-p)
=%[cos[2x +30°+2x~-30°)+cos(2x +30*~2x+30,

=l cos4x +cos60°
2
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(i) sin 12° sin 467
solution:

0 = l 1 L] L)
;le‘S'““’ = E[Zsmlz sin46°]

Using formula 2sina sinP=cos(a-p)-cos(a +p)

=%[cos{12°-46°)—cos(12‘+46“]]

:%[C0534°—C0553°] using COS[—D): cos0

(viil) sin(x + 45°) sin(x - 45°)
Solution:

sm[x-r-!S‘)sln[x-45")=%[2$in[x+45°)sir|(x—45°]]
Using Formula 2sin a sinf = cos(a —)-cos(a +p)

- Lcos(x+45°=x +45°) ~ cos(x +45°+ x ~45°)]
2

a %[cus%‘ -cos2x]

3. Express the following sums or differcnces as
products:

M sin50+sin 30
Solutlon:

Using Formula sinP-rsInQ:zsin[P;QJm P;Q]
sin50+5in30 = Zsin(éa_ﬁ]ms[SO—:ie)
2 2

= 2sin40 cosb
(i) sin80-sin40
Solution:
Using Formula sinP—sinQ:zms[P;QJs’n[P;Q]
5inB0-sind0 = 2:05[39';“)51;,[30;40]

= 2c05605sin20

(i) cos 60 + cos 30
Solution:

Using Formula cosP +cosQ= 2':05[?_;_0_)':“[?_-0)

2
c0s60+cos30 = st[&;-z—a-)cos[&;gg)

920 36
= 2c05— .COS—
2 2

(iv) cos 70 —cos 0
Solution:

Using Formula cosP -cosQ = -Zsin[?—;g)sln{ . _Q)

cos70-cos0 = —Zsln[mz‘a)sm(m_o)

= -2s5in40.s5in30

(v) cos12°+cos48°
Solution:
Using Formula cosP+cosQ= Zcos(%]cos(ﬁ;—o)

° - o _
cos12° +cos48° = 2cos[12 2‘8‘,]1:05(12 248']

= 2c0s30° cos(-18°)
= 2c0530° cos18°

“»cos(-0)=cos0

(vi) sin(x+30°)+sin(x-30°)
Solution:
sin(x+30°)+sin(x-30°)

Using Formula sinP +sinQ = Zsm(P—;Q-)ms[ﬁig)
x+30°+x-30° x+30°-x+30°
=2$1n( > ].ms{ > ]

= Zsin[%x-) .cus(%o') =2sinxcos30°

3. Prove the following Identities:

sin3x-sinx
—_——

) cot2x
® COSX~Cc0s3X
Solution:
LHS = sin3x-sinx
cosx—cos3x
Ix+x 3x-x
2 i
: "”[ 2 ]“[ 2 ]
x+3x x-3x
- in
Zsin{ > )S [ 2 ]
- 21:952:. s.lnx *+ sin(-0)= -sind
2sin2x. sinx
= cot2x = R.H.S (Proved)
(i) sinBx+sin2x _
cosBx +cos2x
Solution:
sinBx +sin2x
LHS= —m8 —
cosBx +cos2x
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[8x+2x] (Sx—Zx]
2sin cos
. 2 2

B zcos(ax +2% )ms( Bx - ZX)
2 2

= 2sin5x.cos3x
2c0s5x.cos3x

= tan5x =R.H.S (Proved)

sinA-sinB A-B__A+B

i = C
& sinA+sinB — 2 ot 2

Solution:

LHS = Sind-sinB
sind+sinB

{52
{EE)n( )
25222
- tan[‘zs) mt(AZB)

= R.H.S (Proved)

@iv) s5in80°+sin40° -
cosB0® +cos40°
Solution:
o H o
LHS = sinB0°+sin40
cos80° + cos40°

zﬂn[ ao=+4o'].m(80°—40°]
s 2 2

kos[ao +40 )bms(ao ;40 ]

2
_ 2sin60°-cos20°
2c0560°-cos20°
- Sin60°
cos60°

= tan60’ =v3 =R H.S (Proved)

4. Provo that:

() cos15°+cos105°+cos195°+c0s160°+c0s285°=0
Solution:
L.H.S = c0s15°+co5105° + c0s195°+ cos285°
" (15'1- 105°] (15‘-105’)
= 2cos -cos +
2 2
[ 195°+ 285’] ( 195‘-—285")
> cos

2cos

= 2c0s60°-cos(—45°) + 2cos240° cos(—45°)

Unit 10 ) Trigonometric Idemm“
——les

= 2-—;-::0545'+2cos(2x90°+60°}ms45°
= c0s45° + 2(—c0s60°)  cos45°
= 1 -2<l. 1
22
1 1
= 3-75 =0=R.H.S (Proved)

@) sin20+5in40 +sin60+sin80 <k
€0520+c0s40+cos60+cos80 nsg

Solution:
LHS=

5in20+sin40 +sin60 +sinBp

c0520 +cos40 + cos60 + cos8O

_ (sIn20 +5In80) +(sin40 +sin60)
(cos20+cosBB) + (cos40 + cos60)

Zsin(ze+s°)ons(ze‘m)+wn(”;w]m[wm]

2 2 B
M[ZB +80Jms[29—30)+ms[40+60m
2 2 2 2 J
_ 2sin50-cos(~36) +2sin50- cos(-30)
2c0s50-cos(-36) +2c0s50 - cos(-36)
25in56(cos30 +cos36)
~ 2c0550(cos30 + cos30) cos(~0)=cosp
_ sinS

oS0 =tan50= R.H.S (Proved)

(ifi) cos (T"z') cos (4 +§)=sim
Solution:

LHS = cos G-g] P (4 2)

LA noa
Let A=—-— and B=—+—
4 2 4 2

By adding By subtracting
4 Y 4 2
n o n o
B=—+— 1B = t—t—
4 2 32
A+B =242 A-f= 225
4 4 2 2
n = A-B = -a
A+B =2=90 A-B _ a
A;B = 45° 2 2

L.H.S = cos’A-cos’B
= (cosA+cosB)(cosA~cosB)

) sin[%-ﬂ)siﬂ[% +0)= %msm

Solutlon:

LHS = sin[;-—ﬂ]sln[‘ 4.9)
o)

Using 2sina sinp = cos(a ~p)~cos(a +p)
el ol
)

)

1
= -Z-ICOSZB-O]
5inB+s5in30+sin50+sin70
cos0+cos30+cos50+cos70
Solution:
LHS = sin0+sin30+sin50+sin70
cos0 +cos30 +cos50 +cos70
_ (sin70+sin0) +(sin50 +sin30)
(cos70+cos0)+(cos50+cos30)

Using  sinP+sinQ= Zsln[m'o] s( ]
and cosP+cosQ = 2cos[P+Q]cos[PZQ)
zm(mw)m[m-n) (smsu]ms 50— 33)
= 2 2 2

zm[79;9]m[7az-a] [se+3 )m[sozaa]

= %tosZO =R.H.S (Proved)

=tan40
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/'-_A_:B A-B A+B A-B 25in40cos30 + 2sin40 cos0
= zcos .——- COS| = =2sin sin| —— -
2 2 2 2c0s40cos30 + 2cos40 cosD
A+B _ 450 and -_a _ 2sin40(cos30 + cos0)
=" 2 2 2cos40(cos30 +cos0)
- [ 2c0s45° cos[-—)][-?-sln-is" sln[-—)] = SIn40 _ n40=RHS (Proved)
2 2 cos40
1 i 0= 5. Prove that:
.[2.—=-cos— )( sin— ] ssin(-0)=-sin0 ==
( T T o, (-] o o 1
4 . () co0s20°cos40°cos60°cosB0®=—
- sm-—-<cos— 16
{32)‘ 2 2 Solution:
& ol a L.H.S = cos20°cos40°cos60°cosB0®
-"zsmi 2 = c0520°cos40° o cosB80° s c0360'=l
- sina = RH.S (Proved) 2) : 2

= -%.cosZO‘ cosB0° cos40°
Multiplying & dividing by 2
=%- cos20° -%{2:0580" cos40°)
Using Formula 2cosacos=cos(a +p)+cos(a-p)

=i—c0520°{cos(80“+40'}+cos(BO'-‘ID'JI
=%m520°{c05120'+ms40‘]
1 1
==—c0520°% -— bt
4:0: [ 2+cos4l]]
coleD"=cos[1x90‘+30‘)=—s1n30°=—:

= -lcOSZO“ -rlcosm‘msZO'
8 4
Multiply and divide by 2
= —lcoszo“ + X ! 1{21:0540‘:0520'}
8 4 2
Using Formula 2cosacosp=cos(a +p)+cos(a—-p)

- —%cosZB‘ + %{cosno*' +20°)+cos(40°~20°))
= -%cos 20° +%{msﬁu‘ +c0520°) s

1 1 1
r— °4+=c0s60°+—=cos20°
3:0520 +8cos +aco

1 1Y/1 1
== °=|=|| =|==—=R.H.S (Proved
ge0se0 (s](z) 16 (Froved

m_ 2n . w ., 4m_ 3
(i Sl“;sllh;-siﬂ;slﬂ-;—:;;

Solutlon:

2n 4n
S= I-sl —sin—=sin—
L.H. sn9 n9 |n3 n9
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= - o . e
= sl sundd“uned* sinS0*

= c0s120” = cos(90° = 30") = -sin3pe . 1

.
o’
"l-,.n

~3
= saliMandd” — snS0* snod” =
>

Wil

-
2w S20%inSOsindd"

—~
Multeh and drade th 2

. SN
= —-sinIV* —{(I5sin80" sindd")

Using Formula ZsinasinB=cos{a - B)-cos{a +§)
\3

S SI20*

{cos(S0" - 40%) - cos(80* - 40°)}

-_

=%sm20'. {cos40® —cos 1207}

=%m;o' (0S40 v 2+

. -J

eos120® = cos{90° - 307) = -sin30° = —
=?m40'm20'-%m20'

=$ . 1:_(“.&;40‘%20‘]-%91120'

Using Formula ZoosasinB=sin(a +p)-sin(a-p)
~3

. |s2n($0° + 20°) - sin(40° - 20°)) -gmzo'

=-‘§E-nn60' —%mzu- ‘ésmzo-

@ sth'ﬂnBO':hSﬂ'ﬂu?ﬂ':%

Solution:
LHS=smn10%5n30°sinS0°sin70°

1%
=5:10° 2 5inS0°sin70°

-

1
- 5in30*=—
"2

.sin10°sin70%sin50°

W 1 e

sin10° 2(25in70%5in50%)
Formula 2sina sinf = cos(a - B) - cos(a + B)
s:n10%{cos(70° - 50°) - cos(70° + 507))

i

| =

n10°|cos20° -cos120°)

[
- ﬂ&u

-

smIO"IcosZO'-—}
2

1

[

= lmsl’ﬂ’smm’ -lsmm'
4 8

=-} . é[stZD’sm 10"]-%nn 10°

Using Formula Zcosasinf=sin(a +p)-sin(a-p)

=%ism[20"-—lO’]—sm(ZD'-lO‘):' --;-mm-

=%nn30‘—%sm 10° -%sm 10°

11}y 1
== = | 2e—=R.HS (Proved)
8 ZJ 16

sin38

. T

=sinB; deduce the valy,
of sin 15°

Solution:
sin38

1+2c0s28
Using Formulas cos20=1-2sin’8, sin30 = 3sind - 4sin’y
3sinB—-4sin’®
1+2(1-2sin°9)
= sinB(3 - 4s5in’0)
1+2-4sin’®
5 sinB(3-4sin’0)
(3-4sin°8)
= 5in® = R.H.S (Proved)
Deduction:

LHS=

LHS =

sin3(15°)
1+2co0s2(15°)
sin4S

= sinl5°

Rationalize the denominator

. xl—\ﬁ

—

p OLAR “Z MATHEMATICS - 11
B
20 -(¥3))
13 V2
B v2(1-3) 75
V-6
» —
¥2Y(-2)
B-
2(2)
G-

+

= ¢In75" - sinlS*

Using Formula: sinP -sinQ = z:mf;;_o. sin

r .‘ .
LHS = zmt’s 2'5 )

f . _ -
sin! L4 zlS }
!

= 2cos45° . sin30"
b 3

-2 B
32 r

1
= —p = R.HS ( Proved
"

re
2

prove that: tan75° - tan15°*=2v3

-

sin’a-sin’p
sinacosa - sinficosf

9. Prove that:

-h.l(l ¢’)

am——

- m:
S =1an75% = tanl5®

= tan(45° + 30°) - tan(45°-30°)
tana + tanfi

13 tana-tanf

@an45°-t@an30°
1+tan45°.tan30°

Lsing Formuh. u“lu = B) =

_ t@an4s®+tan30°
~ 1-tan45°-tan30°

- tand5° =1, an30* -7’;

—1)(¥3+1)
_dBho {[a+b}’-{u—b)'=4¢b
(BYF-r |(a+b)(a-b)=a*-b

= 2J3 =R.H.S (Proved)

& Prove that: cos15°-sin15° -71;

Solution:
LHS = cos15°-sinl5°
= cos(1 x 90° - 75°) - sin15°

Solution:

sin‘a~-sin’p
sina-cosa - sinfl cosf}
- _{sina +sinp)(sina ~sinB)

%(Zslnn -cosa - 2sinf} cosfl)

LHS =

uﬂ\

7 ot S ¥

- 2(sina +sinp)(sina -sinB)
sinZa -sin2p
afan
2a+2
7)o

aol'.l
=
(Binﬂ‘m%eth%

2)

=)

2

2
cos(a +f) sin(a~p)

a+f a-f
B 3 b 9,
cos(a+p) sin(a-p)
= sln!u--ll)-sin(c-ﬂ)
cos(a+p)-sin(a-p)
= sin(a+f)
cos(a+p)
= tan(a + B) = R.H.S (Proved)

<+ 25in@ cosf = 5in 20

10. Prove that:
sina + sinp + siny-sin(a+p+7y)

()12

Solution:
L.HS = sina+sinp+siny-sin(a+P+y)

= (sina +sinP)+(siny =sin(a+P+y))
ﬂfﬂ a- B‘h'rvnvatv

y-a-p-y

T 2

2
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a+f a-[ a+fl+2y C—a -3 ZI‘ ;.r_--\
= 25 cos T2 200 L ain 22| | - | =5 L Jsin| 2= | sin =& ] Multiple Choice Questions (MCQs) =
- 20028 s 88 2o SR 09 )= a0 | l S8 (A1 2o ”] ( mlwiJ Exorcise 10,1
1+B(__a- asPo2y) . ! L Let Puayn) ond QUu, ya) then [PQ) = V(xi = x2)' 4 (yi — yn)' I catled - - - - -
= 2sin— [n;_. s ] - _|_sm(“f""] smLSﬂ] “n(b‘.) sin(-0).- (A) quadratic formula (13) cramer's rule (C) distance formula (D) none of these
\ Zﬁ 8 ’72 b P2y 2 2 2 — s Distunce between A(3, 8), IS, 6) by - - - - -
a- a+rpPp+o a- a+l+ F - -
i Blagd 2 2 112 2 - -1sinLu—;B—]-sln[n—;—T}S*“(Tqu (A2 (1) 22 (€)2 nn%
2 2 2 = RH.S (Proved) y 100 is ndded to or subtructed from odd multiple of right angle, the trigonometric ratlos change Into - - -
) (A) reciprocals (I3) co-ratios (C)both (A) snd (13) (D) none of these
_ _@n(u+ﬁ n(u-ﬁq-u.d»ﬂ-z]r]_gnlu{l-u—ﬂ-h] x)
2 2.2 22 §, taja=3 J==s=ss
(A) scca (D) cotu (C) - eolu (D) tana
Formula Sheet " ,...[’—1’-‘ " o) Is equal to:
Fundamental Law of Trigonometry and Deductions 1 (A) - sin0 (B) sin0 (C) cosh (D) - cosh
1. cos(a~P)=cosacosP+sinasinf 2. cos(a+p)=cosa cosPf-sina sinf R 6. Thevalucofcos 315%Is-----
3. sin(a-p)=sina cosp-cosa sinp 4. sin(a +p)=sinacosf+cosasinf (A0 By 1 (C)J__,E (n)vi-
— 2
5. an(a=p)=2200=t0b 6. tan(a+p)=-2netond Exorcise 10,2
1+tanatanf} 1-tana tanf}
R TR S——— 7. Thevalucof sinl5® is-----
u entities
_ ouble Angle Idea ) 1ol G fi-1 e
1. sin2a=2sinacosa | 2. cos2a=cos’ a-sin‘a | 3. cos2a=2cos’a-1 (A) 25 ) PV o ©) G (D) =
4. cosza=1-2sin*a 5. tan2a =% b Sl Sonecs : |
-tan‘a . - = )
Half Angle Identities {M\f_l (sinu ~ cosa) ) 5 (cosa = sina) (&) 2 Sina lll)qi (sina + cosa)
2tan 9, collu=f})=-=----
1 COSG=2£0523'-1 2 COSC[.=]—25“'I.!E' 3 mnq.—.—.t—.a:_-L (A M B M C M[’_'l. ‘D)M
g 2 : ’ 1-tan2% 1+ cotacolff 1 - cotucotf) cola + cotfy cotf) - cota
2 10. Ifrcos0 =3, in0 =4 thenr=-----
a 1+cosa a 1-cosa a 1-cosa , (M35 (B)=25 (O] (D) -5
and cos—= and sin—== and tan—=4,[——— cos 19° + sin 19°
2 ] 2 2 2 1+cosa ], ———————meeaa-
Trinle Anelc Identith " cos 19" —sin 19°
D Anpe e (A)tanl9 (B) cotl9® (C) tan64* (D) cot64®
| —— : S | Eorcisat03
1. sin3a= 3sina-4sin’a 2. cos3u= 4cos’a-3cosa 3. wn3a= e e Exorcise 10.3
. -3tan‘a
12, sin2als equal to ==~~~
1. 2sina cos ﬁ'ls)::{d: :tﬁ(; :,sli:e(san—n ;]minu) ~ Sum’;r I;‘""'-‘“;“ (n_“:“u - ':”’Ih') (A) 1 =2sin’a (B)2cos’a - 1 (C) 2 sinu cosa (D) sina
: & - _2cosa sinp=sin(a+p)-sin(a-f) 13. If5in20 = 1 then value of O Iy - -~ -~
3. Zcosa cosP= cos(a+)+cos(a~-p) 4. -2sina sinf= cos(a+p)-cos(a-p) (A) 30° (B)45° (C) 60” (D) 920°
Sums or Dilferences (of sines and cosines) as Product (of sines and cosines) W, cosla-sinfa=-----
L (A)1 Dcos2a (C)ysin2a (D)ysinda
1. sinP+sinQ= Zsm( "'Q] (P_g) 2. sinP-sinQ= ZCOS[P ] ( ] }u ¢
2 2 15, h“E- .....
P+Q P-Q +Q), Q
3. cosP +cosQ=2cos( )cos[ ) 3. cosP-cosQ= —Zsln[ - 1-si -
2 2 (A) £ l-cosa ®) * l-cosu © + sina ©) 1 -sina
W—cosa 1+cosa | -cosa l+sinn
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16. cosda==-=---~

el

(A)4sin’a - 3sina (B) 3cos'a + 4cosa (C) cos? 129" —sin? --:i (D) 4dcos’a - 3cosa

... _Exerclse 10}4 ...
17. 2sin70.cos30 is cqual to - - - --

(A) sin100 + sind40 (B) sin100 = sind0 (C) 4cos’0 — 3cosO (D) cos100 - cosdd

18. cosd48°+cos 12°=-c-u-

(A) 2cos18° (B) 3cos18° (C) 3 cos18° (D) V2 cos18°
19. c0s520° cos40° cos80* = ~wwua

w5 ® § ©1 ©3
20. cos(a+P)+cos(a—P)==-----

(A) 2sina.cosp (B) 2coscsin (C) 2cosa.cosp (D) -2sina.sinp

ANSWER KEY
1. [cJz [BJ3 [B8Ja [cJs [Aale [0z JcJs [DJs ToTwe
1. | c |12 | c [13. | B |14 | B |15 | B [16. | D |47. | A |18. [ C [19. [ B [0

—eojo—

CHOLAR 42" MATHEMATICS - 11
]

11 Trigonometric Functions
-

and their Graphs

[ this unit, s_tudcnts 'wil! explore key concepts essential for understanding the role of trigonometry in mathematics
ond its real-life applications. We will begin by Ieamning how to determine the domain and range of trigonometric
functions o undcrsltand lhc_lr behavior. Next, we will discuss even and odd functions, along with their periodicity,
which explains their repeating patterns.

students will then [cam_ how to graph and analyze sine, cosine, and tangent functions, following this, we will focus
on calculating the maximum and minimum values of sinusoidal functions and examining their unique propertics
such as amplitude, frequency, and phase shifts.

Finally, students will apply these trigonometric concepts to solve practical problems in navigation, engineering. and
physics, including calculating distances, optimizing solar panel angles, and analyzing forces in structures. Mastering
these concepts will enable students to solve both theoretical and real-world problems using trigonometry.

Let us first find domains and ranges of trigonometric functions before drawing their graphs.

Interval in Set of Real Number ‘R’

The set of all numbers lying between two given real numbers is called an interval in R.
§. Closcd Interval |a, b]

Closed interval fromatob={x|xe R;a<x<b)

= set of all real numbers lying between a and b including the end points @ and b.

T lasxsb! D

a b
2. Open Interval (a, b) or]a, b[
Open interval fromatob={x|x e R;a<x<b)}
= set of all real numbers lying between a and b, excluding the end points @ and b.
fa<x<by
\ J
a b
3. Closed-Open Interval [a, b) and Open-Closed Interval (a, b]
[a,b)={x|x e R;asx<b}and [a,b]={x-|xe R;a<xsb}
e [asx-cb) ot 0
a b a b
4. Real Number Set R as an Open Interval

—0

00

fa<x<bl
\ i)

The set R can be thought of as the open interval (—w, «), so that
R=(-o,m)={x|x € R;—o<x<wx).

The infinite interval in R can be given by (—, @), (a, +0), (-, a], [a, ).



