UNIT 2

VECTORS & EQUILIBRIUM
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Q.1 How is a vector represented?

Answer
Vector Representation
A vector is represented In two ways
(i) Symbolic representation (ii) Grophicaol representation
Symbolic Representation
. It is represented by bold foace letter such as A, d, rand V eftc.

e |t con also be represented by a letter with an arrow placed above or below

letter such s A or A

Graphical Representation

e ltisrepresented by a straight ine with an arow heod.

 The length of line represents magnitude of vector (cccording to suitable

scale)

e  Arrow head represents the direction of vector.
Representation magnitude of vector

The magnitude of vector is represented by:

e Llightface letersuchas A, d, rand v.

Modulus of ¢ vector such as |v|

Q.2 Whatis rectangular coordinate system?
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Answer

Rectangular Coordinate System (Cartesian Co-ordinate System)

The set of two or three mutually perpendiculcr lines intersecting at @ point is

called rectangular system.

* The lines cre called coordinate axes.

v One of these lines is called x-axis (or honzontal axis)

v The other is called y-axis (or vertical axis)

v The line perpendicular to both x and y axes is called z-axs.

B The point of intersection is called origin.

Two-dimensional coordinate system (Plane)

If the system consists of two perpendiculor lines then it is called two-dimensional

coordingte system,
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Three-dimensional co-ordinate system (Space)

If the system consists of three perpendicular lines, then it is called three-

dmensional co-ordinate system.
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Q.3 How is the direction of vector represented in: (i) plane (ii) space?

Answer

Direction of a Vector in plane

It is represented by the angle which the vector makes with
e Positive x-axis

* Inanti-clock wise direction

Direction of a vector in Space

It is represented by three angles which the vector makes with x, y and z ogxes.

Q.4 Describe the addition of vectors by head to tail rule. Is vector addition

commutative?

Answer
Head to Tail Rule

It s ¢ graphical method to add of two or more vectors.

Explanation

« Drow the represented lines of vectors A and B.
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e Join the tail of vector B, with the head of vector A.

e Join the tail of vector A with head of vector B.

e This line gives the magnitude of resultant vector R.

The direction of resultant vector is from tail of vector A to the head of vector B.

Vector addition is commutative or not:
Yes, it is commutatve.

Explanation

From figure, it is clear that eitherwe add A to B or B to A , the resultant is

same
le. A+ B=B+ A

It means that when vectors are added, the result is the same for any order of

addition.

Q.5 Explain the following terms:

(i) Resultant vector (i) Vector subtraction

(iii) Multiplication of vector by a scalar (iv) Unit vector

(v) Null vector (vi) Equal vectors
Answer
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(i) Resultant vector

A vector which has the same effect as the combined effect of all the vectors to

be added is called resultant vector.

(ii) Vector subtraction

The subtraction of a vector is equivalent to the addition of same vector with its

direchion reversed.

Explanation

Consider two vectors A and B

To subtract 8 from A

e First, take the negative of vector B.

e Add (-B)into vector A graphically as shown in fig. so
A-B= A +(-B)

(iii) Multiplication of vector by a scalar

A vector can be multiplied by

() A positive number.

(2) A negative number.

(i) A scalar with dimension.,

(i) Multiplication with positive number

When a vector A is multiplied by a positive number n (i.e. n>0) then the product

vector will have: -

e Magnitude equal to nA.

e Same direction cs that of A .
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(i) Multiplication with negative number

When a vector A is multiplied by a negative number n (i.e. n<0), then the

product vector will have:

e magnitude equal to nA.
e direction opposite to that of A .
(i) Multiplication with scalar with dimension

when a vector A is multiplied by a scalar quantity n.

Then the product vector

e will be a new physical quantity,
e have dimensions equal to the product of dimensions of n and A .

Examples

e Product of mass m and velocity v is momentum [p=mv ]
e Product of mass m and acceleration A is force [F =mao )

e Product of force f time timpulse [ -F <t ]

(iv) Unit vector

A vector whose magnitude is equal to one with no units in a given direction is

called unit vector. It is represented by a letter with a cap or hat on it.

if A is avector withmagnitude A. A =A. A"

e

OR A=

p AP ¥

Examples

. Unit vectors |, J. k along x, y and z-axes respectively.
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e Unit vectorrrepresents the direction of r.

e Unit vector nrepresents the direction of normal drown on g certain surface.
(v) Null or Zero vector

A vector whose magnitude i1s zero and direction arbifrary is called a null vector.

It is represented by O.

Example

Sum of vector A and its negative vector (-A ) is @ null vectori.e.

—

A+(-A)=0

e Sum of vectors taken head to tail along the sides of a closed polygon is null
vector.

. Vertical velocity of projectile at the highest point is null vector.

e Position vector of origin of rectangular co-ordinate system.

(vi) Equal vectors

The vectors are said to be equal vectors iIf they have:

e Same magnitude.

. same direchtion.

[regardless of the position of their initial points)

Example

Two parallel vectors A and B of same magnitude and direction are equal

vectors.

Q.6 Define component of vector? what are rectangular components of

vector?
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Answer

Component of a vector

The effective value of g vector in ¢ given direction is callied component of @
vector. A vector may split up Into two or more than two parts these parts are

known as components of vector.
Rectangular Components of Vector

The components of a vector which are perpendicular to each other are called

rectongular components.
Explanation

Consider g vector A as shown in figure below:
Let -angle which A makes with x-axis
OM = projection of vector A on x-axis

ON = projection of vector A on y-axis.
AS ON = MP

Thus, by heod to tail rule

OR A=Aji+A] ... (1)

”
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Thus, Axd and A,j are the components of vector A . Since A, and A,j are at right

angle to each other, so they are called rectangular components.

X-component of A
In nght angled tnangle OPM,

O—M:COS(?

OP

A
OR — =COSO
A

OR A =Acos¢ ... (2)

y-component of A

In right angled friongle OPM,

: PM
SINE = e
= OP

OR SiN@ = 5-
A

A =Asind ... (3)

(i) Vector A from its rectangular components

Magnitude of A

In ight angled tnangle OPM,

OP? =OM’ + MP* (By Pythagorean Theorem)

OR A‘=A‘4 A,.z

A=,,Af #AY (4)

Direction of A

Again in right angled triangle OPM,
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Iang = M—Pr

OM

A
OR iong = —

A

A
f=tan ' — ... (5)
A

Q.7. Define position vector.

Answer
Position Vector

The vectors which represents the position of a point or a particle with respect to

fixed origin is called position vector. It is denoted by r.
Explanation

In two-dimensional coordinate system (plane), the position of apoint P (a, b) i1s
represented by

r=ai+ bj

The magnitude of this position vector is

r=s/o’ + b’
.
u
l Pix y 2)
/
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In three-dimensional coordinate system (space), the position of a point P (a, b,
C) is represented by:
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And its magnitude is
Q.8. Describe the method of addition of vectors by rectangular components.

Answer

Vector Addition by Rectangular Components

Consider two vectors A and B as shown in figure. The resultant of these two

vectors is

R = A + B (by head to tail rule)
I
I
|| # 4
""""I l / /

Resolve the vectors A , B and R into rectangular components as shown in

figure. Let

x- Component of Resultant
OQ = magnitude of x-component of vector A

QR = MS = magnitude of x-component of vector B
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OR = magnitude of x-component of vector R
From figure
RP = RS + SP
RP = QM + SP [since RS = QM]
Ry=Ay+B, . 2)

This shows that the magnitudes of the sum of y-components of A and B is equal

to the magnitude of y-component of resultant vector R.

Sdince R, i and R, 'j are the rectangular component of resultant vector R,

hence
R=R, I +R, |

Putting values of Rx and Ry from equation (1) and (2) we get,
R=(A, +B,)i+(A, +B,)]

Magnitude of Resultant Vector R is

Direction of Resultant Vector R

The direction of the resultant vector R is given by

iang FRH}
ang = | —
LR, ]
R
OR 0=tan’| —
‘L.R..-i
|1 A +B
=fon "’ S O 4
g =ta [ ,+B‘] (4)
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In General

For any number of coplanar vectors, A, B, C, we can write

Q.9. Write summary of method of addition of vectors by rectangular
components.

Answer

Summary

(i) Finad the x and y-components of all given vectors.

() Add x-components of all the vectors to find the x-components Rx of the

resuvltant vecltor.

(lii) Add x-components of all the vector to find the y-component Ry of the

resvultant vector.

(iv) Find the magnitude of resultant vector R by using
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Q.10. How can you determine the angel ¢ of the vector & by its rectangular

components?

Answer
Determination of Angle (¢)

First find ¢ by the following relation.

-

! | R
— N —
® <ton” |-

’ L

Where ¢ = the angle which R makes with nearest x-axis.

(1) By the signs of R, and R_, find the gquadrant in which R lies as follow:

o Ifboth R, and R, acre positive, the resultant lies in the 15 quadrant and its

directionis 06=¢

e |IfR 15-ve and R_is +ve, the resultant lies in 27¢ quadraont and its direction is

0 =180°-¢

e Ifboth R, and R, are -ve, the resultant lies in ¥¢ quadrant and its direction is
0=180°+d¢
e IfR 1s+ve ond R_is-ve, the resultant lies in 4" quadrant and its direction is
0 = 360° - ¢
Multiplication of two vectors
Vectors can be multiplied in two ways.

(i) Scalar Product (i) Vector Product

Q.11. Define scalar product of two vectors. Give examples.

Answer

www.topstudyworld.com



www.topstudyworld.com

Scalar Product (Dot Product)

If the product of two vectors is a scalar guantity then the product is colled scalar

product.

Definition

Scalar product of two vectors A and B is defined as

A . B=ABcoso

Where A and B are the magnitudes of vectors A and B and 8 is the angle

between them.

Physical meaning

From figure

Similarly

Examples

A .B = A (projection of B on A)

A . B = A (magnitude of component of B along A )

A

|

oo |

= B (Projection of A on B)

= B (mognitude of component of A along B)

. B=A (B cos8)
A
A
A =B (A cos0)
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(1) Work is scalar product of force and displacement [W = F .d]
(2) Power is scalar product of force and velocity [P = F .v }

(3) Electric flux is scalar product of electric intensity and vector area [¢p = E . A]
(4) Magnetic flux is scalar product of magnetic field strength and vector orea

= B.A]

Q.12. Write down the characteristics of scalar product of two vectors.

Answer

Characteristics of Scalar Product
(i) Commutative property

Scalar product of two vectors is commutative i.e.

A.B=B.A

(ii) Perpendicular vectors

If two vectors are mutually perpendicular (6 = 20°) to each other then, ther
scalar proguct Is zero 1.e.:

A . B = ABcos%0°
A . B = AB(0)
A.B=0

In case of units' vectors,

i.i=(1)(1) cos 90° = (1)(1)(0) = O

Similarly
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'j.k' =0and k.i=0

Thus

iI.j= j.k=k.i=0

"L
4
')'
A ,
/ A
»
. ',"l y
i Tp— s A
A
» L]

(iii) Parallel and anti-vectors

If two vectors are parallel (0 = 70°) to each other then their scalar product is

equal to the product of their magnitudes 1.e.

A . B = ABCcos@® = AB(1) = AB

This is the positive maximum vgolue of scalor product.

If two vectors are anti-parallel (8 =180°) then therr scalar product is negative.

A . B = ABcos180° = AB(-1) = -AB
This is the negative maximum value of scolar product.
(iv) Self Scalar Product

The self-product of a vector is equal to square of its magnitude

A.A =AC0SH° = A¢l) =A?

A= JAA

In case of unit vectors,
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i.i= (1)) (cos0®)=)

Similarly
Jl =1 and k .ln;:l
Thus ii=i.j=k.k=l
Scalar product in terms of rectangular components

Consider two vectors A and B in space then

A =A 14 A J+A kand é:-B_i+B_f*B;k

A.B =(A._ i+ A j+ A, K ; B,i+8, j+B, kJ

F, \

A.i.B i+A i.B j+A i.B Kk+A, j.B i+A j.B j+A. jB.k
+AK.B,i+AK.B j+A KB K
_AB,i.i+AB i.j+AB, i.k
AB.K.i+AB K.j+AB K.k
B =AB +AB +AB
B =AB +AB +AB

>l Pl

(vi) Angle between two vectors

Since A.B =ABCosH so
ABcCost = AB, +AB +AB.
cosB = (AB, +AB +AB. )/AB

6=cos-1(AB, +AB +AB )/AB

Q.13. Define and explain vector product of two vectors? Give its examples.
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Answer

If the product of two vectors is o vector guantity then the product is called

vector product.

Definition

The vector product of two vectors A and B is defined as
A.B =ABsndn

Where

8 = angle between the two vectors A and B

Unit vector perpendicular to the plane containing A and B

Direction of vector product
The direction of vector product A x B can be found by right hand rule.

Right hand Rule

e Join the tails of the two vectors to define a plane of vectors.

e Rotate vector A and B through smaller of the two possible angles.
e Curthe fingers of the rght hand in the cdirection of rotation.

e Erect thumb represents the direction of the A x B.
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Example

(1) Torqgue is the vector product of position vector r and force F i.e.
[tx=rxF]

Q.14. Write down the characteristics of vector product of two vectors. Is vector

product of two vectors commutative?

Answer

Characteristics of Vector Product

(i) Violation of Commutative Law

The cross product of two vector A and B is not commutative i.e.
AX B# BXA

(ii) Perpendicular Vectors

The cross product of two perpendicular (8 = 90°) vectors A and B has maximum

magnitude 1.e.

A x B = ABsin?0°n = AB (1)n =ABn
In case of units vectors

ixi=(1)(1)sin90° k= (1){1)k = k

Similarly

ixk=iondKkxi=j

Hence
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Nofe:

(iii) Parallel and Anti-parallel

The cross product of two parallel (8 = 0°) or two anti-parallel (6 = 180°) vectors is

a null vector 1.e.

In case of parallel vectors
A x B= ABsin0°n = AB(O)n = (O)n= O
In case of anti-parallel vectors
A x B= ABsin180° n = AB(O)n = (O)n= O
(iv) Self Vector Product
The self-product of a vector A is null vector

A x A= AAsin180° n= AB(O)n = (0)n =O

In case of unit vectors

ixi=(1)(1)sinn=(1)(1)(0)n= O

Similarly
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(v) Area of Parallelogram

The magnitude of cross product of two vectors represents the area of

parallelogram formed with these vectors as it two adjacent sides.
Area of parallelogram = (length)(height)
= (A)(B sinB)
= AB sin®
= Magnitude of (A x B)
Area of parallelogram = [ A x B)
(vi) Vector Product in Rectangular components form

Consider two vectors A and B in space, then

A=A i+A j+Akand B=B i+B j+B k

—

AxB = [/‘5\,L 4 A, ]+ A:I; J(B l+ B, j+ B, k)

=A, IxB, 1+ A, 1xB |J+A, 1xB K
+A ]":-cBJIL i+ A jpr? jp+ A ij:‘(

+Akx B, i+ A Kk.B j+A K.B.K

=AB, (ix i)-{-A_Bv (‘ix j}+ A.B:[i’xk)
+A B, ('jx i) ‘A B (;x j] +AB (;x IZ]
+A.B, [kx i‘] + A:B‘,[kx j] + AB, (k x k)

www.topstudyworld.com



www.topstudyworld.com Physics

Evaluating the product of unit vectors and grouping, we find

;u'x E - (_Af B: B A:Bw.- ]l+ (A:B- = A.B: ) j+ (Ava . AYBI )k

This result can be wrntten in determinant form as

| | K
AxB =|A A A
: B 8

It does not obey commutative low
Reason

As the direction of Bx A is opposite to the direction of Ax B, So,
Ax B 7 BXA

;xg ='§x;

Q.15. Define and explain the term torque of moment of force.

Answer

Torque

Definition

The turning etfect of force produced in a body about an oxis is called torque.
Other Definition

The product of magnitude force and the perpendicular distance from axis of

rotation to line of action of force is called torque.

OR
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The moment of o force can olso be defined as the vector product of the radius
vector from the axis of rotation to the point of application of the force ond the
force vector.

Q.16. What is value of torque when line of action of force passes through pivot
point?
Answer
In this case torque will be zero
Reason
Because moment arm (/) becomes zero In this case. So
t=1/F
t=(0O)F=0
Important note

e Torque is the counter part of force for rotational motion.

e Torque plays the sacme role in angular motion as force plays in linear motion.

e Torque determines angular acceleration as force determines linear
acceleration.

° Anfi-clock wise torque 1s taken positive and clock wise torque is taken

negative.
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Q.17. What is value of toque if the body is at rest or rotating with uniform angular

velocity?

Answer
Torque acting on the body will be zero.

Reason

In this case angular acceleration is zero, so torque will be
t=la (27 low for rotational motion)

t=/(0)=0

Q.18. What is equilibrium? Give its types. What are its different kinds? Also write

down the conditions of equilibrium

Answer

Equilibrium

A body is said to be in equilibnum if it i1s at rest or moving with uniform velocity

under the action a number of forces.

Types of equilibrium

There are two types of equilibnum

1. Static equilibrium

If @ bedy s at rest. It is said to be in static equiibnium
Examples

e Book tying on a table.
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2. Dynamic equilibrium
It @ body s moving with uniform velocity. It is said to be in dynamic equilibrnium.
Example

e A carmoving with uniform linear velocity
e A body is rotating with uniform angular velocity

° Motion of a paratrooper

Q.19. State the two conditions of equilibrium.

Answer
First condition of equilibrium (equilibrium of forces)

The vector sum of all the forces acting on a body must be null vector i.e.
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Y'F, =sum of x-directed forces

Y'F, = sum of y-directed forces

Note:

o If the nghtward forces are taken as positive then leftward forces are taken

as negative,

o If upward forces are taken as positive, then downward forces are taken as

negative.
e Forces which lie in a common plane are said to be coplanar.

Second Condition of equilibrium (equilibrium of torques)

The vector sum of all the torques acting on the body about an axis must be null

vector.e.
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Note:
Clockwise torque is taken as negative,

Anti-clockwise torque is taken as negative.

Q.20. Under what conditions the body is said to be in complete equilibrium?

Answer
Translational equilibrium

when first conditions satisfied, the inear acceleration of body i1s zero and the

body 15 said to be In fransictional equilibnum,
Rotational equilibrium

When second condition is satisfied, angular acceleration of body is zero and the

body is said to be in rotational equilibrium.

Thus, for a body to be in complete equilibnum, both conditions must be

satisfied 1.e. both linear acceleration and angular acceleration must be zero.

Note:
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1. We will gpply the conditions of equilibnum to situations in which all the

forces cre coplanar.

2. To caclculate the torque, we choose an axis. The position of axis is arbitrary.

3. A most suitable place is one through which of action of many forces pass
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