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Solved Exercise 2.10

Q1. Find two positive integers whose sum is 30 and their product will be

maximum.

Solution
Let x and 30 — x be two reguired integers.
So that f(x) = x(30 - x)
f(x)=1(30=-x) 4+ x(-1)
=30—x—x=30-2x=2(15—-Xx)
f(x)=0 =2(15-x)=0

= x= 15

f'(x) = 2(0 — 1) = =2 which is negative.

SO x(30 — x)1s maximum if x = 15 and other positive integers is 30-15=15 thus the

required two positive integers are 15 and 18.

Q2. Divide 20 into two parts so that sum of their square will be minimum.

Solution
Let the required two parts of x and 20 - x.
Let f(x) = x% + (20 — x)%, then
f(x)=2x+2(20-x)(-1)
= 2[x — 20 + x] = 2(2x — 20)

= 4(x —10)
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f(x) = %[4& —10)] = 2(2x - 20)

f (x) = 4(x - 10)

f(x)=0 = 4(x-10)=0

= x=10

f(x) = =[4(x - 10)) == (x - 10)
= 4 which 15 positive,
SO x%(20 — x)? is minimum if x = 10

Thus, the required two parts of 20 are 10 and 10.

Q3. Find two positive integers whose sum is 12 and the product of one with the

square of the other will be maximum.

Solution
Let x and 12 - x be two positive integers
Let f(x) = x(12 - x)*then
f(x)=1(12-x)* + x[|2(12 — x)(-1)]

=(12—-x)*-2x(12 - x)
=(12-x)|12 - x — 2x}
= (12 —x) (12 — 3x]
=3(12-x) (4 — x)

= 3(x)* — 48x — 144
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= f(x):O ==0
= 12=x=00rx=4

x = 1215 not +ive
as 12—-x=12-12=0
Now [ (x) = =—[3(12 — x)(4 — x)]
= -3(4—-x+12 — x]
= —3(16 — 2x)
= —6(8 — x)
Now f (x)=—6(8—x)
f (x) = =24 which is -ive
f(x) gives the max value if x = 4. The other +ve integers IS because 12-8=4
So, firstintegers =x =4

And second integers =8

Q4. The perimeter of a friangle is 16¢cm, if one side of the length of 6¢cm what are

the length of the other side for max. area of the friangle?

Solution

Let the length of the unknown side be x(cm), then the length of other

unknown side will be
16-6—-—x=10 -1,
Let y denote the squcre of the area of the inangle, then we have

y=S(5-6)(S—-x)S-(10-x))
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Hence § = ’?"’-= 8 50,

y=8(8—-6)(8—x)[8—-10+ x]

y=8+2(8—x)(x—2)
2 = 16[(-1)(x - 2) + (8 — x)(1)]

= 16[2 — x + (8 — x)(1)]
= 16(10 — 2x)
= 32(5 - x)

Put %:o = 32(5—-x) =0

S5=x=0 = x=5

:—:;' = %(32(5 - X))
= 32(-1)
=-=32<0

Which 1s negative. Thus, y is maximum if x = 5, 1.e. the area of A Is maximum |if

x = 5, and the length of the other sicdeis 10 -5 = 5.

Q5. Find the dimension of a rectangle of largest area having perimeter 120cm.

Solution

Let x be the length of the rectangle and y be the length of the breadth of

rectangle in kms, the penmeter is

= 2x+ 2y =120 given

Let area of inangle be A
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A= x(60 —x)using |

22 =2160 - x]

dx dx

= 1(60 — x) + x(—1)

=60—-x—x
= 60 - 2x
= 2(30 — x)

Now LA=-0= 230—x)=10

dx

=5 x =30

d<A d d
AlSO e 3[2(30 -x)] = 2;(30 — X)
= —2 < 0 which is negative

Thus x = 30 gives max. value of A (The areag of rectangle) So y (the brecdth

of the rectangle) is
60 — 30 = 30.

Hence the sides of the rectangle are 30cm and 30cm for largest area of its

penmeteris 120cm.

Qé. Find the lengths of the sides of the variable rectangle having area 36cm?

when its perimeter is minimum.

Solution

Let x and y be the length and wicdth of sides of rectcngle in (cms) then xy

the area of rectangle (inSg.cm) is 36.
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ILe.

xy = 36 D Y S — ceeiieenens (1)

Let p be the penmeter of the rectongle then.
p=2x+2y

=2(x+y)

=2(x+:i—6r .‘.y:%
Now:—:-= 2[1 +36(§-)]

=2(1_£’.

x¢

dx
= x*=36=0
=5 x =6 ~ X IS positive
d’p ., d 36\ _ . [36%2
dxz-zd.r(l xz)- (x’)
144
- x—l*
d°p . aE o 144 _ 2
— IS positive if x = 6 because —— ==

Thus p is min. of x = 6.

Puttingx =6in (1)

We have y = = = 6 50 we conclude that rectangle having area 36cm?has

minimum permeter if the length of its sides are 6em and 6cm .
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Q7. A box with a square base and open top is to have a volume pf 4dm*. Find

the dimension of the box which will require the least material.

Solution

Let the dimension of the box be x. x and k., then volume of the box x*h

6. xth=4 sh== ... (1)

X*

AlsO § = x% + 4xh where s is the total surface areaq.

S=x3+4x(12-)

A

S =x2+=
X
ds d 2 16
NOW;—;‘(X + x)
16
= 2x -x_’
- 22
= =
PUt==0
= x3-—-8=
= X=2
g—i(Zx-i:)
dx+ dx b
=2+4+=
A
_p 432
= (2)3
32
=2+
=24+4=6>0

Hence required
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2 " L
= d—f- IS positive

dx

Put x =2 inabove

Thus, the required dimension for least matenal are 2dm .2dmand 1dm.

Q8. Find the dimension of rectangular garden having perimeter 80 meter if its

area is fo be maximum.

Solution
Let x and y be length and breadth of rectangular garden in (meters)

= p = 2x + 2y = 80 given

A=x(40 - x)
£-=(40-x)+(0-l) ny=40-x

= 40 - 2x

= 2(20 — x)

dA
—_ =)
dx

2(20=x)=10,x=20

Now A -2 which is negative

dx?

Thus, the garden has maox. area if x =20 aond y =40 - 20 = 201.e. the required

dmension are 20 meters and 20 meters.
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QY. An open tank of square base of side x vertical sides is o be constructed to
contain a given quantity of water. Find the depth in term of x if the expense of
lining the inside of the tank with lead will be least.

Solution

Let the given quantity be in cubic units and h be the depth of tank of

sqQuare box Xx.

Then q=x°h

e

=>h =—
And S= x*4+4xh
Where S is the surface arealinside) of the tank

= x% + 4x —
"

= 2x° —4q =
2x* = 4q
— x3 = 2¢
= x=(2q)§'
el
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=2+6
= 8 which is positive

Thus, for the leost expense.

—
h=S=2Z1 =
X~

I-'

N~

Q10. Find the dimension of the rectangle of maximum area which fits inside the

semi-circle of radius 8cm as shown in figure.

Solution

x be width and 2x be length of square then y is the area of the rectangle.

s

y = 4x*(64 — x°)

y = 256x° — 4x*

2 = 512x — 16x3

dx

dy
2 =0
dx

= 512-16x=0 = 16x(3x—x%) =0
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X< = 32
x =4/2>0
Now % =512—48x?
= 512 — 1530

= -1024 < 0 forx = 4V2

x =width= 4V2 cm

2x =length= 2(4/2) = (8,/2)cm

Q11. Find the point on the curve y = x* — 1 that is closest to the point (3,-1).

Solution

Let [ be the distance between two points (x,y) on the curve y = x* — 1and
the point (3,1) then using distance formulo

= J(x=3)2+ (y - (-1))?

=Jx =32+ (y +1)?
=J(x=3)*+(x*—x+1)> ny=x°—1
Y e

a@ _ 3
p vy (2(x — 3) + 4x7)

=%2-(x-3+2x2)

~(2x% + x - 3)

(x = 1)(2x% + 2x + 3)
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(x—=1)2x*+2x+3)=0

x = 2x% + 2x + 3 (gives imaginary roots)

| and 2x* + 2x + 3 are positive for x = 1—€ and x = 1+€ where € is very small

+ive real number.
The sign of ;i- depends on the factor x - 1
x—1=(1-€-1)=-€e<0ifx=1-€......... (1)
Andx—-1=(1+4€e -1)=€e>0if x = 1+€E............ (2)

f—:— s —ive beforex=1and +iveagfterx=1,50 1 hasmini. Vaolue atx = 1

putting x = 1in y = x* — 1,we have
y=(1)72-1=1-1=0

Hence the required pt on the curve is (1,0).

Q12. Find the point on the curve y = x* + 1that is closest to the point (18, 1).

Solution

Let I be the positive distance between a point (x,y) on the curve y = x* +

1 and the point (18, 1) then using distance formula.
[=J(x-18)Z+(y-1)? ry=xt41
=J(x-18)2 + (x2 +1-1)?
= Jx—18)2 + x*

=4x* 4+ 2x—36=0
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Let p(x) = 4x* + 2x - 36
p(2) =4(2)°+2(2)-36=0
x = 25 Qroof
S0 x-—2isafactorof 4x? + 2x— 36
Now = 4x? 4+ 2x - 36 = (x = 2)( 4x° +8x + 18)

NOwWx—=2=0 =2 x=2
And 4x?+8x+18=0
2(2x% + 4x + 9) = 0 this is imaginary
dz

'—'—;=12X2+2 = 60 >0

dx

When x = 2 then = y=(2)*+1=>5

= (x.y) = (2,5)
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