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Exercise 3.4

1 -2 5 -3 1 =2
Ql. fA=|-2 3 -1|andB=|1 0 -1
5 -1 0 -2 -1 2
Then show that A+B is symmetric.
Solution
1 -2 5 -3 1 =2
A+ [2 y [ : ..1]
5 -1 0 -2 =1 2

14(=3) —-2+1 5+ (=2)
=l =2+1 340 ~-1+(=1)
S+ (=2) =1=1 02

1=-3 =241 5-=2

=2+1 30 =1-=1
=g =1A=1 DF2

-2 =1 3
[1 : -2]

3 =2 2

-2 -1 3
(A+B)!=]|-1 3 =2
3 =2 2

By above

A+B = (A + B)'

Hence A+B 1s symmetnc

1 2 0
Q2.fA=|3 2 -1] , show that
-1 3 2
i A+A" is symmetric i, A-A" is skew-symmetric
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Solution

i A+A' is symmetric

1 2 0
3 2 -=1|°
-1 3 2
1 2 -1
2
A+A =I 2 -1] I 3]
2

141 AL F 0-1
=] 342 2+ 2 -143
=140 IF(=1) 2Z2*¥4

2 S -1
T -

-1 2 4

=
"

AtA" =

2 5 -1
(A+ A" )Y=|5 4 2
-1 2 4

By above A+ A" = (A+ A" )f

Hence proved A + A" is symmetric

1 2 ¢
ii. A=13 2 -1
2

-1 3
1 2 0
A’ =I3 2 -ll‘
=1 3 4
1 2 -1
=[2 2 3]
U =1 Z
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1 2
A-At =3 2
-1 3
1=1
=| 3-2
-1 =0
0
A-At =11
-1
0
(A=At ) =|1
=1

Toking common -1

= (-1)

0
i
=1

=1 1
0 -4] = (-1) [A-A")
4 0

Thus A -A' = (-1)[4 - A%

Hence proved A — A" is skew — symmetric

Q3. If A is any square matrix of order 3, show that

i, A+A" is symmetric ii. A-A" is skew-symmetric
Solution
i, A+A'is symmetric
Iy G2 i3
Let A=y Ay  Uyy
@3y Q32 AQzz
dyy Q2 3
A* =|azy az; ax|f
A3y Q32 (QAijz
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ayy dzy Q34
=|Q12 Q22 Q32
a3 dAz3 Q33
Iy, Gy Qi3 39 A2y Q34
A+AY = Ay A Ay |+ |Q Q Qg
I3y A3 Q33 43 dz3 Q33
@y tQyy ay v @y a3+ asz
=|Ayy + Ay @y + Ay Q3 + Ay
a3y +Qy3 A3; + Q3 A3z + Az
Ay +Qy; Qz +Azy Q3+ Qs
(A+ A" Y =la tay; az, ta; az +as
A3 +Qy3 Q3 +Qz3 Q33+ Q3
Ay +Qyy Qyp+azy a3+ axn
=|Qyz T Qzy Az T @ A3 tQ3;
Q3+ @3y A3z + Q3 Q33 + Qs
By gbove
A+A" =(A+ A" )
Hence A+A"' 1S symmetnc
yy, @y ay3
il. A=|az G Qz;
A3y Q3 Qa3
yy @ U3
At =|ay Gy Gy |f
a3y Q32 Q33
dyy Uz, 3,
=|Q42 Wz Q3
3 dAz3 Q33
(yy Qy Q3 yy dzy Qzy
A—A' = Az, Qzz Q3 |— |2 Qz; Q3
3y Q3 Q33 43 dz3 Q33
39 = Qyqy @42 = QAz9y @43 = Q34
=12y — Q2 Az — Q3 Az3 — Q33
3y = Q43 Az = Q3 Q33 = Az;
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0 Q2 = @21 @43 = Q3
A-At = A2y — Uy 0 A3 — Uy
(3; — Q3 U3z — dz; 0
0 A2 — @2y Q3 — A3,
(A—-A" ) =(-1)|a;, —ay; 0 A3 — Q33
3y, = Qy3 QA3; = Q3 0
0 ;2 —Azy @3 —axn
(A=A" ) =(-1)|a;, —a,; 0 Q23 — Q32
A3y = Q43 @37 = Gz; 0
By above

-1) (A-A") =(A-A" )

Hence A—A' 1S skew- symmetrc

Q4. If the matrices A and B are symmetric and AB = BA, show that AB is
symmeltric

Solution
Given A =Af
And B =5

Then prove that

(AB)t = AB
LH.S = (AB)
=A". B*

=BA

=A.B
=R.H.S

Hence proved
(AB)! = AB
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Q5. Show that AA* and A'A are symmetric for any matrix of order 2x 3

Solution
L6t A = dyy Q4 @43
Ay dzy Qg
Qyy Ay,
At =|ay; ap;
@y3 Uyy
a a
c_ [@1y @2 Q3 a” a21
AA'= 12 22
Ay Ay Q3
(yz3 A3z
a‘,, + a%,, + a® Qyy.Qoy + Qya. Qs + Aya. Q
=l 11 12 13 11- A2,y 12- 22 13- 23]
2 2 2
Az;.Qyy + Az3. Q)7 + Az3. Q43 A2y + A%z + Q%33
2 2 2
(A.A° ) =I acy, +a®,, +a°,; dyy. Uy, '*'012-022"'“:3'“23]
Ay Qpy T Ay Ay + Q5. Ay a‘,, +a‘;;, +ay,

(A.A" ) =(A.A%)

Hence proved A. At is symmelnc

i A= @, Qajp 013]
Ay @y Qpj3
@17 Ay,
At =|a,; a,;
Q3 dp3
y, daz
T [@y Qg Q45
A A= |a,;, ay; I ]
(zy Qz;y dz;
3 Q3
p 4 y 4 7
_ Ay +a%; + a3 @yy. az, +012-azz+“13-023]
2 2 2
Ayq.Qzq + Qqp.App + Ay3.053 A2+ A% + Q%3
a‘.s + a*;» + a‘ s1.Ad21 + Q1. Qo> + A14a. A
(A'.A) _[ 11 12 13 11- A2y 12- @22 13- 23]
' - 2 2 2
Qy4-Qzq + Qyp.0; + Qy3.033 A2y T A%, ¥ Q%33

(A.A' ) = (AL A)
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Hence A% A isasymmetrnc

1+

Q6. IfA = [; ] show that

i A+(A) ii. A-(A)" isshew- symmetfric
Solution

A+(4) = [; ljii]*'ll—ji -:i

==l AFENE1

141=1 =i#i
A+ =, 2;-i]
(A+@r=[,5. *!

[[ A+ (D)) =A+A)

Hence A +(A)* is Hermitian

il A=
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A-(A.)‘ _ IZi ) ]

I =2l

(A-@r="" 5

L[ A= (j-)_It]I - [_iZi ;ii] ) 'Izii -i2il
= A-(A)"

Hence A -(A)" is skew-Hermitian

Q7. If A is symmetric or skew-symmetric, shoe that A% is symmetric

Solution
Given A=A (Symmetric)
And A=-A (skew- symmetric)

Prove that A% is symmetric
A% = (AY)
R.H.S = (A?)!
=(A.A)' or (—A.—-A)
=A" A" or —A".-Af

= AA [given A=A* and -A' =

=A2
=[.H.S

Hence proved A¢ is symmetric

www.topstudyworld.com



www.topstudyworld.com Mathematics

1
Q8. fA=|1+i
]
Solution
1
A=1141
|

|

!
1 7
d=fi=if =0 1-e -
=

1
A (A) =[l —il.[l 1 -i =i}
1

i

1 - —i
1+i 1—-i2 —=i(1+10)
i i1=-0  —=i()

1 1 = —q
AA) =|1+i 1+1 -5-52]
i i —i¢ —=i°
1 1-i =i
=11+i 2 —i+1
i i+1 1

1 1= ={
Hence A.(A)'= |1+ 2 —{ l]

( L+ 1 1

Q9. Find the inverses of the following matrices. Also find their inverses by using
row and column operations.

1 Z2 =3 1 2 -1 1 -3 2
I 0 -2 0 i, U =1 3 i, s =1 0]
—4 =4 & 1 0 Z 0 =1 1

Solution
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1 2 -3
i A=[0 -2 ol
=3 =2 32

1 2 =3

IAl=|lo0 -2 o0

=7 =3 2

= 1(-4+0)-2(0-0)-3(0-4)
= 1(-4)-2(0)-3(-4
=.4-0+12

=8

Coefficient of Matnx A
-2 0
— ¢ an1F]

(~1)%(-4) = -4

0 0
-2 2

5 3l

Cyz = (—1)*°

iz = (=1)'*3

Czy = (—-1)**°

2 =3|_ ,
5 = 46 =2

1 =3

C2 = (-1)°*° -2 2

| =2-6=-4

Cy3 = (—1)**° I(I) _3| =0

2 —3‘_

Cy = (=1)**? 2 0

1 -3

G2 =(=1)***[5

1

- f—_1)\3¥3
C33-( 1) 0 2|

Co-efficient of matrix
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-4 0 -4
c=[2 -4 o)
-6

0 -2
-4 0 -4
IhUS,Ade=C=[2 -4 0|=[
-6 0 =2
-4 2 -6
0 -4 0
-4 0 -2

=l o~ o0
—1/2 —1/4 -l/4

-1/2 1/4 —3/4

Hence 4! = o ~1/, 0
“1/2 ”1/4 ~a

Inverse by using elementary row operation:

Hence

Inverse by using column operations

Hence

Inverse by using elementary row operation

310 0
001 0]
2100 1|

N
A=| 0
| -1

2
-2
-2

4 2
0 -4
4 0

-6
0

-2
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o2 -3 ¢
R,10 1 010 2 d i
2 2 °
0 2 4, o
! I
O —
I : | R, - 2R,
R,.[01 00 -= 0 g
10 0 -42 _'l' l : g
10 3! : . |
R.10 1 00 -= 0| -=R,
2 4
10 0 1 " ,
2 4 4
3
-2 1.2 o3
o o 2 4 4
R.[0 100 -2 o]|rR-3R
oo, 1
2 4 4
b
Rr_. 0 1 0 0 -'; 0
10 0 l_l R
2 4 4
Hence is
-1 1/4 _3/4
At=l 0o Y, o
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Inverse by using elementary. Column operation

| 2 =3
0 -2 0
. |=t =2 3
1 0 0
010
lo 0 1
il 2=2 =343
10 240 040
=2 =3+4 2=6/|C,=2C
Ca=IT0-2 o0+3]|C+2C
0 1-0 040 |
lo 0-0 140
1 0 0
0 -2 0
2 2 4
=T 2 3
0 1 0
0 0 |
10 0
0 -2 0
2 2 4|
Cd': -=C,
1 -1 3| 23
0 -1/2 0
0 0 1
10 0
0 1 0
2 1 -4
c.=|1 = 3 |1_1e
1 . B
0 -3 0
0 0 -~
| 4
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10
0 1
=2 ] =4
C,=| ' 7~
0 .
2
|
0 0 -—
L 4J
| 0 ]
0 1
0 1
3
Cﬂ= l-:')_' l a
|
3 ==
2
e
1 0 0
0 | 0
0 | |
33
Ca=|"2 4 4
0 ——-0 0
2
1ol 1]
4 4 4.
l 0 0
0 | 0
0 | |
o3 3
Ca=|"2 "4 3
0 -=-0 0
2
S
4 4 4.
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1 0 0
0 1 0
0 1 1
1 1 3

=172 3 3
0 --;- 0
11 1)

172 4 4]

1 2 -1
ii. B=|0 -1 3

1 0 2
i 2 =i
IBl=[0 -1 3
1 0 2
= 1{-2)-2(-3)-1(1)
= .2 +6-1
|B] =3

Coefficient of Matrix B

— 131+1 =1 3
Co= 0" S

= (-1)*(-2) =-2
Gz = (-12]] 3] = (1)(-3)=3
Cy3 = ("1)“3 (1) Bll =(=1)*1) =1
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Gy = (—1)%

& = (4 =-4
Gz = (-1)*2; S| =(2#41) =3

1
]

2
-]

Cos = (1?7 |] o] = (1(-2) =2

C3 = (-1)*""

S =mie =5
Ce = (=125 5| =t03) =3

C33 = (—=1)**3

1 2 |_ =
0 Sl=meEn=-

Co-efficient of matnx

-2 3 1
C=|-4 3 2
5 -3 -1
-2 -4 5
Thus, Ad] B=C=[3 3 -3]
1 2 =1
-2 =4 5
' =22 =13 3 _3
8| 3
1 2 =1
“1f3 Y3 o/
=| 1 1 1
1/, 2f, >/
-1/3 —4/3 5/3
Hence B! =| 1 1

1
1/3 2/2 5/3

Inverse by using elementary row operation

I 0 0
0 1 0
0 0 1
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f— "1 f————————l e ————— f—1
Q@ - O
N
o
o:

R, =0 3o -1 oMK
«= R, + 2R,
0 0 -3|-1 -2 1] '
1 0 5|1 2 0
R=lo 1 =30 -1 o|-1r
] 2 | 3
00 1]z -2 =
3 3 3
| i
1 0 0]-2 -g. g
3 R|_5R1
R,=10 1 0l0 1 - -
L,y |R-2R,
o 0 il =2 =2 =2
3 3 3]
—1/3 -4/3 5/3
Hence B™' =| 1 1 1
1/3 2/2 5/3

1 2 -l
-1 3
1 01
fis | e———
1 0 0
0 1 0
0 0 |
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! 0
0 -1 3
0 -2 3|C-2C
! 1
0 1 0
1 1

1 0 0
0 |1 1 |
0 2 11|
C,=|, C,-C
- I

(=1)C,

3
[

173  2/3 =1/3

{5
I
D e e et e e s e
o 9 - O
N
s = e
‘s
—
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-2/3 —4/3 5/3
1 1

1
1/3 2/2 5/3

Hence B! =

1 =3 2
iii. C=12 1 0

0 -1 1
1 =3 2
ICl=|2 1 0
0 =1 1

=1(1-0)-3(2-0)+2(-2-0)
= 1(1)%2(2)+2(-2)
= 1 46-4
|IC] =3

Coefficient of Matnx C

C= (-1 3
= (-1)2(10) = |
Gz = (-1"2]2 0| = (1)2:0)= 2

G =030 | =(-1t20) = 2

CZI — (_1)24”

1 fl=tn 32 =

Cz2 = (—1)**°

1 2Zj_ =
o 3=MM=

1

Cs = (=02 |g = e =0

cn=C02 70 2 =062 = 2

Cro = (12|, 2| =(-1)(4) = 4
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C33 = (—1)°* l

Co-efficient of matnx

C=]1 1 1

-2 4 7

b

1l =2 --2]

Thus, C =

> =) =

1 1 =2
o _Agje _aff
2 1 7
1 =2
/3 /3
-2 1/
/3 /3
'2/3 Y3

VARV -2/3

Hence (C™° I-2/3 1 3

/3 Y3 /s

Inverse by using elementary row operation

[ -3 211 0 0]
C={2 1 0|0 1 0
10 -1 1|0 0 1]
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| =3 2|1 0 O
0 1 <11 0 0 =l|(-D)R,
0 7 4}|-2 1 1

0 -1|j1 0 -3 R +3R.

|
R, 101 <1]0 0 -1
"-[ R, - 7R,

0 0 31=-21 7

1 0 1)1 0O =3
R, 101 <10 0 -1/-1/3R
3 3 3
=)
1 0 of 3 = ==
3 3 3
= R +R
R,10 1 0 = 1 2|
3 3 3| R+R
-2 1 7
0 0 11— - -
3 3 3
. Y, =2/,
Hence C™* =|=%/3 /3 4/,
-2/3 1/3 7/3

_0 Ol O N
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o @ == O N e

O -0 N -

Vo O o

|- O

-~ <

- C,+3C
3 =21€.=2€

~J

‘as

<
= -

T R — R [ S

—

S = 4a|
Sl =L sw o

$a | o=

€, +2C,;
C,=17C,
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| 0 0

0 1 0

Lt B

2 4
c.=|y 1 =22|&c

2 313
0o o 2
3

L

2 4 3]

1 0 0

0O 1 0

0O 0 | |

| ) =2]¢Gi==C;
c-|ls = = 2
o 3 3 3 l

= 1 4 (‘:+;("

23 3

-2 1 7

3 3 3.

1/3 1/3 —2/3

Hence Cc™* =|=%/; 1/, %/,

Q10. Find the rank of the following matrices

(1 -4 =7 - 0 -
=t & 'I> 5 1 ? ?l 31 3 ':
i 2 6 5 | i - i, S
| <2 3 2 3 4 2 5§
3 § 4 -3
13 -7 4] 12 § =2 =3 3
Solution
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| = 2 1|
A= |2 -6 § |
3 § 4 -3
Rank of matrix A
= 7 ]
R 7'2 -(»l’ 5~4 1|2 e
NE|[*®— Tide n n |
R, - 3R
3-3 543 4-6 -3-3|
il =1 2 1
=10 -4 1 -l
10 8 -2 -6
1 =1 2 1
R,=10 1 =1/4 1/4 --_::R:
0 8 -2 -6
1 -l1+] -l+2 l+l'
4
R,=|0 1 -1/4  1/4 [R +R,
0 8 =, -6
Lo L 2
4 4
R.=|0 1 -1/4 1/4
08 =2 =6
1o 1 2
4 4 I
R,=10 1 -1/4 IM'ER,
0 4 -1 -3}
|
| B 2 2
4 4
R,=[0 1 -1/4 1/4 |R,-4R,
0 4-4 -]+ -3-]
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10 L 2
4 4
=0 1 -1/74 1/4
00 0 4
1o L 2
A
Re=|0 1 174 1/4]-2R,
00 0 I

] 4 -7
i tetes|? T !
] =2 3
3 -7 4
I -4 =
' R, - 2R,
R = 2-2 =5+8 1+I14 R.
“l1-1 =244 3+7|°° f‘
13-3 -7+12 4+21] ° %
[1 =4 =7]
(o 3 15
0 2 10
10 5 25]

it
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lnl

0

1o

N = 00| LJ|
-~

0 0

3 -1 3 0 -
1 2 -1 -3 =2
let C=
2 3 4 2 5
2 5 -2 -3 3
] 2 -1 =3 =2
3 -1 3 0 -l
R, = R,
2 3 4 2 5
2 5§ -2 -3 3
2 = = =,
T [ T
33 =1=-6 343 0+9 -1+46
K, = = 2R,
2-2 3-4 442 2+6 5+4 >R
2-2 5-4 =242 -3+6 344 |
1 2 -] =3 =2
|10 -7 6 9 5
0 -1 6 8 9
O N O 3 ¥
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= - -

-7

= == R

l
0
0 0
0

~l+]1 6+0 8+3 947

0 3 7

R, +R

-

6 Y 5

=1 =3 =2
7

R, + 7R,
6 I 16 ;

-7+7 6+0 9+21 5+49

= - -

&
& @ w0
=)

10
2 -l
I 0

0 6
0 0

a
C & & s

-2
.
16
54

IR —3R.
11 16 =

30-11 54-16]
-2
7

16
38

-3 =2
3 711
11 16 (19 °
1 2|
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l

0 0 0

-2-14

-3-6

—-1-=0

2=2

~16

6

0 0 -9 -17
3

0

0 0

R +9R,
Rv — 3R‘

l

~17+18
7-6
-1

-9+49
0 3-3

0 0
!
0
0

[

0O 0 0

0

0 0
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Hence the rank of given matrix C is 4.
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