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Solved Exercise 2.5

Q.1.Differentiate the following frigonometric functions from the first Principle.
I.sin 2x
Solution
Let y = sin2x
y+ 0y =sin2(x + ox)
= Jdy=sin2(x + 6x) — sin2x

2X420x+2x : 2X420Xx-2Xx
= 2 COS = sSin

p
Sx+28x : 28X
= 2 COS - Sin

y

= 2sindx.cos(2x + dx) (1)

Dividing both sides by éx and take Iimit as éx =0

oy

= lim —= lim
Sx—0 OX Sx—0
= 2 lim.cos(2x + éx) lim e
Sx—0 Sx-0 ©Ox
Iimdéy
im ——= 2 lim cos(2x + 6x)
Sx—0 ©OX Sx 0
dy 3
oy = 2(1)cos2x
= 2C0S 2x Ans
i. Tan 3x
Solution
Let y = Tan 3x
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y+ 0y =Tan x (x + 6x)

= 0y = Tan 3(x + 6x) — Tan 3x
= __ sin3(x+6x) sin3x
"~ cos3(x48x) cos3x
__ sin3(x+5x) cos3x~cos39x+46x),sin3x
N COs 3(x+d0x)cos3x
sindx ,. Sy . 3 ~ 3Iox
— — - x ——
ox J;To Sx g,:To cos3(x+d8x)cos3x g;To 36x
dy - ] . 38x
: — e ——————— x —
dx .sl,:-To Cos 3(x+46x) cos3x .sl,:ll]o 35x
= [t e
dx Cos3x.cos3x
= 3iSect 3x Ans
lii.sin 2x + cos 2x
Solution
Let y = sin2x + cos 2x then
= Oy = (sin2(x + 6x) —sin2x) + cos 2(x + 6x) — cos 2x

2(x+6x)\ . 2(x+06x)—-2x
Jsin (222252

= 2005( ; -

) 2ixe8x)e2 : 2(xedx)~2x
=25|n T).sm T‘

= 2 [(cos(2x + 6x).sindx — sin(2x + dx) cos 6x)]

2 = 2[(cos(2x + &x).sin &x — sin(2x + 6x) cos 5x)]
Sy ‘ : sindx
lim — = lim 2cos(2x + 6x). lim
Sx-008x  Zx=0 Sx-0 ©Ox
= lim 2 cos(2x + 6x0). Jim 2222
61"0 Sx—0 ox
: sindx
= [2 {cos(2x + 6x) — lim(2x + 6x)] gir-'}o .

www.topstudyworld.com



www.topstudyworld.com Mathematics

Zx_” = 2(cos 2x — sin2x) X 1 = 2(cos 2x — sin 2x)

= 2c0s2x — 2sin2x

iv.cos x*
Solution
Let y = COS x*°

0x = cos(x + 6x)* — cos x*?

= =D'éii (x+8x)° +x* st (x+8x)%~x
y 4 4
= -2 ¢in (x+61) &l (x+86x)°+6x
2X r 4
) oy . . 2 - sin xéx
im — = - lim 2 Xsin(x¢ + x0x). lim
Sx—0 06X Sx—0 Sx-0 Xox
4

@ -2Xx Sin e

dx y 4
= —2x Sin x*¢ Ans

v.Tan’x
Solution
Let y = tan‘x
y + 8y = tan‘(x + 0x)
= Jy = tan®(x + 8x) — tan‘x

oy = [tan(x + éx) — tanx][tan(x + 6x) + tanx]

B [sin(xv&x}-smx [sln[xo&x) -slnxl

cos{x+éx) COsSX

cos(x-8x)cosx

5y = [W
&= cos(x*dx)cosx
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Isln(x+6x) COSX+ Cos(x+8x)sinx ]
CoS{x+dx)Cosx

sin(x*d8x~x) sin(xe8x+x)

cos{x+8x)cosx cos(x+8x)cosx

Sindxsin(2x+46x
oy bl sl B

cos (x+8x)cos *x

Dividing by éx cnd taking Iimit éx — 0,we have

Sy [
Sx Sx—p Llcos “(x+8x)cos *x

IS

lim

sin(2x+6x) ]

sindx

sin(2Zx+6x) ]

lim Iim I—
cos ‘(x+8x)cos ‘x

Sx = 0 OX §Sx-0

sin2x

1

"cos 2xcos °x

2sinxcosx 2sinx

COS “X COS “X CO% X

25inx |

COSX COS *X

2tan X sec*

X

Thus %ltanzx] = 2tan X sec? Ans

vi. Vtanx
Solution

let y = Jtanx
y 4+ 8y = Jtan (x 4 dx)
= Oy = ,/tan (x 4+ ox) — Vtanx

jms (x+§x) vcosx
’sln(xirb'x)coxx-\- cosx(x+8x)sinx

'sin (x+46x) vSinx

[cos (x+8x)VCOSX

L)
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By rationalizing we get

sin(x+6x)cosx—cos(x+6x)sinx

oy = T ———— S ————————— s ——
Y (q sin (x+8x)Vcosx)cos (x+8x)sinx Jcos({x+8x)cosx ’

sin(x+6x-x)

— e ———————
IJ sin(x+8x)cosx+, cos{x+éx)sinx I"’ cos(dx)cosx

Sy sin(dx]
-
Sx-00x  |sin(x+8x])|* Jcos(xe8x)sinx/cos(x+8x)cosx

i

[Vsinxcosx+Vcosxsinx|Veosxsinxycosx cosx

|
2 stnxcosxycosx

dy _ Vcosx d
de zmx secxdx[\itanxl

B sec*x
. 2ylanx
vil. cosVx
solution
let y = cosyx

y + 0y = cosvx + dx

= Sy = cosvVx + 8x — cos\x

= —2sin [—‘ “?’ﬁ' sin [—“?-"?I

\‘Iﬂ?"\.‘x \m? F
Sy sin — T sin — T
ox 2x(Vx+6x +».-T]!L;hl
i \m"\.‘; v X4 l*\?
Sy =8 2 : 7
Iim—= lim = SiNnx — —
OX  Bx—-0 VItIXH\X VX43X X
2
x
sin—[Vx45x~Jx
=1 0 when 6x — 0
(=1) 2vx 2
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_ =1sinvVx
2 Vx
dy ~sinyx
dx 2Vx

Q2. Differentiate the following w.r.t the variables involved

lL.x‘secdx
Solution
Let y = x*secdx
d_)i
dx

:—x~[xzsec4x] = 2xsec4 X [2xtandx + 1]

li.tan*Psec*®

Solution

Differentiate w.r.t ‘0" we have

dy —
dx

%(tan?‘@secz@) = sec’Qtan’Otan|3sec’® + 2tan®0)

= < [x?secax]
dx

= x? L [secax] + secax = (x?)
dx dx
= x¢(sec4x + tandx) X 4 + (secdx) X 2x

Ans

d 2 2

do[tan Osec*0]

= coo2o |2 2 262 2

= sec*@lﬁ(tan-O)] 4+ tan oﬁ(sec Q)

= sec‘® [3ta:120-:—°-(tan0)] + tan‘o IZSL’C@%(SQC@)]

= sec*® [3((1:120%(:&:10)] + tan“Q|2secOsecOtan]
= 3tan-Psec*Q + 2sec-Otan*O

Ans

www.topstudyworld.com

Mathematics



www.topstudyworld.com Mathematics

iii.(sin20 — cos30)*
Solution

Lef y = (sin20 - cos30)?
Differentiating w.r.t '0" we have,

ay _ 4 rein20 — 2
e [sin20 — cos30]

= 2(5in20 — cos30] = (sin20 — cos30)
: ; . d d
= s|sin20 — cos30| lcosZ@(—sme)-EB@)l —

(sin20 - cos30)

= 2(5in20 — cos30)|(c0os20).2 + (sin30)3]

:—: = 2(sin20 — cos30)|2c0520 + 3sin30] Ans

iv.Cos\Vx + Vsinx
Solution
Let y = cosyx + Vsinx

L= iI(:.ﬂw,s‘Ifi' + sinl/Zx]

dx dx

1 -
= %(cosx fz) - :—x(sm /2x)

=__3 - 1 . -1
= —Sinx /ZX /2 +;~sm IZICOSX

'-
sinvx COS X
= —— 4

N X evsinx

Ans

l(sinv7+ cosx)
2\ Vx Vsin x
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Q3. Find % if

Ly=xcosy ii.x=ysiny

l.y = xcosy
Solution

Ditfferentiating w.r.t. “x" we have

dy d
— = -1 X COS
dx dxl ¢ )’]
= X i(cosy) + cosy—d-(x)
dx dx
-x[-sin -i-] + Cos
—_ ) g Y
dy . dy
—_—= —XS — 0S
= xsiny = + COoSy
dy . dy
—— -_' = 0
dx-l- X siny.== COSy

(1% xsiny)% = COSy

dy Cos y

Ans
dx i+xsiny

=

. x =ysiny
Solution

Ditferentiating w.r.t 'x’ we have
9 () = L (vl
—(x) ===(ysiny)
1 = y%(siny) - - siny%
1= ycosyx%—f--i-siny%

1= (ycosy-i-siny):—:
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d |
= = — Ans
dx yCosy+siny

Q4. Find the derivative w.r.t 'x’

1+x 1¢2x
i f i.sin f
1+2x 1+x

i 1+Xx
‘N 142x
Solution

Lety = cosuwhereu

l1+Xx
1+2x

dy

Ex-= Sinu (1)
= Sinu (1)
d d | 1+x
E (u) = ;lhzx]

2 \1+42x (142x)%

2
du — 1 14+2x v -1
dx 2\ 142x (142x)3

JTIex(142x) 72

d dy du
Now ._y. — l. o
dx du dx
. -]
= sSinuXx e~ /s
2V1ex(142x) /2
= sinu
2VTex(142x) /2
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dy 1+x
2 - (cos
d 1+2x

1vX
¥ iv2X

sin

e m:
2Vi+x(142x) /2

1+2x
1+x

i.sin

Solution

cos

coS
14X

(14x)¢

:
2

(1ex)(2)=(14+2x])(1)
(~x)

! 1+2Xx

X

142 )(-i- 1¢2X
I+Xx dx 1+x

1+2x II1+2x
2

142X 142X
m( ]{
1+Xx 1+Xx

Ans

=

(Hx)i—{uzx]-(uz.x)f;(nx)

2 1+x  JTy2x(1ex) /2

T ———— T
dx 2Vi+2x(14x) /2

Q5. Differentiate
I sin x w.r.t. cotx

Solution

Ans
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Let y =sinx and u = cotx
dy _ d , . du  d
———— (sin x), T T (cos x)
dy du 2
— = COS X, -_— = —=C0SeC™ X
dx dx
dx 1 dx e
= —_—= —— = —=5In"x
du cosec*x 7]
dy dx .
Now — — b nr
Ow== == Dy chain rule
d :
2 = (cos x)(—sin’x)
du
= —(cos x sin‘ x) Ans
i, sin® xw.r.t.cos* x
Solution
Let y = sin‘ xand u = cos* x

we shall find = (u) = = cos*

dx

- 3, 4
= 4cos’ X = (cOs)x

and y = sinx

a :
and — = —(sinx)*. 4cos x* x(—sinx)

du
dx

du

—~4cos? X sinx

— = —4c0s3 X sinx

dx

=2 (sin X %) (sinx)

- dx
= 28In X COS X — =

-]
du scos?xsinx
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-1

= 2s5in X COS X X —m—
dcos? xsinx

-

2C05* X

daiy)
du

-1
= —;-z-seczx Ans

Qé./ftany(1 +tanx) = 1 —tanx,show that :—i = —1

dy
dx 1

Solution

tany(l+tanx)= 1-tanx

Diff. w.r.tx
seczy% (1 +tanx) + tan y(sec® x) = sec® x

(1 4+ tan®y)(1 + tan x)% = sec’ x(a + tany y)

-1 Z
[l + (1 l"'m"') ](l + tan x):—: = sec’x

I+tanx
I l-l;mxll_ tan l-lanx]v
1+tanx) | ° yl—lan.x ¢

[lﬂanzxq-zmnx«r 1-2tanx+tan‘x

](1 + tanx)

(1+tanx)s

y4

dl
—)-=—$ec x[

Hlanxn-tanxl
dx

iTtanx

2(14tan* x]d)'
1+tanx dx

= —sec’x [ ]
1+anx

[Zwr"" x|dy  2sec’x
1+tanx) dx  l+tanx

3 2 A -1 Ans
dx
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Q7. y=JVtanx + Jtanx +ytanx + ...

Prove that (2y — 1) ;—'i = Sec’ x

Solution

y = lanx+( tanx + ytanx +.....00

y:=tanx +y

Differentiating w.r.t. 'x

d d
— = sec® x + —
dx X
dy dy . 2
2y o= — 2. =Sec°x
d
=o(2y-1);_§=sec2x Ans

Q8.if x = acos*0y = b sin’0

show that a % + btan® = )
Solution
X = acos‘0

Differentiating w.r.t. ‘9’ we have

dx_i 3
s (a cos’ Q)

= 3acos*Q(—sin0d)

d -
= = =3acos’0 sind®
dg
_{_gF— —
dx  3acos?0sind

Now y = bsin®®
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dif f.w.r.t.0® we have

oy 5 in3
== (b sin’0)

= b(3sin* @.cos Q)

= 3b sin® ©.cos @

d d do
Now = == X ==
dx do dx

= 3b sin® 0.cos® X ——
3a cos<P sind

dy — _E
== atan@
dr
a—==—btano
dx

=>a:—:+ btand =0  AnNs

Q9. Find % if x =a(cost + sint)
y = a(sint = tcost)
Solution
x=a(cost —sint).......... (1)

y = a(sint — tcost).......... (2)

Diff.(1) w.r.t t both sides

" .
— = afcost — (cost — tsint)]

= alcost —cost + tsint]
= at sint.

Diff.(1) wur.t

3"—‘= a(=sint + cost)
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dy _ dy
and — = — X —
dt dx

dx

dy
Now — =
dx

=atsint X

dt

1

(sint

Cost-sint

Q10.Differentiate w.r.t ‘'x’

l.cos 1=
o
Solution
Let y= cos"i-
Diff. w.r.t x
dy d .
— = —cos™'=
dx dx a
_ & .E..(:E)
o 2 dx \a
\‘"(E)
B 1 1
S [jada
N af
. 1 |
= a- x- Q@
=
_ ___ a 1
. va-x< a
- |
~  Vai-ax?
ii.cot™!=
(F )
Solution
Let y=cot"§
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Diff. w.r.t, x

dy 1 1 1 1
RalEE L - B L

1 1
Q*“+X* a

Ans

lll.% sin™! (5)

x
Solution
Let = i sin™? :—
Diff w.r.t, X
== a(asin?)

S e—
= —— Ans

iv.sin V1 — x?

Solution

Let y = sin"'V1 + x?
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Diff wr.t. x

=5 — = —vV] —Xx
— Jl-(\'l-x‘) =
1 1
T Vi-14x2 zv’n-x-( 2x)
1 (=2x)
T Vx 2(Vi-x2)
-2
2(x)Vi=-x=*
- Ans
1-X
¥4
..' Il
v.see-t (£21)
Solution
-1 x*41
Let y = sec (xt-l)
Diff.w.r.t. x
B ' i(x’ﬂ
= - Sl dx \x%~1
4 J&Z5) -

}lx-nﬂ (x2 1)7 [
x" })

(x5-1)°

2x(x*-1)-2x(x*+1)
[xe=1]s

2x*-2x-2x%

-4x

-4 X

= (x<=-1)v4x=

—

= Ans

(x?41)
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vi.cot™! (-i"—)

-2
Solution
- = 2Xx )
Let y = cot (1-x?
Diff w.r.t. x
— dy = = ‘l‘ z l( Zx*)
dx “'(ﬁ dx \1=x=
B lz(:-x’)-(-z:r)(zx)
— 412 (1_xz)=
U

(l-x’!z IZ zx*+1x*]

(1=x3)344x% | (1=x%)?

-(2x%42)
14 x%2x%44x"*

_ = (2x*+2)
T 142x24xt
_ =2(x%41)
= sz.ijz
-2
T 14x2 Ans
_q1 (1-x*
vil.cos™! (3-5)
1+x
Solution
2
_1 -
Let y = Cos (1”2)
Diff.w.r.t. x
= dy _ -1 d (1-:3)
ax T dx \1ex?
\l-(t#xz)

ex{14x?)=2x(1~x? ]

- '(14:115 (1 x2)2 [ (1+x%)¢
1101!}!
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(1+x%) I-Zx—2x3-2x+213]
Ja+x)¥-(1-x%)? (14x2)2

. .. [ ~4x ]
'1+x +2x*~-1-x%+2x 14x4)%

= Ans

Qll.if ;— = tan ’ (i-) show that :—1 = 5

Solution

dy]
= =4 —| from abov
x x1+y? |)’ yx jroma ¢

xy x* dy

dx x x%+y!  x?4y? dx

] dy _ (x24y%)ex®y
xX(x?4y¥)

14 %

x‘+y*ld

x=+y=+x‘ = 3 [EEEYEHEE
Il * ylx(x“y’)]

xi4y?

"

Ii'y

d
Pt APy 4

dx s
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Q12. If y = tan(ptan 'x)show that
A+x)y,-p(1+y*)=0
Solution
y = tan (ptan~'x)
Diff. w.r.t x

dy

_d -1
— =—[tan (ptan”'x)] ........... (1)

y, = secz(ptan“).:—x-(ptan"x)

|
14x<

=1+ tan(ptan™'x).p

From(1)
(1+x%)y, =p(1+y*)
1+ x)y, =—p(1+y%) =0

Hence proved.
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