www.topstudyworld.com Mathematics

UNIT 6

Conic Section
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Exercise 6.1

Q1 In each of the following, find an equation of the circle with a. Centre at  (5,-
2) radius 4.

Solution
Let P(x .y) be any point on the circle, As C (h.k)
= (x —h)?+(y —k)? = r?
(x =53+ - (-2)) = (4}
(x =5 +(y +2)* = (4)
x2-10x +25+y*+4y +4 =16
x¢-4y¢ = 10x+4y +13 =0

which is equation of circle

b. Centre at (V2,-3/3) and radius 22

Solution
Using (x —h)*+(y —k)* = r*andc (h k)
Let P(x .y) be any point on the circle then equation of circle i1s
(x =V2)? + (y = (=3V3))* = (2V2)?
(x =V2)? + (y +3V3)? = (2V2)?

x?-2V2x +2+y?+6V3y +27 =8
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x24y? — 2\2x + 2+6V3y 429 =8
x2+y? = 2\2x+6\3y =-29 48
x?+y? —2V2x +6V3y =-21

x3+y? —2V2x+6V3y +21 =0

c. Ends of a diameter at (-3,2) and (5,-6)
Solution
To find Centre of circle

We use (Z22 22t ) )

So plotting points (-5,6) and (-3,2) (2)

We get

Centre ("'2;3- "’;2) = (1,-2)

Radiusr = g\/(x +3)=(=2=2)

=-§J16+16 = =32
:4&
Radius = 4V2

So required equation of circle

(x =1)? +(y +2)* = (4V2)?
x%-2X +1+y2+4y +4 = 32
x*+y% —2x+4y +5-32 =0

x%+y? = 2x+4y-27 =0
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Q2 Find cenftre and radius of circle with the given equation

a. *+y? +12x-10y =0
Solution

The general equation of circle is

xé4+y¢ 4 2gy+ 2ty+c =0 (1)

Comparing it with given equation we get,

2y = 12 =2>g=6
2f=-10 = f=-5
= c=0

Hence center c(-g, -f) = (-6,5)

Andradius =

=Jyg*+f? —c

= J(6)Z+ (=5)2 -0
= V36 + 25

= V61

b. 5x°+5y® +14x +12y-10 =0
Solution

The general equation of circle is

x¢ +y¢ +2gy +2fy +¢c = 0 (1)

Given equation can be reduced to general form as
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5x ¢ ﬁ 14
ES

X+l 42542y =0
5 5 S

L +y""+-‘§x+-1;%y-2=0

= x2+y42(Ex +2()y2=0 (2)
29=3 g
12 6
:2"";' = /-—- ;
C=-2

so the centre (-g.-f) = (-'?"'-,'?")

and

o =T =
radius = Jg2 + f2 —¢ = ’(?)2+(?°)2+2
= 2+£+2
\)25 25
- 49436+50
25
= (s _ [z
NS - S

C. x‘+y?  6x +4y+13=0
Solution

The general equation of circle is

X% +y® + 29y +2fy +c =0 (1)

Comparing both equations, we get

29 = -6 =g = -3
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so the centre (-g.-f) = (3, =2)

and

radivs = \/92 +fé=c = J(=3)? 4+ (2)* - 13
r =v9+4-13=0

d. 4x* +4y? —-8x + 12y -25 =0

Solution

4x° +4y% —8x + 12y - 25 = 0 (1)

Divided by equation (1)
X +y® = 2x + 3y —z—f = (
Comparing it with general equation of circle l.e

x? +y? +2gx +2fy +¢c =0

We get
- -3 _ 25
g--l,f--z and C —

so centre ¢ (-g.-f) = (1, -%)

radivs = g2 + f2-¢ = ’(1)2 +(R+2
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Q3. Write an equation of circle passing through the given point
a. A(4,5), B(-4,-3), C(8,-3)
b. A(-7,7), B(5, -1),C(10,0)
c. A(a,0), B(0,b), C(10,0)
d. A(5,6), B(-3,2), C(3,-4)

Solution

Q.
(x-h)?*+(y-k)? =1 (1)
A(4,5)

(4-h)?+(5-k)¢ = r?
16+ h*—8h+25+k* — 10k = r®

h® + k?—-8h— 10k + 41 =17r* (2)

B(-4,-3)
(—4—-h)¥+(-3-k) = r¢
16+ h*+8h+9+k* +6k = r°

h* + k< +8h—6k +25 =r*_ (3)

C(8.-3)
B-h)*+(-3-k)* =7r°
64+ h*+8h+9+k* +6k = r?

h* + k“ +8h +6k +73 =7r° (4)

Solving (2) and (3)
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h? + k*—=8h—10k +41 =1r?
—h* +k*+8ht6k £25 =r*
-16h-16k +16 =0
-16(h+k-1) =0
h+k-1=0
Solving (3) and (95)
h* + k*+8h -6k +25 =r1°

~h* £ k*+16h+ 6k £73 =7°

24h -48 =0

24h = 48

48 2

e —

24

putting it in (5)
2+k-1 =0
K =-1]
Putting the values in (2)
(2)? + (-1)*=8(2)—-10(-1) +41 =r*
4+1 -16 +10(-1) +41 =r?

2=40=r=;,.‘;2\/ﬁ

r
Putting the values in (1)
(x =2)° +(y+1)° =40

x2 4+y2—4x +2y —35 =0

b. Let the required circle
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(x-h)¥+@y-k? =7 (1)

A(-7.7)
(=7-h)*+ (7 —k)¢ = rt
49+ h®+14h +49+ k® + 14k = r?

h* +k?+ 14h — 14k +98 =r? (2)

B(5.-1)
(5-h)*+(=1—k)* = r?
25+ h*—=10h+1+k® +2k = r?

h* + k- 10h + 2k + 26 =7r* (3)

C(10,0)
(10 — h)? 4+ (0 — k)? = r?

2

100+ h® = 10h + 9 + k* r

h? 4+ k2 = 20h + 100 = r? ____(4)
Solving (2) and (3)
h? + k? + 14h — 14k +98 = r?
—h* + k4 10h + 2k +26 =1r*
24h -16k +72 =0
8(3h-2k+9) =0
3h -2k +9 =0 (5)

Solving

h® + k*—-10h + 2k +26 =1r*

—h? + k% +20h %100 = r?

IOh +2k -74 =0
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2(Sh+k-37) =0

Sh+k-37=0 (6)
Solving (5) and (6)
3h-2k+9=0
I0h +2k-74=0
13h -65 =0
13 h =65
h==2=75

putting it in (5)
3(5) -2k +9 =0
2K = -24
K== = 12
Putting the values in (4)
(5)% + (12)* = 20(5) + 100 = r?
25 +144 -100 + 100 = r*¢
re =169 = r = 413
Putting the values in (1)
(x =5)% + (y = 12)? =169

x2 +y:=10x =24y =0

c. Letthe required circle
(x=h)’+(y—k)?® =r° (1)
A(a 0)
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(@=h)* +(0-k)* = r?

a‘+ h*-—2ah +a* = r*

h? + k? — 2ah +a? =r? (2)
B(0,b)
(0= h)* 4 (b -k)? = r?
h® + b + k* —2bk = r*
h? + k? — 2bk + b? = r? (3)
C(0.0)

(0= h)2 + (0 - k)? = r?
h® + k* =7r® (4)
Solving (2) and (3)
h? + k* - 2ah +a® =r?

~h?® + k*+2bk + b* =7°

-2ah+2bk +a? - b2 =0 (5)

Solving (3) and (4)

h® + k% - 2bk + b%® = r®

—h* ik?. = ré
2bk + b% =0
-2bk = - b®
b b
R =% =3

putting it in (5)
-2oh+2b(‘2-’-) +az—b2 =0

-2ah =a?
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Putting the values in (4)
(2)* +(-1)? - 8(2) - 10(-1) +41 =12
4+] -16 +10(-1) +4] = r?
r2 =40 = r = +2V10
Putting the valuesin (1)
(g_)z 2 (f-;-)z = re

P b? 2
R

—+— =7
4

> _ ated? tVa?+d?

|
|
w
|

Putting valuesin (1)

r.""«l-h2

- P +o-pH ==

y ¢
a*+b

4

=20 @D +5+Y¥+0E +57=

x* —ax 4y =by = —

x* +y* —ax —by = 0

d. Let equation of required circle
(x-h)’ +(y-k)* = r?

ﬂ2+b2 uz+b2

4

(1)

A(5,6)
(5=h)+(6-k) = r?
25+ h® — 10h+36+k* —12k = r?

h® 4+ k*=10h — 12k 461 =12

(2)

B(-3,2)
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(-3-h)°’+@2-k)°* =
9+ h° + 6h+4+k* — 4k = r?
h® +k‘+6h -4k +13 =r2_____ (3)
C(3.-4)
B-h)’+(-4-k)* = r?
9+ h®—6h+ 16+ k° + 8k + 25 = r?
h®° +k°—6h +8k+25=r:_ (4
Solving (2) and (3)
h* +k*—=10h =12k +61 = r?

—h? + k% + 6h + 4k + 13 =r?

-16h -8k =480
-8(2h+k-6) = O
2h +k-6=0 (S)

Solving (3) and (4)
h® +k*4+6h —4k +13 =7r°

—h* +k*+6h £+8k +25 =r*

12h -12k -12 =0
12(hk-1) =0
h-k-=1=0___ (6
Solving (S) and (6)
2h +k -6 =0
h-k-1=0

3h -7 =0
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3h=7
— o
nes
putting it in (6)
=k =1 =0
3
_4 _ 4
K T4 3

Putting the values in (2)
N2 232 = 100D =126 —
(G)? +(5)?—10() —12() +61 =1r?

49 16 70
B2 6+6)=r?

y 9 3
r2 = 39416-2104405 _ 266
Y 9
2V 65
= 7¢{ = 3

Putting valuesin (1)

7.2 4., _ 260
=2 +ly= =%
=Bt o BN
X 9x+9+y 3y+9 9—0

3x* +3y* —14x—-8y — 65 =0

Q4. In each of following find an equation of circle passing through
a. A(3,-1), B(0,1) and having circle on

4x-3y -3=0

Solution

www.topstudyworld.com



www.topstudyworld.com Mathematics

Let C(h.k) be the centre of circle and r be radius of circle then equation of

circle is
(x=h) +@y=k)f=r ____(1)
Since A(3.-1).B(0.1) lie on (1)
For A(3,-1)
3-h)? +(-1—-k)? = r?
h® +k*® -6h +2k + 10 = r® (2)
For B(0,1)

(0—-h) +(1=k)* = r?

R +k? 2k +)=r? 2)

AS R.H.S of both egquations scme 50 equation (2) and (3)
3-=h) +(-1=-k)* =(0—=Hh)* + (1 =k)?

6-6h+ h* +1+2k +k* = h* +] +k* -2k

-6k +4k + 9 =0
Since C(h.k) lie on line
4h -3y -3 =0
We have
4x-3k-3=0___ (5}

Multiplying (4) by w and (S) by 3 and adding than are have
-12h +8k+18 =0
12h-9%k-9=0
k+9=0

K=9
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Putting k = in(S) we have
4h -3(9) -3=0

4h -27-3=0

=12
hmi’
thus centre is c(h.k) = (?)

r2 =(5-02 +(0-1?2 =2 +164

4 B 4

2254256 481 +V481
— =T

Hence required equation of circle is

= 1542 - Q) = 181
(x ,2) +(y=9)" = =

> & -lf-x-l-?-?-l-yz—lBy + 81 = 1?-

225 181

x* +y*—15x — 18y +—-—+81 =0

x* +y*—=15x =18y + 17 = 0

b. A(-3,1) with radius 2 and centre at

2x -3y +3=0 1)

Solution

Let C(h.k) be the centre of circle and r be radius of circle then equation of

circle 1s

(x—h)? +(y—k) = r 2)

Since given point lie on (1) we get
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For A(-3,1)
(-3-h)* +(1-k)* = (2)°
9 + 6h+h* +k* +1-2k =4
h* +k*+6h-2k+6=0 ___ (3)
Since c(h.k) lie on (1)
2h -3k + 3 =0

_ 3k ~3
h=2 (4)

putting h = -3"2—'3- in (3) we get

2 o 2 620

?kz—';“——?-+kz +9k —9—2k 4+ 6 = 0

5
I =LORPV5k2 + Tk = 3= O

13k* +10k — 3 =0
13k +13k-3k — 3 =0
13k (k+1) -3(k+1) =0
(k+1)(13k-3) =0
K+1=0,13k-2=0

When k = 1 putting in(4) , we get

2 2

R = =3=13 -6 =5

thus centre is C(-3.-1)

when k == thenh = e
13 26
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centre is at (—,>)
13 13

hence required equations of circle are
(x+13)%+ (y+ 1) =4 (x43) +(y+1) =(2)
x+6x+9+y*+2y+1-4=0
x*+y? +6x +2y +6=10
And x+2P+ (-2 =4

30 . 225 6 9
REF =X == Y ==y i ===

13 169 169 0

13x2 4 13y2 + 30x — 6y — 34 = 0

c. A(5,1) and tangent to the line

2x-y -10 = 0 at B(3,-4)
Solution

Let C(h.,k) be the centre of circle and r be radius of circle then equation

of cucle 1S

(x=h)y} +(y=-k) =r (1)

Since A(S.1), B(3.-4) lie on (1)
For A(5,1)
5-h)Y +(1=k) =1r°

h* +k* -6h +8k + 26 = r* (2)

For B(3,-4)

(3-h): +(4-k)* = r?
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h? +k? -6h +8k + 25 = 2 (2)

AS R.H.S of both equations scme .so there L.H.S are also equal
(5=h) +(1=k)° =(2-h)° + (4 +k)*
25-10h+ h? +1-2k +k* =9 — 6h + h* +16+8k +k*

4h +10k-1=0  (3)

Slope of radial line passing through h(3,-4) = %

Slope of line 2x-y -10=01is 2

By condition of perpendicularly , we get

F=0(2) = -1

3

= 8+2k=3-h

= h+2k+5=0 (4)

Multiplying (4) by 4 and then subtracting (3) from it we get
4h +8k +20 =0
-4h 10k ¥ 1=0
2k +21=0

21
— K=—
2

h=-5-2k =—5—2x’2—‘~= —-26

thus centre is c(h.k) = (—26, 2—;-)

r? =(-26-3)% + (5 +a)? =84+ — =22

Hence required equation of circle is

4205

(x+26) +(y—=) = —
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41 4205

x? = 52x+ 676+ y*—21y f====10
x? +y?=52x =21y + =22 = 0

x* +y*+52x + 676 — 941

x° +y°+52x - 21y —265= 0

d. A(1,4), B(-1,8) and tangent fo line

x+3y -3=0

let equation of required circle be (x — h)* + (y — k)*= r? (1)

since the points A and B lie on it therefore putting them in (1) one by one.

x+3y-3=0
For A(1,4)
(1-h)? +(4-k)? = r?
1+h%-2h+16 +k* -8Bk = r*®
h? +k? -2h -8k + 17=r? (2)
For B(-1,8)

(=1 =h)? + (4 —k)? = r?

I+ h? = 2h+ 16 +k* -8k =17r?
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h* +k* -2h 8k + 17 =r* (3)

Solving (2) and (3)
h* + k*=2h -8k +17 =7°
—h* + k*+2h £16k +65=7r°
-4h +8k -48 =0
-4(h-2k+12) =0
h-2k+12=0

radivs “r" is the perpendicular distance between centre c(h.k) and the line x

+3y-3=0
1(h k - h+3k~-
r= [((1)(R)+(3)( ]"'( 3)| = | *?_ 3| (5,
\‘(”‘*’(3]5 Y10

22 = (R43k=3)° N34 (3k)*42(b)(3k)+2(3K)(~3)+ 2h(3)

10 10

r

h*+9k*+9+6hk—-18k -6k
¢ = ————— (6)

Comparing (2) and (3)

RY 49k 49+ 6hKk~18BKk ~6h
he +k¢ -2h -8k + 17 = =

10h? +10k? -20n-80k + 170 = h? +9k?* + 6hk — 18k — 64 +9
Oh? + k* — 14h — 62k — 6hk +161 = 0 (7)
From (4)

h=2k-12 (8)

putting (8) in (7)
9(2k — 12)* + k* — 14(2k = 12) = 62k — 6k (2k - 12)+ 161 = 0
9(4k* + 48k + 144) + k* — 28k + 168 — 62k — 12k* + 72k + 161 = 0

36k* — 432k + 1296 — 11k* - 18k +329 = 0
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25k* — 450k + 1625 = 0
25(k — 18k +65) = 0

k- =18k +65 = 0

_184V324-26 _ 18218
K = 2 T2
K=13, k=5

Putting then in (8)
h=2(13)-12=4 h=2(5)-12=-2
C1(14,13) and Cz(—z,S)

putting the values in (5)

+3(13)- -2+3(5)~-3
n = B s I
Va J10 10
Putting these two parr of values in (1)
(3 - 14)% + (4 - 13)? = (5V10)? (x =2)% 4+ (y = 5)* = (V10)
x% = 28x 4 196 +y* -26y +169 = 25 x° 4+ 4x 4+ 4 +y* -10y +25
=0 x%i+y? - 28x — 26y +15 = 0 x2+y? 4

4x — 10y +19 = 0

Q5. Find an equation of a circle of radius ‘a’ and lying in the second quadrant
such that it is tangent to both the axes.

Solution

AS the circle lies in second quadrant and its tangent to both the axes showing

radivs '’ therefore its centre is at (-0,0)
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The required equction of circle is
(x —h)Y*+(y—-k) =r°
(x + a)*+(y — a)* =a*°
x+2ax+a+y* - 2ay +a° =a’

x’+y? + 2ax - 2ay +a* =0

Q6. Show that the lines 3x-2y = 0 and 2x+3y -13 = 0 are tangents to circle

x* +y'+6x—4y = 0
Solution

x* +y*+6x—4y =0 (1)

The centre of the given cicle is c(-g,-f) = (-3,2) and

Radius = J(3)2 — (=2)2 =0 = VO + 4
-, r =413

now we prove that L distance from centre of circle to the line 3x-2y = 0 and

2x+3y -13 = 0 are equal to radius of the circle .

perpendicular distance from (-3,2) to line 3x -2y = 0

_ 13(-3)-2(2) +(0)}

_‘——
\‘[sz"l'z]:
_11-9-4] _ |-13)] _ 13
v+ 4 vﬁ \.'Ti
13 V13 |3J|3
=-=X“—=—= vi3 (2)
vi3 vi3 13

Also perpendicular distance from (-3.2) to line

2x+3y-13=01s
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12(—-3)+3(2) —-13|

\'(3):”('2)2
_I1-6+13] _ |-13)| _ 13
VI+4 Vi3 Vi3
= V13 (3)

As results of equation (2) and (3) are same so the given line 3x-2y = 0 and 2x +3y
-13 = 0 are tangents to the X +y°4+6x—-4y =0

Q7. Show thatthe circle x? +y* -3x-2y =7 = 0and x* +y? - 6x+ 4y +

9 = 0 Touch externally.

Solution

X +y?—-3x—-2y -7 =0 (1)

X +y¢—6x+4y+9 = 0 (2)

The centre of circle (1) 15 (-1,1) ond centre of circle (2) is (-3.-2)

Distance 3 the centre = J(S “+ l)é + (=2 - 1)5
113

= V16+9=5
The radius of circle (1) = /(1)? + (=1)2 = (=7)
=Vi+1+7=3

The radius of circle (2) = V(-3)% + (2)% - (9)
= V4 =2

Thesumofradius =2+3=395

: : : : b :
As the sum of radius of the circles is equal to the distance — their centres.
115

Therefore these
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Circles touch extemally.

Q8. Show thatthe circle x* +y? +2x~8= 0and x* + y* - 6x + 6y — 46 =
0 Touch internally.

Solution

x. +y?-2x+8=0 (1)

X +yé—=6x+6y—46 = 0 (2)

The centre of cicle (1) 1s (-1,0) and centre of circle (2) is (3.-3)

Radius = J(1)? + (0)2 - (-8)

=Vi+1+7=3

The radius of circle (2) is (3.-3) and

radivs = /(=3)% + (3)? = (—46)
= V9+9+46 =8=>5+3

The radius between the centres of the given circles =/(3+ 1) + (3 -0)? =
V16+9 =+v25 =5

: o . b :
The distance of radius 1s equal to the distance — therr centres. Therefore these
W

Circles touch internally.

QY. Find equations of the circles of radius 2 and tangent to the line x -y -4=0
at A(1,-3)
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Solution

Let c(h,k) be the centre of the radius 2 and tangent to the line x -y -4 =0 ¢t

(1,-3)then
(h=1)% 4+ (k+3) = (2)°

h* =2h+1+k*+6k+9 = 4

h® +k¢=2h+6k+6=0 M

Slope of the line x -y -4 =0is 1 and slope of the line through (1.-3) and (hk) = :+3:

= k+3 =-h+1 = k= —-h -2
Puttingk =-h-2in (1) , we get
h* +(h°+4h+4)-2h-64-12+6= 0

2h* —4h-2=0 = h* =2h-1=0

_28vArn 242V2
= h- —
2 2
=] +v2
If h=1+y2, thenk=-1y2-2 = =32
If h=1-v2, thenk =14+V2 =2 = =3 +2

The required equation of circle showing centre ot (1+V2, =3 —V2) is

(x—1+V2)? +(y+3-+2)? =4 (x—1+V2)? +
(y+3-V2)* =4
= X2+ y?+2(V2-1Dx+2B3-V2)+10-8V2 = 0 | x? +1+2-2x+2V2 -
2V2
X +y2 +9 +2
+by+by+by2
+2V2 = 4
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2(V2-1)x +

23+ V2)y+104+8V2 = 0
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