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Exercise 6.4

Q1 Find the focus, vertex and direction of the parabola, sketch the graph.
. ¥ =8x

Solution:
Given y* = 8x
Comparing with y* = 4ax, we have
4a=8=2qg=2
Hence focus § = (2,0) vertex V = (0,0) and oxis f
Parabola
Equation of direction=x = —a = -2
Equationofaxis =y =0

X-QxiIs sketch i1s

i. x*=-16y

Solution:
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Comparing with x¢ = —4ay, we hove

4da=16=>a=4

Hence focus F = (0,-4) vertex V = (0,0) and axis of
Paragboloisy axisi.e.x =0

Equation of direction=y =a = 4

y—4=0
iil. x% =S5y
Solution:
Given x¢ =5y

Comparing with x? = 4ay, we have

I
& |

4da=5=a

Hence focus F = (0, %) vertex V = (0,0) and axis of

Paragboloisyaxsi.e.x =0
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Equation of direction = y = —=

The sketch s

v. y*=-12x
Solution:

Comparing with y* = —4ax, we have

4a=12=a=:—2~=3

Hence focus F = (—3,0) vertex V = (0,0) and axis f
Parabolo 15 x-axis
Equationof directix=x=a =3

EqQuationof axis y = 0
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V. x(=4(y-1)
Solution:
Shift the onigin to (0,1) so, that
X=x+0 and Y =y+1 referred to xy-axis with (0,0) cs ongin
8. X =x, y=1=1

the equation (1) becomes

This is parabola whose focus lies on

x = 0, coordinates of the focus of (2) are

x=0 y =1
x=0 y=1=1
x =0, y=2

Thus coordinate of the focus of the
Parabola (1) are (0,2)

Axisof (2)iIsx =0

.e. x = 0isthe axis of

vertex of (2) has has coordinatesx =0, y =0

Are the coordinates of the vertex of (1)
Directrix of (2) hos equation y = -1
e. y—-1=-1

or , ¥ = 015 an equation of direcinx
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if 1

the graph of (1) can easily be sketched, and is shown cs

vii y*=-8(x-3)
Solution:
Shift the ongin to (3,0) so, that
X=x+3 and Y =y+0 refemred to xy-axis with (3,0) as ongin
.e. x-—3=ux, y=y
the equation (1) becomes

2
-

y< = —8x

This is parabola whose focus lies on

y = 0, coordinates of the focus of (2) are

X = -2, y=0
X=—3==2, y=0
x=1, y=0

Thus coordinate of the focus of the
Parabolo (1) are (1,0)

Axis of (2)iIsy =0
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.e. y=0isthe axsof (1)

vertex of (2) has has coordingtesx =0,y =0
x=-3=0. y=10
x =3, y=1

Are the coordinates of the vertex of (1)

Directrix of (2) has equation x=2

e. x—3=2
or , x = 515 an equction of drectnx (1)
sketch is

vii. (x—1)*=8(y+2)
Solution:
Shift the ongin to (1,-2) so. that
X=x+1 and Y =y-2 referred to xy-axis with (1, —-2) as ongin

e. x—1=uzx, y+2=y
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the equction (1) becomes

x% = 8y (2)

Which is parabolo whose focus lies on

x = 0, coordinates of the focus of (2) are

x=0 y=2
x—1=0, y+z=2
x=1 y=2

Thus coordinate of the focus of the
Parabola (1) are (1,0)
Axis of (2)isx =0
le. x—1=0 y+2=0
x=1, y =2
Thus the coordinates of the vertex of parcbola of (1) are (1,-2)
Directrix of (2) has equation y= -2
e. y+2=-=2
or . ¥y = —4is an equation of directrix of (1)

sketch s
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vil. y=6x*-1

Solution:
6x° =y+1
x?2==(y+1)

Shift the origin to (0,—-1) so, that
X=x+0 and Y =y-—1 referred to xy-axis with (0,—1) as ongin
8. X=X, y+1l=y

the equction (1) becomes

2 = =
X< ==y (2)

Which is parabola whose focus lies on

x = 0, coordinates of the focus of (2) are

x=0 Y =2
1
x =40 y+l=;
= I ——
x=0 Y =% 24

Thus coordinate of the focus of the
Parabola (1) are (0, = -z—i)
Axis of (2)1s x = 015 the axis of (1) vertex of (2) has coordinated x =0and y = 0
e. x=0y+1=0
x =0, = —1]
Thus the coordinates of the vertex of parcbola of (1) are (0,-1)

Directrix of (2) hcs equation  y = -~

e, y=- 2% —1=- ‘:—3 is an equation of directrix of (1)
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sketch s

iX. x+8-y*+2y=0
Solution:
y:=2y=x+8
y*=2y+1=x4+8+1
(y=1)*=x+9
Shift the origin to (=9,1) so, thot
X=x-9 and Y =y+1 referred to xy-axis with (=9,1) as ongin
e. X+9=n, Y=1=y
the equation (1) becomes

yt=x (2)

which is parcbolc whose focus lies on

y = 0, coordinates of the focus of (2) are
e. x=-, y=0

ie. x+9==z y-1=0
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e. Xx=-—-— y=1

Thus coordinate of the focus of the

Parabolo (1) are (-=,1)

Axis of (2)isy =0

.e. x+9=0 y=—1=10
x =-9, y=1

Thus the coordinates of the vertex of parabola of (1) are (-9,1)

1

Directrix of (2) has equation X = ==

- |
.e. X+9=—:

x = —= -9 = —=is an equation of directrix of (1)
sketch is

X. x*—4x-8y+4=0
Solution:
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x*—4x + 4 = 8y

(x—2)* =8y
Shift the ongin to (2,0) so, that

X=x+2 and Y =y+0 referred to xy-axis with (2,0) cs ongin
e. x-—2=ux, y=y

the equation (1) becomes

which is parabola whose focus lies on

x = 0, coordinates of the focus of (2) are

.e. x=0, y=2
e. x—2=0, y=2
8. x=2, y=2

Thus coordinate of the focus of the Parabola (1) are (2,2)
Axis of (2)iIsx =0
e. x=2=0

x = 2 Is the axis of (1)

vertex of (2) has coordinatesx =0, y =0

x =2 =0 y=0

X =2, y=0

Are the coordinates of the vertex of parabola (1) are (2,0)
Directrix of (2) hcs equation y= =2

or .y = =2is an equaction of directrix of (1)

Sketch is
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Q2 Write an equation for the parabola with given elements.

i. Focus(-3,0), directrixx =3

Solution:
Let P(x, y) be any point on the parcbolc
Let F be the focus (—3,0) and AB the directrixx — 3 = 0

Then |PF| = |PM| (by def)

|x -3

Jx+3)2+ (y - 0)? =

V14407

—

2L (squaring both sides)

x+ 3+ (y) = -
x°+6x+9+y*=x°-6x+9

= yé = —6x — 6x

= y¢ = —12x is the required equation of parabola
Axis =y = 0 (x axis)
Focus=x=-3, y=0
Vertex=x=0, y=0

PrechX =x=.3
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Sketch is

ii. Focus(2,5), directrixy=1
Solution:

Let P(x, y) be any point on the parcbolc
Let F be the focus (2,5) and AB the directrix y = 1
Then |PF| = |PM| (by def)
Ja=2"+ (=57 =ly—-1l
(x —2)*+ (y—=5)° = (y = 1)* (squaring both sides)
X4+ 4—4x+y =10y +25=y* =2y +1
= x*+4—-4x =10y -2y +1
= (x—2)* =8y —24
(x — 2)* = 8(y — 3) 1s the required equation of parabola
AXIS =x—=2=0 1e.x=2
Focus=x—-2=0, y—-3=2
e..x=2, y=5 ie.(25)

Vertex=x-2=0, y-=3=0
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ie..x=2 y=3 ie(23)

Dreclix=y=3==2 i{ey=1

Sketch s
Y
(.!.‘5): \
|
|
|
:\' (2.0)
Ihredinx Y= |
)
|
|
F I
N
\ () v
|
|
} (
Y X =2
iii. Focus(—3,1), directrix=x-2y-3=0
Solution:
By definition of porabolo
IPF| o
N == 1= |PF| = |PM|
|PF| = \/(x + 3)¢ + (y—1)*
_ D) +(-2)(y)+(-3)] _ Ix-2y-3]
IPMI - J(1)E4(-2)¢ h VS
Putting (2) and (3) in (1)
Jax+3)2+(y-1)2= ""'i.;.'”
2 2 _ x*4(=2y)*+(=3)* +2(x-2y) +2(=2y ~3)+2(x)(=3)
X“+6x+9+y -i-l--————S
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5x2+30x +5y =10y +50=x*+4y* +9—4xy + 12y — 6x

4x° +36x+y* =22y +4xy+41 =10

X | = X
1 -4 Ii
W n
|
'
'
Y

iv. Focus(1,2), vertex (3 2)

Solution:
Here Focus (1,2), vertex (3,2) implies the axis of parabola i1s x axis
Let equation of parcbolais (y = 2)* = 4a(x — 3) (1)

a=-J/B-17+(@2-2)

(because parcbolc open left side)

Substitute the value of a = -2 Iin equation (1) we have
(y = 2)* =4(-2)(x - 3)
(y = 2)* = =8(x = 3)
y°—4y + 4= —-8x + 24

y —4y +8x—-20=0
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v. Focus(-1,0), vertex(-1,2)

Solution:

Here Focus (=1,0), vertex (=1,2) mplies the axis of parabola is y axis

Let equation of parcbolais (x + 1)¢ = 4a(y — 3) (1)

a=-J(=1+ 1)% + (2 - 0)2

(because parcbolc open downward)= V0 + ¢ = 2

Substitute the value of a = -2 In equction (1) we hove
(x +1)* = 4(=2)(y - 3)
(x+1)* =-8(y—3)
x*+2x+1=-8y+24

x*+2x+8y—15=10
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vi.

Directrix x = -2, Focus (2, 2)
Solution:

Let P(x, y) be any point on the parabola
Let F be the focus (2,2) and AB the directrix x = =2

Then |PF| = |PM| (by def)

Jx =22+ (-2 =|x+2|
(x — 2)* + (y — 5)% = (x + 2)* (squaring both sides)
x‘+4-4x+y'—4dy+4=x+4x+4
ye=4y -8x+4=0
or (ye=4y +4) =8x

or y*—4y—-8x+4=0
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vii. Directrix y =3, Vertex (2,2)
Solution:

Clearly distance E—veﬁex and directrix ie equal to one so focus = F(2,1)

Let P(x, y) be any point on the parcbolc
Let F be the focus (2,1) and AB the directrix y = 3
Thene =1 = |PF| = |PM| (by def)
JE=22+(y-1)Z =|y-3|
(x —2)*+ (y—1)° = (y — 3)* (squaring both sides)
X4+ 4—A4x+y =2y+ 1=y’ —6y+9
or y‘—4y—4x—4=10(
or (xX*—-4x+4)+4y-8=0
or (x=2)°=-(4y-8)

(x = 2)¢ = =4(y - 2) is the equation of parabolo

viii. Directrix y = 1, length of latus rectum is 8 opens downward.

Solution:
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Here L =8 = 4a
As parabola opens downward so equation of parabolo is

(x = h)* = ~4a(y - k) (1)

But k = —1, because distance vertex and directrix is equal to distance between

vertex and focus 1.e. one and sign is negative because of downward.
Thus equction (1) becomes (x — h)* = =8(y + 1)
x¢—2xh+ h* = —8y—8

or x*—=2xh+8y+8+h‘=0

ix. Axisy=0,through(2,1)and (11,-2)
Solution:

The equation of parabola having axis y = 0is

(r — k)* = 4a(x — h) (1)

Because the oxis of parabola is x-axis, Sok = 0
Thus equction (1) becomes

y* = 4a(x - h) (2)

As (2,1) lies on equation (2) thus it must satisfy the equation (2) i.e.
14 = 4a(2 - h)

1 = 8a — 4ah (3)

Also (11,-2) lies on equation (2) thus it must sotisfy the equation (2) i.e.
(=2)° = 4a(11 = h)

4 = 44a - 4ah (4)

Subtracting (3) and (4), we have

36a =3
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X.

() (o)

Subtracting the value of a in equation (3), we have

1=8(l)-4(‘)h or 1=%-Zh

12 12

3=2-hh or h=-1

Subtracting the vaolue of a and h in equation (2), we have

y? = 4(=)(x = (-1))
Or  y*=Z(x+1)

Or 3y?=(x+1)

Axis parallel to y axis, the points (0,3),(3,4) and (4,11) lie on the graph

Solution:

A axis of parabola s to y axis, so equation of the parabola Is

(x — h)* = 4a(y - k) (1)

AS (0,3) lies on equation (1) becomes

(0 - h)* = 4a(3 — k)
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= h* = 12a — 4ak (2)

As (3,4) lies on equation (1) then

(3 - h)? = 4a(4 - k)

9 — 6h + h* = 16a - 4ak (3)
Also (4,11) lies on equation (1) then

(4 — h)* = 4a(4 — k)

16 — 8h + h* = 16a — 4ak __(4)

Subtracting (3) from (4), we have
7 —2h = 28a

28a — 2h =7 (5)

Subtracting the equation (2) from (3), we have
9—6h+4a =0

= 6h+4a =9 (6)

Multiplying equation (6) by "7" we get

28a + 42h = 63
—Ba+ 2h=7—
40h = 56
56 7
N  AEEc

Putting the value of h in equation (6). we have

4a+6(-;-)=a=74a =9
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Subshitute the values of a and h in equation (2), we have

(6) =12(5) -+ ()

49 9 3 49 9 3
—> —_— ===k — —_——t =
25 5 - 25 5 5
3 A5-49 3 -4
- k= - 3x=22
S 25 5 25
-4
= K = —

Substitute the values of a and h in equction (2), we have
(x-3) =4(H)v-(E)
> (=) =(v+E)

Is the required equation of parabolo

Q3 Find the equation of parabola having its focus at the origin and directrix is
parallel to

. X-axis
. y-axis
Solution:

i. Directrix parallel to x-axis

www.topstudyworld.com



www.topstudyworld.com Mathematics

Since directnx is parallel to x-axis
Itsequationisy=a=>y—-a=0

Focus is at (0,0)

Now let P(x, y) be any point on the parcbola

Then |PF| = |PM| (by definition)

G- ro 07 =24

D° 3 1¢

2 _ ly=3]°
i

X+ y (squaring both sides)
x? + y? = y? - 2ay + a*
x* = =2ay + a°
x¢==2a(y - 'E')

= yt 4+ d4ay —4a* =0

Equation of the parabola

ii. Directrix parallel to y-axis

Since directrix is parallel to y-axis
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Itsequationisx=a=>x-a=10
Focus s at (0,0)
Now let P(x, y) be cny point on the parcbola

Then |PF| = |PM| (by definition)

J(x-0)2+0"‘0)2='—|x_a|
V1% 4 0°

> — |x -3]¢

x+y—‘

(squaring both sides)

x% 4 y? = x% - 2ax + a®

‘¢ = =2ax + a‘

y
y? =-2a(x-3)

= y¢+4ax —4a =0

Equation of the parabola

Q4 Show that the parabola having

(xsina — ycosa)* = 4al(xcosa - ysina)‘a
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Has focus at (acosa,asina) and its directrix is

xcosa+ysina+a =0

Solution:
Here focus = F(acosa,asina) and equation of directrixis xcosa + ysina +a =0
Now let P(x, y) be any point on the parabola

Then |PF| = |PM| (by definition)

: _ : Ix cosa + ysina + a
J(x—acosa)® + (y—asina)? = ———————
Veos a? + sina?

(x —acosa)’ +(y—asina)’ = (xcosa + ysina + a)*
x? + a’cos’a — 2acosax + y* + a’sin‘a — 2asinay
x?cos’a + y?’sin‘aa’® + 2 cosasina xy

2 V4

a’sin‘a —a® + 2asinay + 2acosax + 2acosa x + 2asinay — a®* — a*sin‘*a — acos‘a
x“(1 = cosa) + y*(1 = sin“a) - 2cosasina xy

a* + 4acosax + 4asinay - a*(sin“a + cos‘a)

x°sin‘“a + y“cos‘a — 2xycosa sin«

4ax cosa + 4aysin«a

(xsina — ycosa)? = 4a(x cosa — ysina)

Q5 Show that the ordinate at any point P of the parabola is the mean
proportional between the length of the latus rectum and the abscissa of P.

Solution:

Let P(x,y) be any point on the parabolc

y* = 4ax

y = 1/ (4a)(x)
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(ordinate of P)

= +\/(length of latusrectum)(abscissa of P)

which shows ordinates of P i1s mean P proportionol between the length of the

latus rectum and the abscissa of P

Qé A comet has a parabola orbit with the earth at the focus. When the comet is
150,000 km from the earth, the line joining the comet and the earth makes an

angle of 30”with the axis of the parabola. How close will the comet come to the
earth?

Solution:

Let the ecrth E be the ongin. If vertex A has coordinates (-0.0) them directnx of

the parabola isx = —2a. If the s at P(x, y) then

Jx=0) + (y - 0)? = |x + 2a]

x* + y¢ = (x + 2a)° (1)

Now from nght angle triangle EQP

x2 + y? = (150,000)2_ 2)

From (1) and (2)
(x + 2a)* = (150,000)°
(x + 2a)* = 150,000

Now from A EQP
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cos 30° = — oxo = 150,000 + cos 30°

150,000 + ?3-

= 150,000 = V3

Put x = 75,000+ V3 inabove
75,000 = V3 + 2a = 150,000
2a = 150,000 — 75,000 = \/3

2a = 75,000(2 - \"'3_)

i

z ) = 10048.095km

a= 75,000(

fa
&=Y3

Thus the comet 1s closest to the earth when 11 1575,000 (—-)km from the earth.

Y

Q7 Find an equation of the parabola formed by the cables of a suspension

bridge whose spanis “a” meters and vertical height of the supporting towers is
"b" meftres.

Solution:
An equation of the parabolais

x¢ = 4Py (1)

The point P(i;-, b)lies on the parabolo and so
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CR

)=4Pb

Py
a-la_u

Q8 A parabola arch has 100m base and height 25m. find the height of the arch
at a point 30m from the centre of the base.

Solution:
An equation of this parabola is

x4 = 4ay

The point P(50,25)lies on the parabola and so
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(50)% = 4a(25)
2500 = 100a
= a=25
x¢ = 4(25)y
x¢ = (100)y
To find the height of the arch when x = 30we have
(30)* = (100)y
900 = (100)y
y=9m

Is required height.

QY Show that tangent at any point P of a parabola makes equal angles with the
line PF and the line through P parallel to the axis of the parabola being focus

(these angles are called respectively angle of incidence and angle of
reflection)

Solution:

Let the P(x,,y,) be any point on the parabola.

Let the angle between the tangent line point P and PF be 6, .let the angle
between the tangent line at point P and ¢ line passing through point P which is

parallel to the axis of parabolc be 0,
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To prove 8, = 6,

Let the equation of parabola be y? = 4ax__ (1)

Diff (1) w.r.t “x", we have

dy_
Zydx-4a
dy _ 2a
dx )
= 2a
A Xy ) =
_Lm.m (*1%1) ==

Thus the slope of tangent line at point P(x,, y,) is equal to -2;9-
:

= m, = i—‘: (say)

The slope of line parallel to axis of parcbola is equal to zero
= m, = 0, (say)

The slope of

E m; = =, (say)
miy-m (33)"( =
_Juy-ms  \y3/ ‘x; a
Now tan#f, = e e

y3° X1 @

www.topstudyworld.com

Mathematics



www.topstudyworld.com Mathematics

(2aixy a)) L)';)z

{yy(xy ajj+2ay,

(x:~a)y; Xyyi=ayy+2ay,

2axy—-2a*—(y,)*

2ax,=2a*-4ax,

Xyyy+ay,
On the porabola it must sotisfied the equation of the parabolo

-2ax,~-2a*  -2a(xs+a)

Xy yp+ay, Yi(xy+a)
tan 0, = —= (2)
b 4!
-2Q
= 91 = tan (_)

4

2a

mz=—my _0_(;)

And tané, =1*m_m=T0)(;’,—?j

7V
1+(0)
tan@, = (%) (3)

From (2) and (3)
8, = 6, as required

Hence Proved
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