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Q.1 Define Hook's law and simple harmonic motion? What is restoring force,
derive the relation for acceleration of mass attached with a spring?

Answer

Hook's Law

According to Hook's Law, within elastic imit, the applied force i1s directly

proportional to the displacement.

& ~
unstretched
spnng
Hooke s Law x It takes wice
F v kx ’ 23 much force
spnng 10 stretch 3 ZI"
Spnng constant k £ 1 Spng twice
—y A v

d

Or F=kx ... (1)

where K iIs constant of proporticnality, known as spnng constant.
Spring Constant

Sprning constant is defined as the force per unit extension. Its Sl unit 1Is Nm-' and

dimension is [MT-].
Simple Harmonic Motion

The oscillatory motion, in which accelerction of the body at any instant is

directly proportional to displccement from the mean position and directed
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towards the meon position and fireced towards the mean position, is called

simple harmonic motion (SHM).

Examples

® Motion of simple pendulum.
e Motion of mass attached to a spring.

e Motion of a swing
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Conditions for SHM
e The system must hove inerhig.

e The system must obey HOOk's Iaw.

e The system should have elastic restoring force.

e The system should be fnctionless.

Q.2 Show that motion of mass attached with a spring is SHM.

Answer

Motion of Mass attached to a spring

Consider ¢ mass m attached with one end of the spnng. The mass m can move

freely on a fnctionless honzontal surface as shown in figure.

when mass m is displaced through a distance x from mean position by a force F
then, According to Hooke's law

F =kx
Due to elasticity, spring opposes the applied force. The opposing force is called

restonng force.
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Elastic restoring force

The force which is equal but opposite to applied force and bnngs the body

back towards its mean position is called elastic restoring force.

The restoring force is represented by F, is

Fe=kX i, (1)

The negative sign shows that F 1s directed opposite to x towards mean position.

When the mass is released, it begins to oscillate about the equilibnum position as
shown Iin figure, such type of oscillations is due to restonng force and inertic. This

type of oscillatory motion is called simple harmonic motion.
Expression for acceleration

The acceleration due to restonng force F
F=ma = eeerrres (2)
Comparnng equations (1) and (2). we get

mc—-ki
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0==5X e (3)
m

a=-constant x

o= - x (Hence proved)

Q.3 Define the following terms relation to SHM.

» Wave form of SHM

» Instantaneous displacement Amplitude
» Vibration

» Time period

e Frequency

 Angular Frequency

Answer

Wave form of SHM

The curve representing the varnation displacement with time is called wave form
of SHM.

Explanation

Consider @ mass spring system with vertical amangement in such a way that pen
attached with mass m from the tfrace on the strip of paper moving at constant

speed from nght to left.

So, It provides a time scale on the stnp. The sine curve is obtained which shows

the vanation of displacement with ime.

It is called wave form of SHM.

The point A, C and E show its mecn position while B and D represent the extreme

position.
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Instantaneous displacement

The shortest distance of the vibrating body at any instant from its mean position

IS called instantaneous displacement,

It I1s vusually denoted by x. The value of instantaneous displacement Is zero ot

mean position while it has maximum value at the extreme position,
15 -1 Characteristics of Wave Motion

Wave characteristics:

M\/\/\/\/-\__’W
e Amplitude, A
e Wavelength, A

e Frequency, f and period, T

e Wave velocity, v=Af

Amplitude (xo)
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The maximum value of displacement of the vibrating body on either side from its

mean position is called amplitude. It Is denoted by A.

Vibration

One complete round tnp of a body about its mean position is called one
vibration.

Explanation

The motion of body from mean position to upper extreme position, from upper
extreme position to lower extreme position and back to its mean position Is
called one vibration. So according to the figure ABCDE shows one vibration of
the body.

Time period

The time required to complete one vibration is called time period.
It is represented by T. Its unit is second.

Frequency

The number of vibrations completed in one second by the body is called
frequency. It 1s the reciprocal of the time penod. It Is represented by f. The unit of
frequency is hertz or vibration/sec or cycles/sec.
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Hertz

If one vibration is completed in one second then frequency is one hertz.
Mathematically

-
Or fxT=1
(i.e. product of frequency and time penod equal one hertz)
Angular Frequency

If Tis the time pernod of a body executing SHM, its angular frequency (w) IS given

Qs
w = 2i
.
()—2"1
0 — L f
w=2xt
'
)
Note

Basically, angular frequency is the property of circular motion. In SHM, it provides
an ecsy method to determine the instantaneous displccement and

instantaneous velocity of body executing SHM.
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Q.4 Show that the motion of projection of body moving along a circular path is
SHM.

Answer

SHM and Uniform Circular Motion

Consider ¢ mass m attached with the end of a vertically suspended spring. It
vibrates simple harmonically with penod T, frequency f and the amplitude xo. If

motion of the mass is displayed by ¢ pointer P,

Motion .’
of paper ->

At t=0 pointer is ot position A then at position B, A, C and back to A at instant
1/4, 1/2, 31/4 and Trespectively.

In circular motion point P is moving in a circle of radius xg with uniform angular
frequency w. Now consider the motion of point N, the projection of P on

diameter DE. The levels of D and E are smilar 1o points B and C.

wWith the motion of P on the circle, the point N moves to and fro on DE. Let point
Pis at Oy at 1=0, the projection N at instants O-, /4, 1/2, 37/4 and T will be at O, D,
O. E and O respectively.

Result

Hence the companson of motion of N and Py shows that it iIs a copy of pointer's

motion. Hence the motion of projection of particle P moving in @ circle is SHM.
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Q.5 Derive the expressions for instantaneous displacement, instantaneous
velocity and acceleration of the projection of a particle moving in a circle of

radius Xo.

Answer

Let N be the projection of a particle P moving in a circle.
Angular frequency of P = w

The cngle subtenced by OP at any time t = 8 = wt

(1) Instantaneous Displacement

From figure (in nght angled tnangle OPN]

% = sSiNB
Or ON = OP sinB [~ < OPN = < O1OP = 0 (alterncte angles)]
But On = x and OP = xg
SO i = x sin 6]
AS 0 = wt
X=xsnwt ... (1)

This equation shows the displacement of pointer N at instant 1.

Phase angle (0)

The angle 6 which gives the states of the system dunng one complete cycle is

called phase.
Value of 6
The wave form of SHM is shown In fig 1(c) in which

1. At the start of cycle is completed, 8=0.
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2. When 1% quarter of the cycle is completed, 8 = n/2.

3. When half of the cycle is completed, 6=mn.

4. When three fourth of the cycle is completed cycle 8=3n/2.
5. For the complete cycle, 8=2n.

Note

For each quarter of the cycle, the phase of vibration is changed by n/2 radian.
(2) Instantaneous Velocity (v)
The linear velocity of point P at any instant t = v

Then Vi = Xot

Since the motion of N on diameter DE is due to the motion of P on the circle. The
velocity of N is actually the vertical component of velocity v, in the direction

parallel to De.

The component ot velocity porallel to DE is
v = vsin (20-6)

V= VpCOSB
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V = XowCOSsH
V = XowCOSw! (2)
From right angled trioangle OPN

COSH = g (3)

Applying Pythagorean theorem, for calculating value of PN
(OP)" = (PN)" + (ON)’
(PN)" =(OP)’ + (ON)

Or (PN)J =t =%

Or PN = ,’xc"’ SN S
Putting values of PN and OP in equation (3), we get
X2 e
COSE = ;

Putting values of cos# in equaotion (2), we get

:tx; - X’
V=X, @
x:
Ol' Vi= m.JxU"" - X'E (4)

Direction of Velocity of N

The direchion of velocity depends upon the value of phase angle.

. When it varies from 0° to 20° then the direction of v is O to D.
° When it varies from 90° to 270° then the direction of vis D to E.

. When it varies from 270° to 360° then the direction of vis E to O.

Special cases

e Al mean position (i.e. x=0), the velocCity is meximum [i.e. Vma=wXo)
o Al extreme position (i.e. x=xg), the velocCity is zero [1.e. Vmin=0]}

(3) Instantaneous Acceleration (a)
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The ccceleration at any point P moving along the circle can be expressed as,

Ap=xo(l)2

It is always directed towards the centre O.

The ccceleration at point N will be component of acceleration g, along the
diameter DE as shown in figure.

So,
a=qagsino
Or a = Xow? SN B (S)
From figure
Sing = -g-r;
Or SiNG = -:—r- (6)

So equation (5) becomes
2.3
xC
Or a = X

The acceleration a is directed towards the mean position, so we get that

direction of a is opposite to x. So above equation can be written as
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Q= ~-wX

a=-constant x [~ w = constant]
Or % - X

This equation shows that the acceleration is directly proportional to
displacement and s directed towards the mean position which is the property
of SHM.

S0, we can say that point N is performing the SHM with the same amplitude,
time pernod and instantaneous displacement of pointer Pa.

Q.6 Define the phase angle.

Answer
Phase

The angle (B=wt) which gives the displacement as well as the direction of motion
of point executing SHM is known as phase.

OR

The angle (8=wt) which determines the state of motion of the vibrating point is
called phase.

Note

This angle is obtained when SHM is related with circular motion.
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Displacement in terms of phase

Special case

Lt ot =0, the point P is at Oy and N is ot mean position. Then the displacement of
a point having SHM is

S = Xo sin wt

where B=wt is the angle, which the rotating radius OP makes with the reference

ine OO, at any time t as shown in figure.
General case (concept of initial phase)
letatt =0
The cngle made by rotating radius OP with the reference line OO, =¢
After a time, t,
The radius rotates through angle = wt

The angle made by rotating radius OP with the reference line OO, at time t=
(wi+d )

So, the displacement at time t is given by
X = Xo SN [ wi+d )

Initial phase

Now the phase angle is
B = wt+d

Whent =0, 8= ¢, so ¢ is called initial phase.

Now taking initial phase as 90° or (%} then displacement is

X = X, sin(wt + 90)

Or X = X, COSaA
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This equation gives the displacement of SHM, but in this case the point N is
starting its motion form extreme position instead of the mean position, as shown

in figure.

Q.7 Whatis simple pendulum? Show that the motion of pendulum is SHM. Also
find relations for its time period and frequency.

Answer

Simple Pendulum

An ideal smple pendulum consists of a small heavy mass suspended by O
weightless and inextensible string fixed with a fnctionless support and medium.
Practically, the above-mentioned conditions are incompatible and we use the

ight weight and les extensible string.

s W —

Motion of Simple Pendulum is SHM
Consider an object of mass m attached with the end of a light weight stnng.

Length of the Pendulum
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The length of the pendulum [is the distance between the point of suspension

and the center of the bob.

Working

When the pendulum is displaced from its mean position through a small angle 0

and released then it starts to oscillate to and fro about mean position.
Components of weight

Resolve the weight mg into two components mg cosé and mg sing.
The other force in this case Is the tension Tin the stning.

mg co0s8 and T are equal and opposite to each other. So, they cancel the

effect of each otheri.e. mg cosé = 1.

Restoring force

The only force responsible for motion of the pendulum 1s mg siné which bnngs
the bob back towards its mean position. So, the restoring force for the bob 15

F=-mgsn® ... (1)

Negative sign shows that force is directed towards mean position.
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Also we know that

F=ma 000 eeeesiss (2)
Comparing above two equations, we get

ma = -mg siNB
Or a=-gsing

For small value of angel 8, sinB=0

So, a=-g6 (3)
From figure @= 'ﬁ:i [':s=r0:>0=%}
9=2 | > @is small so are AB = x |

I
So equation (3)becomes

ol

Q= -[%)x ........ (4)
Q=-constant x x [ % =constont]
Or Qo — X

This proves thot the motion of pendulum is SHM.
Time Period
We know that for a body having SHM.

Q=-WIX e ()

Comparing equation (4) and (5), we have
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Or W = -?-
Or @ = % ....... (6)
As the time penod for SHM can be expressed as
I=2H
|
.l. = 217
9
|
1=2x ' (7)
5 =

Dependence of Time Period

This equahion shows that time period of the pendulum depends on

e Length of pendulum

e Acceleration due to gravity

Note
Time period of the pendulum is independent of mass and amplitude.,
Frequency

As the reciprocal of the time period is called frequency. So.

F=-
|

Putting value of T, we get

Note:

Second Pendulum

The pendulum whose time period is 2 seconds is called second pendulum.
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S0, T=2sec

Frequency of second Pendulum

—1'—-

j=
2

f=0.5Hz

Length of Second Pendulum

AS 1=2x |=
G
Or IF -4;:""'1-
Q
gr
47
AS I =2sec
98!(2)2
= — — =0.992m
4 x(3.]4)
Or |1=992Ccm

Q.8 Prove that the mechanical energy is conserved in SHM?

Answer

Energy Conservation in SHM

Consider the vibrating mass-sprnng. When the mass m is pulied slowly, the spring
s stretched by an amount x; along o horizontal frictionless table. As it is assumed
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that stretching is done slowly, so that acceleration is zero, because change in

velocCity will be very small,

(a) Energy 8 purely

Instantaneous P.E.

Let for any instant t, the mass m is at a distance x from mean position,

So according to Hook's law
F=KkX
when displacement =0
ThenF =0
when displacement = x
Then F =KX

SO average force Is

F=0+kx
2
F—l(kx)
2

1
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Hence the work done in displacing the mass through displacement x is

W= Fd
- (k) (x)
2
-— I ¢
= 2[@(
Work done appears as elastic P.E. so.

(Rﬂm=%h’

Maximum P.E.

P.E. is zeroif the displacement x=0, i1.e. the mass is at mean position, thus

k(0) =0

2
2

(P.E) , =

Instantaneous K.E.

We know that

Since

Or

Maximum K.E.
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The K.E. is maximum at mean position where x=0

), 3 0*
K. =—kx. | 1-
( E)mq;( 2 O ( 2]

Xo

(KE) =~k

ey )
Minimum K.E.

The K.E iIs minimum at extreme position where x = xo

(K.E) =-!-|O( £ l—iQi
min - 5 C xcz
|
(KE),,, =5 (1-1)

(KE),, =0

Total Energy
At any position, the total energy is sum of partly P.E. and partly K.E.

So,

E=P.E+KE

.5 M- . 3 e
m o KX = OC ] | = —
- 2 +2kxh( x’)

,

] I, - |
E=_kx? 5. 5L ___kx?
2%t 73

E = ~kx,?

2

Thus, the total energy of vibrating mass spring system clways remains constant.
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Note

During the oscillatory motion where the K.E is maximum, and the P.E. is zero and
when the P.E 1s maximum, K.E is zero. The change of P.E and K.E with

displacement is required for maintaining the oscillation.

Thus, periodic exchange of energy is the property of all oscillatory systems.

Q.9 What are free and forced oscillations? Also define driven harmonic
oscillator.
Answer

Free Oscillations

A body is said to be executing free vibrations if it oscillated with its natural

frequency without the interference of an extermnal force.
For example

A simple pendulum vibrates freely with its natural frequency that depends only
vpon the length of the pendulum.
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bob's

Forced oscillations

A body iIs said to be executing forced vibrations if it oscillates with the

iNnterference of an external force.

la) (b)

For example

e |t the mass of vibrating pendulum is struck repeatedly, then forced
vibrations are proguced.
e The vibration of tactory floor caused by the running of heavy machinery is

another example,
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Driven harmonic oscillator

The physical system undergoing forced vibrations i1s known as driven harmonic

oscillator,

Q.10 What is resonance phenomenon? Explain it with examples?

Answer

Resonance

Resonance is the specific response of a vibrating system to a penodic force

acting with nctural vibrating penod of system,
OR

The phenomena in which the amphtude of a vibrating body increases when the
frequency of applied force is equal to the natural frequency of the harmonic

oscillator.

Experiment to demonstrate resonance

Consider ¢ harmonic rod AB is supported by strings Sy and S;. Three pairs of

pendulum gg’, bb' and ccC’ gre suspended torod 'AB’.

e The length of each parr is same but different for different parrs.

B Disploce pendulum ¢ in @ direction perpendicular to the plane of the

paper.

e A small force acts on cll the pendulum through the rod AB.

e Allthe pendulum will oscillate with the pendulum ¢ but with slight periodic

motion.

e The pendulum c', whose length and hence penod i1s exactly the same as
that of ¢ oscillates with larger amplitude equal to C.
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e The amplitude of other pendulums remains small because their natural

periods are not same as that of the disturbing force due to rod AB.

Examples

Motion of swing (mechanical resonance)

e A swingis a good example of mechanical resonance.

e We apply o periodic force on swing.

e When the frequency of penodic force becomes equal to the natural
frequency of the swing, resonance Is produced.

e S0, energy absorption is maxmum hence the amplitude of vibrations

increagsed.
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Magnetic Resonance Imaging

Magnetic Resonance Imaging, or MRI, 1s @ method ot imaging the intenor of
structures noninvgsively. An MRI device consists Of a magnet, magnehic gragient
¢ YIS Y1 ;..}f Ir :-: - ‘r,‘[:| r‘hr'[".‘,'l *revr r l?‘,,[ ol . r..f - Ver aQr fj Ny :"]r'l"lr": -‘,’,I "t l"‘!T

- o - . Nl - - # - ) il » - > N » # - ' b W | )
controls the acquisition of signals and computes the MR images. The full name
Nuclear Mcgnetic Resonance Imaging, uvsually shortened 1o MRI, descnbes the
rechnique. If gn agtomic Nucleus 1s exposed to g stahc Magnehc field, it
resonates when a varying electromagnetic field IPPIEeC QF tne proper

f!.t:{': =1l \ ;&' !I'"' ": ;,‘- - rY : ,‘!' : 'l": l']r 'I’_r"- l':.'-'{ F"P:F"[ s O Jl' : lt {l"" r "I '! f"
fl‘:f_:-'_,r':" Cy and phase (tiiming) contain space intormachion. MRI s important

P 1 ' 3 r r Al L « ® r d \ /1 1 v rr s ¥ r 3" P alalT, % P 1laT=Ta
PUAAD _,],':: 1 3 {_ ] y UIDIVE SLAICE, \UJ - i{": A2 ]r _J | ©11,0 _1' CAG N \JI t_,r!:' _f'l_,'ltl»_l -{O
with any other technques. Its mMost common use by ol N AICgNOSiic medaicine
but MRI has other applhcatons, particularly in the oill gndg icod indusine

L]
-

.

o J e

Collapse of suspended bridge
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On O bia span bndage the soldiers crossing the brnidge are ordered 10 bregk thern
sieps, If the frequency of siep oiNncigaes with nQturgl frequency of the bngage
-r,f 1 | ‘llrr['n ¥ :! F s ' [; ::’]" ‘r '.t r:.t :'. : = .*: ri a :l'| -

o flurning of rad good example of electrical resonance. To tune a radio

° wWe m the KNol | Q rgg

- It changes the natural frequency of elecincal circuit of receiver until it
pecomes equal 10 ihe irequency of fransmitier

. NOW The resonance Is produced and energy apsorpiion I1Is maximum.

® }J.?::r - _' _'l_:fir_' '_' - _:
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Cooking by microwave oven

-

* Resonance plays an important role in heating and cooking food by

. he microwaves proguce by oven are absorped due 1o resonance by
S~ . L] o
® This Increqses the INnte Ol enerqgy Of 1he OleC UIE
° They get heat Nndl icod X (]
115 Y- ' — . . . . B . _—
ne wave lenqtl I the microwgQvie DIOQUCeqQ In o YEe O OVern | 2 Cm and

Q.11 What are damped and undamped oscillations? What is damping?

Answer
Damped Oscillations

Qscillaghions in which amplitude gecreases with rme due 10 energy dissipahon

are callea acdampedad oscilictions.
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Explanation

The amplitude of the oscillatory body gradually becomes smaller and smaller
because of fnction and arr resistance. As the energy of the oscillator 1s used up In
doing work against the resistive forces. thot is why the amplitude decreases with

hime till it becomes zero.

Applications

An application of doamped oscillation is the shock absorber of a car which

provides a damping force 1o stop the excessive oscillations.

Damping

Damping is the process by which energy is lIost by the oscillatory system.
Undamped oscillations

Oscillations in which the amplitude remains same with time i1s called undamped

oscillahons.

In undamped oscillations energy i1s not dissipated from the oscillatory system.
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displacement

amplitude

Example

Oscillations of an ideal simple pendulum i1s an example of undamped

oscillations.
Sharpness of Resonance

e The amplitude of vibration of ¢ body increase when the damping is small.

e Thus, the presence of damping prevents the amplitude from becoming
sufficiently large.

e The ampltude decrecses rapidly at a frequency slightly different from
resonance frequency.

e The amplitude as well ags sharpness depends upon domping.

e A heavily damped system has fairly flot resonance curve.
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Example to see the effect of damping

e ANtach a pendulum having very light mass such a pith ball and another of
same length with a heavy mass of equal size such as lead ball.

e Seftthem into vibration by third pendulum of egual length and attcched to
the scme rod.

e Itisobserved that the acmplitude of the heavy ball is much greater than the
light ball.

e S0, the sharpness of the resonance curve of resonating system depends on

energy loss due to friction.
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