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Exercise /.4

Ql. Compute the cross producta x b and b x a check your answer by

showing that a and b is perpendicvulartfoa xband b x a.

() g =2i+-k b =li-j+k
Solution
)k
axp =12 1 -1
1 =1 1
= Y1-1) =) (2+1) + k (-2-1)
axb = -3j-3k = 0i-3j-3k
Now, a.(axDb) = (2L+j-K). (-3) - 3k)

= (2i+-k). (0i- 3j- 3K)

= 2(0) + 1{-3) + (-1) (-3)
= (0-3+3=0 = 0i+ 0_]_+ Ok

Now, b.(@xb) = (i-j+k. (0j-3j-3K

HO) + (-1) + (-:3) +] (-3)

Asblaxb) = 33=0
Asbfaxb) = 0 = gxbislDb
I B
Now, bxa= 11 -1 1
2 1 -1
= 1(1-1)=j(-1-2) + k (1+2)
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ng = 01-!-31'*'3&
Now (bxg)a= (0i+3j+3K. (2i+j-K
= Ox2 + 3x] + 3x (-”

0+3-3

2(0) + (1-3) + (-1)(-3)

= 0-3+3=0
Aslbxg).a= Dbxala
Now (bxg).g =  (Oi+3j+3k). (1~ +K)
= 0-3+3
Asibxgl.b = O

= (xg)islb

() @ =ij+0k : b =kj+0k

Solution
o)k
Q*xD =iy 1 10
1 -1 0
= 1(0)-j(0) +Kk(-1-1)
gxb= -2 =0i+ 0j - 2k

Now. . (@*b) = (i* +Ok). (0] + 0j - 2K

= 1 x0+({-1).(0) +0 (-2)
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ik
Now bxa =11 -1 ¢
1 1 0

1(0) =) (O) + k (1+1)
bxg = 01+0j+2k
a.(bxg) = [+)+0k) (O1+0j+ 2k
= (0+0+0
= a.bxg) = 0 = bxgla
Againb. (B xg)= (i—)+0k) (0 +0j + 2k)
= 0+0+0
b.(oxa)]= 0 = bxaislb
b.(bxa) = (i-j+0k). (0i+0j+2k)
= (1) (Q) + (-1) (O) + (O) (2)
=  0+0+0 =0

> blbxg

Solution
i) k
axb = 13 =2 1
1 1 0

= (0-1)i-j (0-1) + (3+2) k
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=0*D = ¥+ 3K

(@xb).a= (id+]j+ 5K).(3]-2j +k)

= 14140
QxD).D = 0 = gxbislb
L I
Now  bxa= |1 1 o
3 -2 1
= (I x1=0x{-2)) =) (1%1-3x0) + K (1* [-2))
D% @ = j=ij=/0k

(bxq).a=i-j- 5K (3i-2j+K)

= 3+2-5=0

b

U
(o7
lo;

1la
(xg).b = (i-j-5Kk) (i+]+0k)

= Ix]-]%x]|-50=0

-2
1

!
o
(=

= 1(142) -] (-4+4) + k (-4-2)

gaxb= 31+0j-6k
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[@*b).a = (3j+0j-&k). (-4i+j +2k)
(cxb).a= -1240+12=0

axb.islag

@ % b). g = (3i+0j - &k). (-4i + j*+ 2K)
= 3x240x] (-6) (1)=6-6=0
@xb).b= 0=gxblb

K

ik
1 1
1 -2

i
Now PxQa = ]2

—4

i (-2-1) = (-4+4) + k (2+4)

bxa = -3i+0j+ 6k
[Lx@).Q. = (3j+0j+ 6k (4i+j+2k)
= 1240-12=0
> bxalg

= Dxa).b =(3i+0j+ 6k). (2+ ). +k)

=-6+0.6=0

Q 2. Find a unit vector perpendicular to the plane containing g and b. Also find

sine of the angle between them.

) @ = 2i-6-3k , 4i+3j-k

Solution
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[ I
Q*xpD =12 -6 -3
4 3 =]

=1 (6+9) x j (-2412) + k (6+24)
axb = 15-10j + 30k

laxb| = J(15)% + (—10)? + (30)?2

i

= 1229
= 39

As g xbis vector | tobothgandb

N axb
. ja xb]
= 151-10/4+30k
35
Also |a| = V4+36+9 =/
And bl  =VI6+9+1 = V26
If 8 1s the angle between a and b then sing = ITI::;'I

-
e

(Gllm
&

(i) @=-i-j-k. =2i-3j+4K

Solution
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=1(-4-3) -j (-4+2) +k (3+2)

axb = -7i+2!+55

lgaxb] = J(=7)%+(2)* + (5)?
= V78

lal = J(=1)7+(-1)* +(-1)?
= VI+1+1
- V3

bl = J@)2+(-3)2+(@)?
= JV4+9+16
= V29

Required unit vector n

axp
ja xb|

~7i+2)+5k

V78

If @ is the angle between g and b then sing

la xb]
la||b]

——

v78

|
&
1=l == ald 2
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() @ = 20-2j+4k

i (4-4) - j (-4+4) + k (2-2)

= 0i-0j + 0k

v(2)% + (=2)% + (4)°

D7+ ()7 + (=27

Solution
L |
gQ*D=12 22
-1 1
-3 (Null vector)
o} =
= V24
|1D| =
= V6
& 0
\T\’—
Hencesin @ = =2
lal|b]
= 0
(iv ¢ = i+
b = i-
Solution
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i j Kk
ax*pb=11 1 o
1 =1 0

= (0-0) - j (0-0) +k (-1-1)

axb=-2
laxb] =27

= V3

= 9

Required unit vector

la xb|
lal|b|

"
|

| Q| = J1i+1+1

N

1D | = V1+1+40

If 8 iIs the angle between g and b then

a xXb|
lal|bl]

SiNG =

"
NN
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Q3. Find the area of the friangle, determined by the point P, Q, and R.
(i) P(0,0,0) : Q(2,3,2) ; R(-1,1,4)

Solution

Area of A PQR

~|PQ x PR = 2|QP x QR] = =|RP x RQ]

We can use any one formula

Here P[0,0,0] , Q|0.00] ., R[-1.1.4]
PQ =[2.3.2]-[0.0.0] = [2.3.2

-1.1.4] - [0,0,0] = [-1,1.4]

PR

"
e 3 L
=1 1 4
= 1(12:2) - (842) + k (2+3)

Now PQ xPR =

PQ xPR = 10i-10j+ 5k

PO xPR = f(10)* + (-10)* + (5)
= V225
= 15
Area of APQR = -|PQ x PR]|

= —{15)

= % Sq. Unit
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(i) P(1,-1,-1); Q(20,-1) ; R(0,2,1)

Solution
P(1,-1.-1]: Q[2,0.-1) . R[0,2.1)
PQ = [20.-1]-[1.-1,-1] = [2-1,0+],-1+]]

PG = [1.1.0) = i+j+0k

PR =p.vofR-p,.vofP = [0,2]1]-[1,-1,-1}

= [0-1.24141) . = [1.32) = -i+3j+2%

Now PQxPR =|2 3 2

|ii5
-1 1 4

= (20) - (2-0) +k [3+])

PQ*PR = 2/-2j+4K

|PQ x PR| = J(2)? + (-2)? + (4)?

= Ji+4+ 16

= 26

Arec of APQR = ~|PQ x PR]

= -:-'2\/6

V6 Sq. Unit

Q4. Find the area of parallelogram, whose vertices are:
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(i)

Here AB= CD = AB is parallel to AC

So

A[0,0,0], B[1,2,3], C[2,-1,1], D[3,1,4]
Solution

First off all check which two sides are paraliel

C

/R

ABCD is a parallelogram

Area of parallelogram ABCD = |AB x AC|

AB = [1.2.3] - [0.0.0] = [1.2.3]
AC=p.vofC-p.vof A

= [2,-1,1] - [0.0.0] = [2.-1.1]

. ]! i k
|AB x AC|= | > 3
2 1 1

=i(2+3)—j(1-6) +k(-1—4)

= 51+ 5] — 5k
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|AB x AC|= \J(5)? + (5)? + (—5)?

=25 + 25 + 25

= V75
=vV25x3
= 5V3

(i) A[1,2,-1), B[4,2,-3], C[6,-5,2], D[9,-5,0]

Solution

AB =p.vof B-p.vof A
= (4,2,-3] - [1,2.-1])
= |3,0,-2]
CD=p.vof D-p.vof C
= (9.-5.0] - [6.-5.2)
= [3,0,-2]

As AB

I
=
S
J

AB is parallel to CD
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S0  ABCD s o porallelogram

AC= [6,-5.2) = [1.2.-1]
= [6-1,-5-2,-2+1)

= [9,-7.3)

AB x AC=

k
-2
3

\,O"_'

3
5 —
=i(0 — 14) —j(9 + 10) + k(-21 - 0)
= —14i - 19j - 21k

Area of parallelogram ABCD = |AB x AC|

|JAB x AC|= /(—14)? + (—19)? + (—21)?

=V196 + 361 + 441

=v998

()  A[-1,1,1), B[-1,2,2], C[-3,4,-5], D[-3,5,-4]

Solution
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AB = [-1,2,2) - [-1.1,1]
= [-1+1,2-1,2-1]}
= [0.1,1)
CD=p.vofD-pvofC
= [-3,5,-4] - [-3,4,-5)
= [-343,5-4,-4+5)
= [0,1,1)
As AB= CD
- AB is parallel to CD
SO  ABCD s g porallelogram
Now
AC= [-3.4.-5) = [-1.1,1)

= [-3+1,4-1,-5-1]
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= [-2,3.-6)

0 1 1
=2 3 -6

| =

A§ X Af=

= i(—6—3) —j(0 +2) + k(0 + 2)
= —9i - 2j + 2k

Area of parallelogram ABCD = |AB x AC]

|AB x AC|= \/(—9)? + (-2)% + (2)?

=V81 + 4 + 4

=89

Q5. Which vectors, if any, are perpendicular or parallel

() U=5i-j+k:V=j-5k; W=—15i+3j -3k

=0-1-5
=-6#0
U and V are not perpendicular to each other
U.W = (5i-j+K).( ~15i+3 -3K)

=.75-3-3£0
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Uand W are not perpendicular to each other
V.W = (j-5k). (—15i+3 -3K)

=0+3+15#0

Vand W are not perpendicular to each other

Now W = -15i +3 -3k
=3 (51 +K
W= U
=WiU

= W and U are paraliel except this neither pair is paraliel
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Uand W are not perpendicular to each other

V.W=(=itj +k) .(—:

N A

i-mj+K)

~N A

R
-"+;=0

<

and W are perpendicular to each other

=WIilU

= W and U are parallel except this neither pair 1s paraliel

Q6. Prove that

gx(b+c)+bx(cxg)+cx(g+b) = 0
Solution

LHS = gx(b+c)+bx(cxg)+cx(a+Db)

QXD+OxXCHPXCXQ+CXQG+C*xD

XD+agxCc+DxXC-gQxDP-gxC-DxC

[
S O

= R.HS
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So proved

Q7. ¥ g+b+c=0, then prove that

a+b+c=0
Taking its cross product with a on both sides

axf(g+b+c)j= ax0

gxg+agxpb+gxc = 0
AS gaxg = 0
0+a+0+bxc = 0
gxb = c¢cxg E—— (A)

Also (i) cross multiplication with b

= bx{ga+b+c)j= bx0
pxg+0+pxgc = 0
bxc = -bxg
bxc = axb e eeeeeee (B)

Comparing (A) and (B) we get

QxR DX C=ECXQ

Q8. Provethatsin(a-B)=sinacosP-cosasinp

Solution
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Let @ and b be the unit in xy-plone making angles a and B with x-axis

respectively such that o > B

Then clearly
a = cosajitsingj
b = cospi+sinBj
and
i ) -
Now @xb = |cosf sinf8 0
cosa sma ()
= 1[0)~j(0) +k (cosf sina-sinp cosaq)
=5 bxad = (cosPsina-sinBcosa)lk e (1)
Also bxa = |b||al sin(o-B)k
AS bl = J[al N
bxa = (1)(1)sin (a-B)k ——mrmmemeeeree- (2)

Now Comparnng (1) and (1) we get

sin ([a-B) = sSnacospP-cosasinP

QY. Kgxb = Oandab =0

What conclusion can be drawn about a or b?

Solution

i
-

axb and a.b = 0

Now axb = 0 = Q and b are parallel
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And o.b = 0 = g ond b are pcrallel

This is not possible that a and b are perpendicular and at the same time a and
o are parallel.

So the given information i.e.

axb = 0 and a.b = 0Dis possible only if at least
one of the given vector g or B i1s a null vector.
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