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Chapter 5

Partial Fraction

www.topstudyworld.com



www.topstudyworld.com Mathematics

Exercise 5.1

Resolve the following into Partial Fractions.

I
1. x° -1

(-

o (x+1)(x-1)

2x + 1]

3 (x=1)(2x-1)(x+ 3)

3x* —4x-5
(x=2)(x* +7x +10)

|
5 t.x -1)(2x-1)(3x - l')'

s (x—a)(x-b)(x-c)

6x° +5x -7

7  2x'-x-1

2y +x°=5x+3
8 2¢¥ +x -3x

_(_.1'-- l)(_x =INX=3)
9_(x—2Hx~4Nx-6)

|
10, (1-ax)(1-bx)(1-cx)
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X +a

1 ) ) )

Hint: Put x2=y to make factors of the denomination linear.

x -1

1.

Solution

Let l l A B

Y -1 (x+1)(x=1) x+1 x-1
By multiplying (x+1) (x-1) both sides, we get
|=A(x—1)+B(x+1) )

X = -I(‘l )+ B(x 4 ”
1= A(1-1)+ B(141)

1= A(0)+ B(2)
gL

2

And

x=~1  (in eqli))

I:uu-rﬂ)+3p4+n
= A(-2)+ B(0)

-2A4 =1
|
A=—=—
2
So
|
A===
2
|
B=+—
2

Therefore, by putting the value of A&B in eq (i) we get
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H. = -
G T T 2(x-1) 2(x+1)
2 (')":—')
(x+1)(x~1)
Solution
(\'"l) - X+
(x+1)(x-1) x -1
Therefore
v+ 2 l
=4+ — ) x =1x+]
" -] x° -1
+x'mi
2
2 2 A B
T —— . — . w—
A'Im'.m""'—-l (x=1)(x+]) x-1 x4+l )

By multiplying (x-1)(x+ 1) both sides, we get

2=A(x+1)+ B(x~1) (1)
x=-1 _in_ eqg(i)

x=A(-1+1)+ B(-1-1)

x=A(0)+ B(-2)

2=-28B
B=-]
and

www.topstudyworld.com



www.topstudyworld.com Mathematics

So A=1 B= -1
Therefore, by putting the value of A &B in eq.(i) becomes
!, o . ~ |
(x+1)(x-1) x-1 x+I
x o+ l l
— =14 —
b x=1 x4+
3 2x+ 1 -
(x=1)(2x—1)(x+3)
Solution
Let
2x +1 A B ¢ |
- = — + - (/)
(x=1)(2x-1)(x+3) x-1 x+2 x+3
By multiplying (x—1){2x~1)(x + 3)both sides, we get
2x+#l=A(x+2)x+3)+ Blx-1)(x+3)+C{x-1)(x+2) ()

put(x=1)in_eq(u)
2(1)+1=A(1+2)(1+3)+B(1-1)(1+3)+ C(1-1)(1+2)
3=A(3)(4)+B(0)(4)+C(0)(3)

3=A12

..4=y‘4

Put (x=-2)in eq, (ii)

2(-2)+1=A(-242)(-2+3)+B(-2-1)(-2+3)+C(-2-1)(-2+2)
—4+1=4(0)(1)+ B(=3)(1)+ C(-3)(0)

-3 = 8(-3)

B=1

Put (x=-3)in eq, (ii)
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2(=3)+1=A(=-3+2)(-343)+ B(-3-1)(-3+3)+C(-3-1)(-3+2)
~6+1=A(1)(0)+ B(-4)(0)+ C(-4)(-1)

-5 =C(4)
>
C= ==
4
So .4=%:8=l_and__(‘="'%

Therefore, by putting the values of A, B and C in eq, (i)

2x+1 }é l '}ﬁ

————————————————————————————— - +
(x=1)(2x-1)(x+3) x-]1 x+2 x+3

Hinoe 2x + 1| ] . Il 5
(=) (2x=1)(x+3) Ax=1) (x+2) 4(x+3)
3x* ~4x -5

4 -— - — -
(x-2)(x*+7x+10)
Ix*-4x-5 3x* ~4x -5

(x- 2)(.’:2 +Tx+10) (x- 2)(.\': +2x 4+ 5x+ IO)
3x*-4x-5 3x° -4x -5

(x=2)(x" + 7x+10) C(x-2)(x(x+2)+5(x+2))

3x' —4x -5 - 3x* —4x-5
(x=2)(x"+Tx+10) (x-2)(x+2)(x+5)
3x" =4x =5 A B ¢

_ - - -
(x=2)(x"+7x+10) x-2 x+2 x+5

(7)

by multiplying (x - 2)(x+2)(x+5)both sides, we get

3 —4x-5=A(x+2)(x+5)+ B(x-2)(x+5)+ C(x-2)(x+2) (i)

put x=2 in eq, (ii)
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3(2) -4(2)-5=A(2+2)(245)+ B(2-2)(2+5)+ C(2-2)(2+2)
12-8-5=4(4)(7)+ B(0)(7)+ C(OX4)
~1= A2]

4-—l
A==,

Put x=-2 in eq(ii)

3(=2) -4(-2)-5=A(-2+42)(-2+5)+ B(-2-2)(-2+5)+ C(-2-2)(-2 +2)
12+8-5= 4(0)(3)+ B(-4)(3)+ C(-4)(0)
15=B(-12)

Put x=-5in eq. (ii)

3(-5): ~4(=-5)-5=A(-542)(-5+5)+ B(-5-2)(-5+5)+C(-5-2)(-5+2)
75+20-5=A(-3)(0)+ B(-7)(0)+ C(-7)(-3)
90=C2I

(“'-.—.-3%
So .4="%8,B=“% and (‘=3%

Therefore, by putting the values of these in eq.(i)

3Ix* =4x =5 _%g+ﬁ+3%

(.\'—2)(.\':+7.\'+|0) ¥=2 x42 x+5

3x* -4x-5 ] 5 30
+

(x-2)(x' +7x+10)  28(x-2) 4(x+2) 7(x+5)

|
3 (x=1)(2x=1)(3x-1)

|
Let (¥~ 1)(2x-1)(3x-1)

B g
+
2x-1 3x-1]

A
= —
x—1
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By multiplying (x ~1)(2x~1)(3x~1)both sides we get

| = A(2x-1)(3x-1)+B(x=-1)(3x=1)+C(x-1)(2x -1 )-=mmoeceee- (W)

Pur_x=Y, in_eq.(ii)
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B=-4

Put x= y n _eq.(ir)
1= 4(25)-1)(04)-1)+ 8((5)-1)(3(4)-1)+ < 4)-1)(2(4)-)
=000 3)

1=2¢
9

C=2~
2

Put x=1 in eq.(ii)

1=A4(2(1)-1)(3(1)=1)+ B((1)-1)(3(1) 1)+ C((1)-1)(2(1) -1)
1= A(1)(2)+ B(0) + C(0)

1=24

A==
2

So,

A= )% B= 4Cx=2
2

Therefore by putting these value ineq (1)

A+ .1

(x-1)(2x 1)(3 x-1 2x-1 3x-1

I T SN SR
(x—=1)(2x-1)(3x-1) 2(x-1) (2x-1) 2(3x-1)

Hence;
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P S—
(x—a)(x-b)(x—c)
Solution
Let _X A . B C ;
= (x—a)(x-b)(x—c) x-a x—b+x—c )
By multiplying (x ~a)(x~5b)(x~c)both sides we get
x=A(x=b)(x-c)+B(x-a)(x-c)+C(x~a)(x~-b) (1)
Put x=a in_ eq.(i1)
a=Ala-b)la-c)+Bla-a)la-c)+C(a-a)(a-b)
a=Ala-b)(a-c)
T | —
& (a-b)(a-c)
Put x=b in eq.(ii)
b=Ab-b)(b-c)+B(b-a)(b-c)+C(b-a)(b-b)
b=A(0)(b-c)+B(b-a)(b-c)+C(b-a)(0)
b=B(b-a)lb-c)
b
" boa)b-c)
Put x=c _in_eq.(ii)
c=Alc-b)(c-c)+B(c-a)lc-¢c)+C(c-a)(c~-b)
c=Alc-b)(0)+B(c-a)(0)+C(c-a)(c-b)
c=C(c-a)(c-b)
C=—
(c—a)(c—b)
a b C
S0, A=—m—08M8M — | B=—m-oo d Czo—
? (a-b)(a~-c) (b-a)(b-c) - (c-a)(c-b)

Therefore, by putting these values in eq.(i)
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a b ¢
_x  _(a-b)a-c) (b-a)(b-c) (c-a)(c-b)
(X—-a)(.\'—-b)(x—(') X~d X=b X =C

b C

Hencs.  E=alr=b)lx=¢) lz=a)la=b)la=c) B-a)b=c)z=b)" (r=c)le=a)c=b)

7 6x° + 5% =7

2" -x -1

Solution

The highest power of x in the numerator is 3 and in the denominator is 2. So, we

will have to divide the numerator by its denominator.

x4+ 4

2x:—x-156.r’+5.r:-7

1 S 4
+6xmx" mix

8x* +3x-7
+8x m"m*
Ix=3
3 2
bx TS.\' 7=3x+4+ '{x+3
2x —x-1 2x —x-1
Let
Ix+3 Tx+3 B Tx+3 B Tx+3
2x* —x-1 2x*-2x+x-1 2x(x-1)+1(x-1) (2x+1)(x-1)
Therefore
-{x_”,z A +i (;)
2x“=-x~=1 2x+] x~-1]

By multiplying (2x+1)(x—1)both sides we get

Tx=3=A(x-1)+B(2x+1) (i1)
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Put x=1in eq.(ii)

7(1)-3=A(1-1)+ B(2(1) +1)
7-3=4(0)+ B(3)

4=83
Biu=
3

And put x - -% in eq (ii)

-1—3: .4(:;%)+B(0)
'7“6=.4{3J
2 \ 2
-13=-34
-’_.__13.: 4:2
-3 3
So
.4=I‘T3, and _B=%

Therefore, by pulting these values in eq.(i)

Ix+3 l% %

—_— -

¥ =x=1 2¥+] x=1

x¥3 S i 4
2x* ~x~1 3(2x+1) 3(x-1)

Hence;

2 +x =Sx+3

2x* 4+ x° - 3x
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Solution:
The power of numerator and denominator is same 1.e .3.
Therefore, we get proper friction by dividing them.

3Ix+4
2%’ =X - 3.1')2.1‘" +x° = Sx

g3
+2xm’ m”

-2x 43
Therefore
2% +X° =5x+3 ~2x+3
e =3x+4+4 —(-‘—:—-')—-
2x  +x° =3x 2 +x° =3x

Take factorization of (2x" + v - 3.r)

2’ +x° =3x = .\'(2.\'3 + .1'-3)

2x" 4 x° =3x=x(2x"4+3x-2x —3‘)
2x* +x* -3x = x(2x+3)-1(2x~-3)]
2x" +x° =3x=(x-1)(2x+3)

So.

& iF

28 +x° - 3x

-2x4+3 A B &

(V)

By multiplying x(x-1)(2x+3) both sides we get

=2x+3=A(x-1)(2x+3)+ Bx(2x+3)+ Cx(x-1) (i)

Put x=1 in eq (ii)
-2(1)+3= .rl(l-l)(2(1)+3)+ B(l)(2(1)+3)+C(I)(_(I)-l)

-2+3=A(0)+B(5)+ C(0)
| =B85
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Put x=0 in eq.(ii)

=2(0)+3=4(0-1)(2(0)+3)+ B(0)(2(0)+3)+C(0)((0)-1)
3=A(1)(5)+B(0)+C(0)

3=54

A=

Put x =3/ in eq. (ii)

2-34)e3= A F (- 34)+3)+ 8- 5)a(-35)+3) (- N34
343=4(0)+ B(0)+C(-4)(34)

6=C1>,

~_(6)(4)
15
C=2
>

So .4=—I.B=y5,("=%

Therefore, by putting these values in eq.(i)

-2x+3 -] % %

e ek
x(x=1){2x+3) X x-=1 2x4+3

-2X 4 3 l+ | . 8

x(.r-l)(Zx+3)= x S(x-1) 5(2x+3)

Hence;

9 (x=1)(x=3)(x~-5)
(x-2)(x~4)(x~-6)

Solution
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The power of numerator and denominator is same i.e. 3. We divide them to get

the proper fraction.

x =12x° +44x-48)x’ -9x’ +23x-1524BC
+x'm" 44 m™

3Ix” =21x+33

x'=9x° +23x~-15 3x =21x" +33x
So, X =4 ——=
r =12x" +44x-48 x =12x +44x~48
lherefore,
3x° =21x" +33x 3x’ =21x" +33x

X' —12x° +44x-48 (x=2)x-4)(x-6)

3x" —21x° +33x A B 'y
" 4

(x-2)(x-4)(x-6) - (x~1) (x-4) (x-6)

(7)

By multiplying (x-2)(x-4)(x - 6)both sides we get.

X =2lx433=A(x-4)(x-6)+B(x-2)(x-6)+C(x-2)(x-4) (i)

Put  x=2 ineq. (ii)

3(2) -21(2)+33 = 4((2)-4)(2-6)+ B(2-2)(2-6)+ C(2-2)(2-4)
12-42+33 = 4(2)(4)+ B(0)+C(0)
3= A8

P
X
Put x=4 in eq. (ii)

3(4) -21(4)+33=A4(4-4)(4-6)+ B(4-2)(4-6)+C(4-2)(4-4)
48-84+33=4(0)+B(2)(-2)+C(0)
-3=B(-4)

B=—
4
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Put x=6 in eq.(ii)

3(6)2 ~21(6)+33=A4(6-4)(6-6)+B(6-2)(6-6)+C(6-2)(6-4)
108-126+33= A4(0)+B(0)+C(4)(2)

15=C8
8
so A= :}. B:i (‘:'.l_s.
X . 8
Therefore, by putting these values in eq. (i)
3x —21x* +33x IR B -
(x=2)(x~4)(x~6)  4(x=-4) 8(x-6)
3x" =21x" +33x 3 3 15
Hence: —eeeeeee. = | % 4 +
(x=2)(x-4)(x-6) 8(x-2) 4(x-4) 8(x-6)
0
(1—ax)(1-bx)(1-cx)
Solution
l A B ¢
Let - - = + + - '
(I-ax)(1-bx)(1-cx) (l-ax) (l1-bx) (1-cx) )
by multiplying (1-ax)(1-5Ax)(1-cx)both sides we get.
= A(1=bx)(1-cx)+ B(l—ax)(l1—cx)+ C(1-ax)(1-bx) (i1)

Put x =~ in eq, (i)

a

gttt

1=A4(0)+ 3(1 = 3)[1 - $J+c(0)

u a
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=855
p=— b
(b-a)(b-c)

PUut x= l in eq (ii)

¢

S O O S S O

1= A(0)+ B(0)+ (.'[I- %J(l - -’3)

s

C

So,

Am——— : B:b—:- : (‘=;
(a=b)(a~-c) (b-a)(b-c) (c=a)(c-b)

Therefore, by putting these values in eq. (i)

a* b- e

| _la-b)la-c) (b-a)lb-c) (c-a)lc-b)

(1-ax)(1-bx)(1-ex)  (1-ax) (1-bx) (1-cx)

Hence;
| a- b*

(1—ax)(1-bx)(1-cx) - (a—b)(a-c)(l-ax) ! (b—a)(b—c)(1-bx) ! (c—a)(c-b) I ~cx)

X 4+a

Solution
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X" +a

Put x2=y | tion ab ) e )
ut x2=y in equation above we ge (2 +°)(x* +¢7)(x* +d7)

S i b A + . > : (’)

Let = : .,
(y+6 ) y+c* ) y+d®) y+b" y=c y+d

By multiplying (y+5°)(y +¢” )y~ d" ) both sides we get

yta =A(y+c)(y+d® )+ B(y+b )(y+d” )+ C(y+5°)(y+c) (if)

Put y=-b?in eq. (ii)
b +a’ = A(-b + 7 (-7 +d7 )+ B(~b" + b7 ) (- +d* )+ C(=b* +b° )(-b" +*)
-b" +a’ = A|-b" +¢7)(-b" +d” )+ B(0)+C(0)
. (-b° +a)
(<b" +c")(-b" +d")
(- 67)(d" - 5)

"
.

Puty = -c?in eq. (ii)
-c 4@ = .4(-—-c: +c:)(-—c: +d:)+ B(—c: +b:)(—c: +d:)+('(-c2 +b° )(—c: +c3)
—c‘+a’ = .4(0]4-3(—(': +b:)(—c" +d:)+ C(0)

a —c

| e ——
(p" =) =€)

Put y= -d? in eq. (ii)

~d*+a’ = A(-d" +")(-d" +d* )+ B(-d’ + b )(-d" +d* )+ C(-d" + b )(-d’ +¢7)

~d* +a’ = A(0)+ B(0)+ C(-d* +b* )(-d* +¢7)

a"-d*

So,
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(" 'b) , a -c C- a =d°

B [ I U P B TR Pl

Therefore, by putting these values in equation (i)

(“:'b:) a*-c a*~d
y+a' e =¥ J(d* -b° ) (b -¢’ )(d -¢'} [b -d* )¢’ -d°)
[1+b )(Hc H\+d ) y+b° y=c¢ y+d’
Hence,
y+a' G a -c' a -d’

(y+b')(y+c )(H-d) (¢* =67 )(d* b’ )(Hb) (6" -¢*)d -¢*)(y=c ) (b -d’ )" -d*)(y+d7)
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