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Ql.

Operation performed on the two-member set G ={0,1) is shown in the

Exercise 2.8

adjoining table. Answer the questions: -

Name the identity element if it exists?

What is the inverse of 17

Mathematics

Is the set G, under the given operation a group? Abelian or nob-Abelian?

@

Solution:

Identity element =0

.8 00 =0

10 = 0P 1=

Inverse of 1 =1

e @I=1@®1=0

The set G ={0,1)

Closvure property holds

0+1=0
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Associative law holds
(0+0) +1 = 0+ (0+1)
0+1] = 0+ (1)
1 = |

Additive inverse exists

Inverse law holds.

141 =0=1+],

S0, set G={0,1}is a group.

Commutative law
O+1 =1+0

I =1

commutative law holds

Hence, set G 1s abeliagn

Q2.

Mathematics

The operation @ as performed on the set {0,1,2,3} is shown in the adjoining
table, show that the set is an Abelian group?

D 0
0 0
] l
2 .
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Solution:

1. Associative property
1 ®23)=(102) 3
1®1=3&3.
2=2

Associative law hold

2 Closure law.
2@ 3= (1 belongs to given table)
3: Inverse law

202=202=0

3dl=193=0

4, Identity exists

0O1=100=1
0B®2=2@2=2
9 Commutative law
Or
1+2=2+ ]
3=3
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So, commutative law holds

Hence, the set is an Abelian group

Q3. For each of the following sets, determine whether or not the set forms o
group with respect to the indicated operation.

Set Operation
I. The set of rational numbers X
ji. The set of rational numbers +
jii. The set of positive rational numbers X
iv. The set of integers +
v. The set of integers. X
Solution:

i. The set of rational number under multiplication.
Set of rational number = Q.
Let a € Q.
ox0=0xa # |

Therefore, the set of rational numbers is not a group w.r.t the binary operahon

multiplication,

ii. The set of rational numbers under addition.

a. Closure property

a+b=c |['.q b, ceQ]

b. Associative property.
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(0+b) + c = a + (b+C) [...a, b, ceQ]

c. ldentity element

a+t0=0+a =0 [..a. b, ceQqQ]

d. Inverse element

a+(-a) = (-a) +a =0 (.. -0, € Q]

e. Commutative property
a+b = b+Q [..a.b. € Q]

Therefore, the set of rational numbers under.

iii. The set of positive rational numbers under multiplication.
Let 'Q' denotes the set of positive rational numbers, the "0 g Q.
I. Closure law

Xy € Q IV X,y € Q]

product of two rational numbers is also positive rational number.

ii. Associative law
(xy) .Z=x.[y.Z) |[¥Xx vy Z€Q]

Product of three rational numbaers is also positive rational number so,

Associctive law hold.
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iii. Identity element

1 €Q IV x € Q]
Qs x=1=x1

Hence, '1'is the identity element of Q'.

iv. Inverse element.
X~-= ] ==X L. X,~ € Q')
X X X

Hence, Q' (positive rational numbers) Is group under multiphcation.

v. Commutative law
X.Y = Y.X [x.y € Q]

It iIs that the group (Q') Abelian group.
iv. The set of integers under addition.
Let '2' be set of integers Z = {0, £1, 2, +3,.....}

Then

I. Closure law

a+b €7 [V a.b € Z]

ii. Associative law

a+ (b+c) = (a+b) +C v a, bell
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iii. Identity element.

o+(-a) = o0 = (-0) +C v a, b,c € Z]

iv. Inverse element
a+(-a) =0 = (-a) +a v a,-a, € ]

Hence integers under addition 1s a croon.

v. Commutative property
o+tb=b+a [V, b, €l]

Hence, this group is Abelian group.

v. The set of integers under multiplication.
Let 'Z' be set of integers then

Z={0 %1, 12 %3.....}
I. Closure law

a.bel IV Q,.b € 7]

ii. Associative law

(a.b).c =a.(b.c) [V a, b el
iii. Identity law
a.l=1=lo[va,elZand | €]
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iv. Inverse element

Q.-= l=-i.o [vo,eondieZ]

Jd

because a , f c?

by this it show, the set of integers under multiplication.

Q4. Show that the adjoining table represents the sums of the elements of the
set {E,0).

What is the identity element of this set? Show that this set is an abelian group.

D E 0
E E 0
0 0 E

Solution:

a. Sum of the elements of the set {E, 0}
Even @ Even = Even
Even @ odd = odd
Odd & even = odd

Odd @ odd = even

b. Identity element

E+E = E = E+E '. 0 € E)

Or E+QO = E = 0+E
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I. closure property
E+0=0 l.". E, O € set]

ii. Associative property
E+(E+O) = (E+E)+0
E+0 = 0+0
E=E

ii. Inverse law
E+E=E
0+0=E

iv. Identity element
E

v. commutiative law
E+0=0+E=0

So, set {E, 0} is o abelian element.

Q5. Show that the set {1, w,w?}, when w?® = 1 is an Abelian group w.r.t. or

multiplication.
D
|
w
w* w? l A
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I. Closure property
1 Bw=w
or w: P =w
Closer property holds
ii. Associative property

wh(w'dl)=168 1

Associative property holds

. Inverse law

Or WP w=
Inverse hold
iv. Identity element

(l)z e | = (1)2

Inverse element
v. Commutative property
w B w’= w?
Commutative property holds

Hence, set (1, w, @*) is an Abelian group w.r.t. multiplication.
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Qé. If G is group under the operation * and g, b € G, find the solutions of the

equations.

a*x = b, x*a =b
Solution:
I. axx=b

multiply a-! by the left side of equation.
a'®(axx)=a'#%Db
('®q)%xx=a'%Db

[..a' % (0% x) = (a' = q) % X]

e¥xX=Q'%Db

[a! ®#a=¢e)
X = (o' % b)
[e ¥ x = x]

Hence. solution of equationisx=qa' # b

X ¥ a=b

Multiply a! by the nght side of equation.
(x®qg)*a'=bD% Q'

x¥ (gxq')=bx g
[..x®Q)]=a'=x% (0% Q')
x¥e=bxqg' ... o * a'=e]

x=bD ¥ (.. x ¥ e=x|
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X=D¥O

Hence, solution of equationisx=b % o'

Q7. Show that set consisting of elements of the form 2+ V3b (a, b being rational),
is an abelian group w.r.t. addition.

Solution:
Let
G= (2+V3b; |.0.be Q). letx, vy, z€ G any three elements of G, such that
x=a+V3b: y=c+3d
z= f+ \3f
{a.b,.c.d. e feQ}
I. closure properties
xty=vu/[..Ue Q]
.. closure property hold
ii. Associative property
(X+y)+Z = 2+ (y+2)
.. Associctive property hold
iii. Since, '0' is a rational number, so, additive identity present in set G.
iv. Since, any x = a+ \/3b € G, then
Xx=-0-Vy3b€eG
S0, iInverse of each element of G'isalsois G.
v. X +y=y+x show that commutative property w.r.t. addition holds is G.

Hence G is acn abelian group w.r.t. addition.
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Q8. Determine whether, (P(S) * ), where * stands for intersection is a semi-group,
a monoid or neither. If it is a monoid, specify its identity.

Solution:

Let '(P(s))’ be the power set of any set 's’ then '@ and s’ will belong to that

set.
..Let = represents intersection then
I. Closure Law

Let A, B € P(s)

Then A * B will contain elements of 's’ because * is multiplication

which will be some subset of 's’ belong to P(s)
ii. Associative Law
Let A, B. C € P(s)
A% BuC)=(AxB)=C

ASAN(BNC)=(AnNnB)nC

iii. As s € P(s)
Theny A € P(s)
SEA = A¥S= A ..SNA=A=AnNA]

-2 s is the identity element
Hence, P(s}) 1Is @ monoid, Therefore, a semi group as well.

Its identity is's’

QY. Complete the following table to obtain a semi-group under *.

= Q b c
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Solution:
Let x , y be required element

=2 In semi-group 'Associative law’ hold
(0 %*C) #0=0% (c*a) |[.. o%Q =]
29 C¥Q =QXC

<2 C¥=D

SO, X =D.

=2 In semi-group ‘Associative law’ hold

(0%Q) % b = o%(a*Q)

cb =g*q |[..c%* Q=]
[c*b = Q]
<2 y=0Q [C % @ = Q]
30, Y =

Hencex=bandy=a

Q10. Prove that all 2 x 2 non-singular matrices over the real field from a non-
abelian group under multiplication.

Solution:

Let 'S’ denotes the set of all non-singular 2 x matrices over the real field.

Then:
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i. Closure law

Ao X Boxs =Cax2 [.'. ABCES ]

ii. Associative law

A. (B.C)=(A.B).C L ABIEES)

iii. Identity Element

loup = [(1) (1)] IS @ non singular matnx.

iv. Inverse law

v. Commutative law
Ai2x2) . Biaxay # Biax2) . Afzx2) .. ABE€S)

S0, by this 'S" the set of 2 x 2 non-singular matrixes over the real field is ¢ non-
abelian group under multiplication.
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