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Exercise 7.3

Q1. Find the cosine of the angle between Uand V..

() U=3i+j-k, V=2i-3j+k (W) U=[-35],V=[6-2)

() U=i-3j+4k,V=4i-j+3Kk (v) U=[2,-31],V=
12,4,1]

Solution

() A dot product between two vectors is given by
U.V=|U||V|cos®

u.v
-3 COs @ = —meme eeeeeceeeee———- A
u]|v] A
NGw U = V(3?7 + (1)? + (-1)?
=V9+1+1

= V11

V] = J(2)7 + (-1)7 + (1)?

=Vi+1+1

U.V=(i+j-k)Qi-3j+k

= 3(2)+(N)(-1)+(-1)(1)

=6-1-1 =4
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Putting all these values in (A)

(if)

Now

AS

cosf =

Cos 0 = —

4
Cose-mﬁ
= 4

V66
U=i-3j+4k,

lU| = J(1)% + (-3)% + (4)?

=V14+9+16
= 26
V| = J(#®)7 + (-1)7 + 3)?
=y16+1+9
=26

U.V=0G-3j+4k)(4i-)+3k

= 1{4)+(-3) (-1)+({4)(3)
= 4+3+12
=19

U.

| ul| Vi

<

<

19

U=[-3,5],V=1[6-2]

Vv

41— + 3Kk
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U=-3i+5j,

U] = V(=3)Z + (5)

=v9+ 25

= V34

V] = J(6)? + (-2)?
=V36+ 3
= V30

V| =2v10

U.V = (=3i+5j )(6i - 2j)

=(- 3){6)+(5)(-2)

=-18-10 =-28
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(iv)

1<
Il

(2,-3,1),V =[2,4,1]
2i-3j+k,V=2i+4j+k

U

U] = /(2)? + (-3)% + (1)?

=Vi+ 9+ 1
= V14

V| = J@7T+ @7 + (1)?
=J4+16+1

= V21

Now U.V=(2i-3j+k)2i+4j+k

=2(2)+(-3)(4)+(1)(1)
= 4-12+)
= .7

Q2. Calculate the projection of a along b and projection of b along a when.

Solution

|
|
| »—
|
| -
=2
|
|l—-
+
| =
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la| = J(1)? + (-1)?

.

=y1+1
= V2

bl = V(1)? + (1)?
=V1+1
= V2

a.b=(-k)(j+k

= 1{0)+(0)(1)+(-1)(1)
= 0+0-1
= -]

ot =22 =1
Now projectionofaalongb = o] - VzZ
: " ab =1
also projectionofbalonga = IT e

(if)

=v1l
bl =Vv4+1+1
= V6

=3(-2)+(1)(-1)+(-1)(1)
= -6-1-1
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= -8
: ; a.b -8
Now projectionofaalongb = _;;T ===
| Y yo
ab -

also projection of balonga === = —

Q3. Find areal number a so that U and V are perpendicular.

Solution

(i) We are given U and V are perpendicular.

= U.v=0

=  (Rai+j-k.(i+a+4k)=0

= 2a+a-4=0
=> Ja=4=0
4
-2 (f = ==
3

(i) We are given U and V are perpendicular.

= U.v=0

= (ai+2aj—-Kk).(i+aj+3k)=0
@) (1)+(2a)(a) + (-1)(3) =0
2@+ a=-3=0
a(2Za+3)-12a+3)=0

o ([a-1)(2a+3) =0
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a-1=0 2a+3=0

=1 aq=—

Q4. Find the number “z" so that the triangle with vertices A(1,-1,0),B(-2,2,1) and
C(0,2,z) is right triangle with right angle C efc.

Solution

AC = (0.2.2)-(1,-1.0)
= (0-1,2+1,2-0)

AC = —i + 3j + zk

BC = (0.2,2)-(-2.2,1)
= (0+2,2-2,2-1)

BC=2i+0j+ (z— 1k

AC is perpendicular to BC
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= AC-BC=0
= (—i+3)+2k)(2i+0j+ (z— k) =0
(-1)(2)+(3)(0)+z(z-1) = O

2+0+2z°-2=0

z°-2-2=0
22-22+7=0

Z(z-2)#1(z-2) =0

(z-2)(z+1) =0

=0 z-2 =0, z+1 =0
zZ=2, z=-
- z2=2, -1

Q5. I Vis avector for which

V.i=0. V.j=0, V.k=0,findV.

Let V = (ai + bj + ck) T (1)
V.i=(ai+bj+ck).i=0
= (ai+b1+c_k_).(j+01+0_k_)=o

-> a(l)+0+0=0
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=5 c=0
= Again V.j=0
= 0+b(1)+0=0
= b=0
Also V.k=0
= c=0

puta, b, cin(l)
=5 V=0i+0j+ 0k
V = 0 (Null Vector)

Qé. i. Show that the vectors (3i - 2j + k), (i — 3) + 5k) and (2i + j — 4k) form a

right angle.

ii. Show that the set of points, P=(1,3,2), Q=(4,1,4) and R(6,5,5) form a right

friangle.
Solution
() let a=3i-2j+k
b =i 3j+ 5k
ANa c =2i+)—4K
btc =3i-2j+k

Now a.c= (3i—2j+k).(2i+)—4K)

www.topstudyworld.com



www.topstudyworld.com

(i)

= 6-2-4=6-6

¥
-
[}

P(1,3,2), Q(4,1,4) and R (6,5,5)
PQ = (4,),4)-(1,3.2)
= (4-1.1-3,4:2]

=3i—21+2k

QR = (6.5,5) - (4,],4)

= (6-4, 5-1, 5-4)

PR = (6.5.5) -(1,3.2)
= (6-1, 5-3, 5-2)
= 5i+2j + 3k
Now PQ + QR = (3,-2,2)+(2..4,1)
= (342,-2+4,2+])
= 5i + 2j + 3k

= PR

Now PQ.QR = (3i = 2j + 2k). (2i + 4j + k)
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= 3(2)+(-2)(4)+2(1)
= 6-8+2
=0
=  PQ L QR

So, P,Q.R are vertices of a right triangle.

Q7. Show that mid-point of hypotenuse of a right angle is equidistant from its

vertices.

Solution

Let consider @ nght-angle tnangle OAB as show clearly AB is @ hypotenuse
Let M be the mid-point of AB, here we have to show AM = MB = PQ 1 OM

Now we find AM

Wi (29)- @0
- (3-04-0)
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_( a b)
22
. a*  b¢
AM= |—+4—
4 4
_ |a*+b?
4

=( $3)
2'2
- a? b?
OM= |— 4 —
4+ 4
- a<+b*
N 4

From (1), (2) ond (3)

el 1}
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OM = BM = AM proved.

Q8. Prove that the perpendicular bisectors of the sides of a friangle are

concvurrent

Solution

Suppose K(0) is the intersection of two perpendicular bisector, KD and KE of @
AABC then choose the vertices A(a). B(b). C(c).

CD 1 BC and

KE 1 CA

! -
We have  >(c+b).(c-b) =0

And ~(a+¢).(a-¢)=0

Adding (1)and (2) a*-b°=0
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QY. Prove that the altitudes of a friangle are concurrent.

Solution

Let A,B,C are the PVs of a tnangle with vertices a, b, c respectively.

Wwhere H is the intersection of two altitudes AD and BE

AD L BC
= AH 1 BC
0.(é-b)=0

= o.b=a.b — )

Similarly, BE L CA, soBH L CA

b(@.&)=0 OF b.é= E.b —wemeeeeeme (2)
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From (1) and (2)

Q10. Prove that the angle in a semi-circle is a right triangle.

Solution

Let O be the center, LM be the diameter and P be any point on the semi-cicle

of radius.

Now LP= LO= @+ 7

MP=MO+OP = @+ F
LP.MP = (@ + 7)
=a.r+a.r
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Hence msLMP = 9(°

Q11. Prove thatcos(a+ B)=cosa.cosP-sina.sinf

Solution

Let 3 and b the unit vectors making angle a and — B with x-axis.
d= 0A = cos a i + sin aj
b= OB = (0)(~b) i+ sin(—a)j
= cosP i+ singj
LAOB=a+ B
ia.b=(cosai+ sin a_j_}.[cosB i+ sinB!_)

= cos a. cosf} — sin a. sinp

=5 CcOS (a + B) = cos a. cos — sin a.sinf
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Q12. Prove thatin any angle ABC
(i) b=ccosA+acosC
(i) c=acosB+bcosA
(iif) b? = a®+ c¢? - 2accosB

(lv) ¢ = a? + b? - 2ab cosC

Taking dot product with b ;
b—b=-b-a-b-¢c
b|[b]cos0° = ~[b] |a|cos(r ~ €)= |b | |¢ |cos(n - A)

(b)(b)(1) = -(b)(a)(-cos ()- (b)(c)(-cos A)

b¢ = bacos C +bc cos A

b=acosC+ ccosA Proved
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Taking dot product with b ;
C—c=-c-a-b-¢
e | Je | cos0° = —|c| |a | cos(m — B) — |b| | | cos(m — A)
(€)(c)(1) = -(c)(a)(-cos B)- (b)(c)(-cos A)
¢’ = cacos B +bccos A

c=acosB+ccosA Proved

Taking dot product with b ;
bb=[-(a+9](-(a+d)=(a+o)(a + 9

Ib||b|cos0°=a.a + a.c+ c.a +

g

-
=la||a|cos0° + a.c+ c.a+ [c]]|c|cos0°
(b)(b)(1) =(@)(@)(1) + a. c+ c.a+ (c)(c)(1)

b’ = a® +c* +2|c| |a|cos(m - B)

= a¢ 4+ ¢* + 2ac (-cos B)

b = a‘ + ¢4 — 2accosB Proved
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(ivy a+b+c=0

c=-a—-b=-(a+b)
cec=[-(a+b)][-(a+b))=(a+b)(a+ b
lc|lcjcos0°=a.a+ a.b+b.a+b.b
=laf]a|cos0° + a.b+ b.a+ |b|[|b]cos0°

()(c)(1) =(a)(a)(1) + a. b+ b.a+ (b)(b)(1)
¢c2= a?+b? +2|b||a|cos(nw - C)
= a? + b? + 2ab (-cos ()

c? = a¢ 4+ b? - 2ab cos C Proved

www.topstudyworld.com



www.topstudyworld.com Mathematics

www.topstudyworld.com



