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Exercise 8.1

e Use mathematical induction to prove the following formula for every
positive integer n.

1. 145+9+---4+(4n-3)=n(2n-1)

2. 1+3+5+-—-+(3n—-2)=n*

ni3n-1)
2

3. 1+4+7++(3Bn-2)=

4. 1+2+4+ -+2"1=2"-1

D 1+%+%+...+#=2(1_%)

6. 2+4+6+--+2n=n(n+1)

7. 2+6+18+ -—-+2x3"1'=3"-1)

nin+1)(4n+5)
6

8. 1 xX3+2x5+3x7++nx2n+1)=

nin+l)in+2)

9. 1 xX242%X343X44+4+nx(n+1)=

nin+l){dn+2)

101 X243X445X6+4+4+(2n-1)Xx2n=

3
1 : 1 1 !
11. + + + -+ =1-
1x2 2x3 3x4 nin+l] n+l
1 1 1 1 n
. + +"'+__- =
12 1x3 +3><5 Sx7 (Z2n-1)iZ2n+1) Z2n+1
1 1 1 1 n
13"2x5 t3x8 Toxit T T Ga-)30e2) - Z2(3n+2)
(1~r®)
Mr+ri+r3+--4r"=- 1-;

15.a+(a+d)+(@a+2d)+ -+ [a+ (n—1)d] =§[za+(n—1)d]
161|114+ 2|12 +3|13 4+ +nn=|n+1-1

17.a, =a; +(n—-1)d when,a;,a,;,a; +2d,....forman A.P.
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18.a, = a,r® ' when,a,,a,r,a,r% ....formanG.P.

n(4nf-1)
3

19.12 4+ 32 454 4+ .-+ (2n=- 1) =

20.) + () + (§) + -+ (33 = (*3)

1. 1+5+9+-4+(4n-3)=n(2n-1)

Solution
C-1
Put n=1
[4(1) - 3] = 1[2(1) - 1]
4-3]=[2-1]
1=1
Its true for n=1
C-2
Put n=Kk
1+5+9+ -+ (4k —3) = k(2k - 1) (1)
C-3
Put n=k+1

4(k+1)—3=4k+4-3
=4k +1
Add (4k + 1) both sides in eq. (1), we get
1+54+9+--+(4k—-3)+|4k+ 1] =k(2k—-1)(4k + 1)
=2k’ —k+4k +1

= 2k“ + 3k + 1
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=2k*+2k+k+1
=2k(k+1)+1(k+1)
=2k+1)(k+1)
= [2(k+1)-1](k+1)

Hence; by the principal of mathematical induction the formula is true for all
positive integers n.

2. 1+43+5+---4+(3n-2) =n?

Solution
C-1
Put n=1
[3(1) = 2] = 12
[3=-2]=1
1=1
Its true for n=1
C-2
Put n=Kk
14549+ +(2k—-1) =k? (1)
C-3
Put n=k+1

2n—-1)=[2(k+1)-1]
=2k+2-1
=2k+1

Add (2k + 1) both sides in eq. (1), we get
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145494+ 2k—=1)+|2k+1]=k*+2k+1=(k+1)

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

3. 1+4+7++(Bn-2)=

Solution
C-1
Put n=1
(3(1) - 2] = 1[3(;)-”
3-2)="2
1=}
1=1
Its true for n=1
C-2
Put n=Kk

14447+ -+ (3k=-2)=

C-3

Put n=k+1

3n—2=3(k+1)—2

=4k+3-2=

ni3n-1)

2

K(3k=1)

2

in (3n-2)

3k+1

Add (4k + 1) both sides in eq. (1), we get

14+54+94--+3k=1)+|3k+1] =

k(3k-1)
2
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Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

4. 1+2+4+-..+2ﬂ-l=2a_1

Solution
C-1
Put n=1
2171 =21 — 1
2°=2-1
1=1
Its true for n=1
C-2
Put n=Kk

14244+ -4+2K1=2k_1

- 4B
33‘-2—-'5+3k+1

3k‘~k+6k+2

2

3KL45k+2
r4

3k +3k+2k+2
2

3k(k+1)+2(k+1)
2

(3k+2)(k+1)
2

[3(k+1)=1](ke1)
4

(1)
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Put n=k+1
qn-1 _ k-141 _ 9k
Add (2¥) both sides in eq. (1), we get
14244+ -+ (2¢") 4+ [2k] =2k -1 + 2K
=22%=1
=2k -1

Hence; by the principal of mathematical induction the formula is true for all
positive integers n.

5. 14341+ -+=—5=2(1-5)

20 1
Solution
C-1
Put n=1
e |
F_’le 2]
| |
==21=5
1—
- = 1]
1=1
Iits true for n =]
C-2
Put n=k
14345+ +pr=2[1-5% )
C-3
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Put n=k+1 in (3n-2)

i l 1

2nl_2k-rl!-zk

Add (2¥) both sides in eq. (1), we get

| | | | |
1+;+:+"'+ 1+;—2I1—;]+?

oK
=2_';_x'=2_2k2n

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

6. 2+4+6++2n=n(n+1)

Solution
C-1
Put n=1
2(1) =1[1+1)
2=1(2)
2=2
Its true for n=1
C-2
Put n=k
2+4+6+--+2k=k(k+1) (1)
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C-3
Put n=~k+1 N 2n
2n=2(k+ 1)
Add 2(k + 1) both sides in eq. (1), we get
244464 4+2k+2lk+1]=k(k+1)+2(k+1)
=k*+2k+k+2
=k(k+2)+ 1(k+ 2)
=(k+1)(k+2)
=|(k+ 1)+ 1](k + 1)

Hence; by the prnincipal of mathematical induction the formula is true for all
positive integers n.

7 2+6+18+--4+2x3"1=3"_1
Solution
C-1

Put n

I
—

2x31"1=3-1

2x3'=3-1
2X 1=2
2 =2
Its true for n=1
C-2
Put n=Kk
246+ 18+ - +2x3k1=3k_1 (1)
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C-3
Put n=k+1
2 X 301 =2 x 3k
Add 2 x 3% both sides in eq. (1), we get

24+6+18+--+2.3%14+2x3k=3k—142x3k

=3k(1+2)-1
=3k 3-1
=3|t+l _1

Hence; by the principal of mathemaotical induction the formulo is true for all

positive integers n.

8. 1x3+2x5+3x7+...+nx(2n+1)=w
Solution
C-1
Put n=1
1 x [2(1) 4 1) = EL2ELE
1x [3] = 1(2;(9)
3=3
Its true for n=1
C-2
Put n=k
RO IASXS)

1X34+2x54+3x74+-+kx(2k+1)= = (1)
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C-3
Put n=k+1 iNnNx (2n+1)
nxX2n+1]=(k+ 1)[2(k+ 1)+ 1]
=(2k+3)(k+1)
Add (k + 1)(2k + 3) both sidesin eq. (1), we get

1 X342Xx5+3x7+-+kx2k+1)+|k+1])(2k+3)

N k(k+ 1)(4k +5)

g +(k+1)(2k+ 3)

(K

U [k(4k + 5) + 6(2k + 3)]

6

(K

= S22 [4k? + Sk + 12k + 18]
_ (k+1)

ST

[4k? + 17k + 18]

= <2 [4k? + 8Kk + 9k + 18]

K+

= ——6—-[4k(k +2)+9(k + 2)}

~ -‘%’-[(«m +9)(k + 2)]

k43
6

[[(k + 1) + 1][4(k + 1) + 5]]

Hence; by the prnincipal of mathematical nduction the formula is true for all
positive integers n.

nin+l)(n+2)

9. 1X2+2x34+3x4+-+nx(n+1)= >

Solution
C-1

Put n

|
Y
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1x [2) =22

2=2
Its true for n=1
C-2
Put n=Kk
1x2+2x3+3x4+---+kx(k+l)=w (1)

C-3
Put n=k+1 innx (n+1)
nxn+1)=(k+1[(k+1)+1]
=(k+2)(k+1)

Add (k+ 1)(k + 2) both sides in eq. (1), we get

1X2+2x3+3x4+~+kx(k+1)+[k+1)(k+2) =224

(k+1)x(k+2)

=(k+1Hk+2ﬂ§+3]

= (k+ 1)(k+2) [

3

_ (k+1)(k+2)[(ke1)+2]
3

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

nin+1)idn+2)

10, 1x2+4+3x4+5x6+--+2nx(2n—-1)= :

Solution
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C-1
Put oo
2(1) x [2(1) — 1] =Lﬂ::lﬂ
1 x [2]=(2)3(3)
2=2
Its true for N
C-2
Put n=k
1x2+3x4+5x6+...+2kx(2k_1)=w
C-3

Put n=k+ 1 in 2nx (2n-1)
2nXx [2n=1]=2(k+ 1)[2(k+ 1) - 1]
= [2k+ 2 - 1)2(k + 1)
=(2k+1)2(k+1)
Add 2(k + 1)(2k + 1) both sides in eq. (1), we get

I1X24+3X4+5x6+--+2kx(2k—=1)+2[k+1](2k+1)
~ k(k + 1)(4k - 1)

s +2(k + 1)(2k + 1)

= S [k(4k — 1) + 6(2k + 1))

= 52 [4k2 - k + 12k + 6)

_ (k+1)
T3

[4k? + 11k + 6]

= 2 [4k? + 8K + 3k + 6]
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k+l

l4k(k +2)+3(k+2))

k+1

—I(4k +3)k+ 2)]

k+l

— [k + 1) + 1][4(k + 1) — 1]}

Hence; by the pnncipal of mathematical nduction the formula is true for all
positive integers n.

1. '.%'+}%'+$+"'+nx(:+l}=l-£_f
Solution
C-1
Put n=1
S e
1x|141) 141
-
2 2
Iits true for n=1
C-2
Put n=Kk
$+$+#+"'+kx(:+l)=1_ﬁ ==l
C-3
Put n=k+1 in n(nln)
{ !

nx[n+1) (k+!)|(k+x]+l]
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1
" k+2)(k+1)

1

Add e (ke2) both sidesineq. (1), we get
=t - — e
IX2 2X3 3x4 kKx(k+1) |[k+1)(k+2) h k+1 (k+1)x(k+2)
1 '
e (kn)ll k42
= 1 k+2-1]
h (ke1) | ke2
=1 = |31
= k+1 lk+2
=
N k+2
S =
h (k+1)+1)

Hence; by the principal of mathematical induction the formulo is true for all
positive integers n.

12. ;—i;-i- ;;:—5"*’ ;i‘;"' +m ==
Solution
C-1
Put n=1]
1 1

(2(0)=1][2(1)+3]  2(1)+1

i i

(1)(3) 3

W -
|
W »

l
[

Its true for n

C-2
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Put n

I
r

% ___— & (1)
(2k+7)(2k+1) 2k+1

C-3

Put n=k+1 L (2n-1)(2n+1)

1 1
(2n=1)[2n+1]  [2(k+1)-1)[2(k+1)+1]

1
T [2k42-1][2k 42+ 1)

1
“(2k+3)(2k+ 1)
Add m both sides in eq. (1). we get
Sttt T oy o B
B (zkkﬂ) Ik 5 zlr.t+3]

= 3 zkhaknl
T (2k+1) | 2k+3

_ 1 I_z_k%guml]
2kl 2k43

_ 1 [2k(k+1)+1(k+1)
T 2k+1 2k+3

k+1

T 2k43

k41 ]

2(k+1)4+1

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

1 1 1 1 -
13. 2%5 + 5x8 + 8x11 L (3n-1)(3n+2) 2(3n+2)
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Solution
C-1
Put n =1
1 1
(3=1)(3¢2)  2(3+2)
11
10 10
Its true for n=1
C-2
Put n = K
1 1 1 1 k
s Tse T Tt (3k-1)(3k+2) _ 2(3k+2)
C-3
|
Put n=k+1 ST
B N—, | S—
(3n=1)[3n+2] [3(ke1)=1][3(k+1)+2)
S
T [3k+3-1][3k+3+2)
1
" (3k4+ 2)(3k + 5)
| > -
Add Gk Siaks2) both sides In eq. (1), we get
1 1 1 1 1
2xs T sxe Taxnr T Y GRenoKez) | keS| (3Ke2) . 203K42)

k

www.topstudyworld.com

T 2(3k+2) < (3k+2)(3k+5)

1 I.I_(.
T 3k+2) 12 T (3k+5)

1 K(3k+5)+2
T (3k+2) | 2(3k+5)

(1)

(3k+5)(3k+2)
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1 [3::245“2'
(3k+2) 1 2(3k+5)

Ik e3k42k+2
2(3k+2)(3k+5)

3k(k+1)+2(k+1)
2(3k+2)(3k+5)

(3k+2)(k+1)
2(3k+2)(3k+5)

k4l
T [3(k+1)-1]

Hence; by the principal of mathematical induction the formula is true for all
positive integers n.

14 r+ri+ri+.-4r= r(:::.)
Solution

C-1

Put n=1

o=
_ rl1-r)
1=r
r=r

Its true for n=1
C-2

Suppose the statement is true for

n=K+€EN
e, r+ri4rdi+oa4rk ='(:::k) (1)

C-3
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Put n=k+1

r{1-r%*1)

g=F

r+ri+ri¥+.-4+r¥! =

to prove thot it 1s true or n=k+1

Add r**! both sides in eq. (1), we get

r{1-r¥)
l=T

r+ré4r¥+. . +rk4rktt = + K+t

r(1-r%)¢r¥*(1-r)

1-r

r-(1-r%*3)

1=r

Hence; by the principal of mathematical induction the formula is true for ol
positive integers n.

15. a+(a+d)+(a+2d)+»--+[a+(n-1)d]=;-'[Za+(n-1)d]

Solution
C-1
Put n=1
a+(1-1)d =§lza+(1 - 1)d]
a= %(Za)
d=4d
Its true for n=1
C-2
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Suppose the statement is true for

Put n=k
a+(a+d)+(a+2d)+-+[a+ k- 1)d) =2[2a+ (k- 1)d) (1)
C-3

To prove that it is true for n=k+

Put n=k+1
a+{a+d%bm+a+kd=%;na+ﬂk+IL;UM
Add a + kd both sides in eq. (1), we get

a+@+d)+-+[a+(k-1)d +a+kd=>[2a+ (k- 1)d] +a+kd

=§|2a+kd-d|+a+kd

=ak+—"-=+a+kd

P |
2
kd k*d

=a+ak+?+7

=a(k+l)+%"-(l+k)
=a(k+1)+';—"(k+1)

="—;'-[Za+kd]

(k

;” [2a + [(k+ 1) —1]d]

Hence; by the principal of mathematical induction the formulo is true for all

positive integers n.

16. 1.1142.2!433!+-+nn=n+1)-1

Solution
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C-1
Put n=1
.1 =[141)~-1
1=(2)!-1
1=2-1
1=1
Its true for n=1
C-2
Suppose the statement is true for
n=KeEN
e, 1.11+22!14+33!'+--+kkl=(k+1)-1 (1)
C-3

To prove that it is true for n=k+1

Add (k + 1)(k + 1)!To both sides in eq. (1). we get

1.'4+22'4+33'++kk+|k+1)(k+1)=(k+1)=-1+(k+ 1)+ 1)

Hence; by the prnincipal of mathematical induction the formula is true for all

positive integers n.

17. a,=a;+(n-1)d

Solution

=(k+1)04+(k+1)(k+1))-=1
=(k+1)!(1+k+1)-1
=(k+1)(k+2)-2

=(k+2)!-1
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when, a,,a,,a, + 2d, ....forman A. P.

C-1
Put n=1
a;=a, +(1-1)d
a, = a,
Its true for n=1
C-2
Suppose the statement is true for
n=Kk
e, ay=a,(k-1)d (1)
C-3
Put n=k+]

ey =ay +(k+1-1)d
= a; + kd
To prove that it is true for n=k+1
Add d To both sides in eq. (1), we get
ay+d=a,+(k-=1)d+d
=a;+kd-d+d
= a, + kd
=a, +[|(k+1)-1]d

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

18. a, =a,r*!
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Solution

when, a;, a,r,a,r%, ....forman G. P.

C-1
Put n=1
a;=a +r’
a,; = a,
Its true for n=1
C-2
Suppose the statement is true for
n=k
Q. Ay ma, sl (1)
C-3
Put n=k+ |

3p = digy = ajreT

a, =a,r"?
Multiplying both sides of eq. (1) by n, we get
ayl = a,r<Lr

— k+1-1
dgs1 = dgT

- a,r“‘*”"

Hence: by the principal of mathematical induction the formula is true for all
positive integers n.

2.
19. 12+32 +52 +...+(2n_1)2 ="£“"3 1!
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Solution
C-1
Put n=1
[2(1) - 17 = 2
2-1)2 ===
(1)? ==
1=1
Its true for n=1
C-2
Suppose the statement is true for
n=KeEN
1¢ + 3¢ +5¢ + -+ (2k — 1)¢ ="“";") (1)
C-3
Put n=k+1
To prove that it is true for n=k+1
Add (2k + 1)* both sides in eq. (1). we get
1243454 4+ 2k-1)*4+ 2k + 1) =w+(2k+ 1)®

k(2k+1)(2k-1) +(2k+1)?

3

FED k(2K + 1) 4 3(2k + 1))

(2k+1)
3

[2k? — k + 6k + 3]

2k*112k2 + Sk + 3}

3
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=-"%“--[zkz + 2k + 3k + 3]

—f " [2k(k + 1) + 3(k + 1))

= 2"3" [(2k + 3)(k + 1))

_ (K+1)(2k+3)(2k+3)
3

= 2 [4K? + 2k + 6k + 3]

=%[4k2 + 8k + 3]

kK+1
-—[4k2+8k+4—1]

+2k+1)-1]

= <! [k + 1)7 = 1]

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

20. (;) + (;) - (g) 4o (n;Z) - (u:Z)

Solution
C-1
Put n=1
[l + ZI _ [l + 3]
31 =[]
Its true for n=1
C-2
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Suppose the statement is true for

Put forn=k

3+ 1+ B+ -+ 437 = 3] - ()
C-3

Put n=k+1

B W R ey B b
To prove that it is true for n=k+1

Add [k; 3] both sides in eq. (1), we get
B+ [+ B+ -+ 58« <43 = (<53 [37)

=[k:4] (1) + (2 1) =
(r+1)

[(k+;)+3]

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

21. Prove by mathematical induction that for all positive integer values of n

(i) n‘ + nisdivisible by 2. (i) 5" — 2" is divisible by 3.

(i) 5" - 1isdivisible byd. (iv) 8 x 10* - 2is divisible by 6.
(v) n?—nis divisible by 6.

1 1 1 1 1
2. jtmptetu=;(1-3)

(«1)" "n(ne1)

23. 12-22432-4245%4. -4 (1)1 =n’= =

24 1°-33+53 4.4 (2n-1)° =n?[2n?* - 1]
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25. x+ lisafactorof x*® —1;(x= -1)

26. x-yisafactorof x" —y";(x2y)

27. x+ ylsafactorof x¢?-1 4 yén-1; (x z —y)

Solution
(i) n*+ nisdivisible by 2.
C-1 Put n=1
(1) +1=1+1=2
Clearly 21s divisible by '2'.
Thus statement is true for n =1
C-2 suppose statementistrueforn=keN
.e. k¢ + kis divisible by 2
= k® + k = 2(q), where "g'is some quotient
C-3nowwewanttoproveforn=k+ 1
ie. (k+ 1) + (k + 1)is divisible by 2.
Or (k+1)+(k+1)=2(some quotient)
Consider (k+1)*+(k+1)=k*+2k+1+k+1
=(k*+k)+2k+2=k(k+1)+2(k+1)
= 2(q) + 2(k + 1)(~ k(1 + 1)is an even integer)
= 2(q+ k+ 1); whereq+k + 1 is some quotient
= 2 (some quotient)
= (k4 1)° 4+ (k + 1)is divisible by 2.

Truth for n=k implies the truth for n=k+1
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Hence by the principle of mathematical induction the statement is tfrue for

all positive integral values of n.
(i) 5™ - 2" is divisible by 3.
C-1 Put n=1
8} -2'=3
Clearly 3 is divisible by '3'.
Thus statement is true for n=1
C-2 suppose statementistrueforn=ke N
.e. 5% - 2¥isdivisible by 3.
=  5¥ - 2% = 3(q), where *q'is some quotient
C-3now we wanttoprove forn=k + 1
Le.  5K*1 — 2K*ligs divisible by 3.
Or  5%&*1 _2k*1 = 3(some quotient)
Consider  5k+1) _ 2k+1 = g5 gk _ 2 2k
= (3 + 2)5% - 2.2%
= 35% 4 25% = 2.2*
= 3.5% 4+ 2(5* - 2%)
= 3.5% + 2.3(q) = 3(5* + 29)
= 3 (some quotient)
= 5k+1 _ 2k+1ig divisible by 3.
Truth for n=k iImplies the truth for n=k+|

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n,
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(i) 5% —1is divisible by 4.
C-1 Put n=1
S'=1=4
Cleaorly 4 is divisible by '4’,
Thus stoctement is true for n = 1
C-2 suppose statementistrueforn=keN
l.e. 5% —1isdivisible by 4.
= 5% —1 = 4(q), where 'q’is some quotient
C-3nowwewanttoproveforn=k+1
.e. 5%*!'_—1 isdivisible by 4.
Or 5% =1 = 4(some quotient)
Consider 5%'-1=55%-1=(4+1)5%-1
=455+ (5% -1)
= 4.5% + 4(q) = 4(5% + q)
= 4 (some quotient)
= 5%*1 — 1 isdivisible by 2.
Truth for n=k iImplies the truth for n=k+1

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n.

(iv) 8x10" - 2 is divisible by 2.
C-1 Put n=1

8x10' -2 =80-2=78=6(13)
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Clearly 78 is divisible by ‘6",
Thus statement is frue for n =1
C-2 suppose statementistrueforn=ke N
L.e. 8x10% — 2is divisible by 6
- 8 x 10¥ — 2 = 6(q), where "q'is some quotient
C-3 nowwewanttoproveforn=k+1
.e. 8x10%"! — 2is divisible by 6.
Or 8x 105" — 2 = 6(some quotient)
Consider 8 x10%** -2
=8x10%10-2
=10x 8% x 10 =2+ 20 - 20
=10x8%x10* -2+ 18 = 10{8 x 10* - 2} + 18
= 10{6(q)} + 6 x 3; where g is some quotient
= 6{10g + 3} = 6 (some quotient)
= 8 x 10%*! — 2is divisible by 6.
Truth for n=k implies the truth for n=k+1

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n,

(v) n'+ nisdivisible by é.
C-1 Put n=1
nN-n=(1°-1=0

Clearly O is divisible by '6'.
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Thus stctement is true for n=1
C-2 suppose statementistueforn=ke N
.e. k?*-kisdivisible by é
= k* — k = 6(q), where "q'is some quotient
C-3now we wanttoprove forn=k + 1
.e. (k+ 1) = (k+ 1)is divisible by 6.
Consider (k+1)’—(k+1)=k*+3k*+3k+1—-k-1
= (k’ — k) + (3k* + 3k)
= (k* = k) + 3k(k + 1)
=6(q) +3(2m)Qk(k + 1) = 2m = an even integer
= 6q + 6m
= 6(q + m)where (q + m) is an integer.
= (k+1)? — (k + 1)is divisible by 6.
Truth for n=k implies the truth for n=k+1

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n.

1,1 3. _ A5 _ 3
2. segttgugli=g
Solution
C-1

Put n=1
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l_l
3 3
Its true for n=1
C-2
Suppose the statement is true for
n=keEN
; 1 1 i _ 1 _L
ie. 4L+t g=2l1-3 ()
C-3
Put n=Kk+1
To prove that it is true for n=k+1
: 1, 1 2 _ s 1
e, e mmmai= o
Add 3:,,, both sides in eq. (1), we get
1 1 1 1 1 1
ERS AR bl U
1 i 1
-;Il—? N
i i 1 3 3 | | i\ 1! H 3=~2 ! | il 1
B ] 31'=s'(5';)§=3‘ Tsm-z-lzs—r

Truth for n=k implies the truth for n=k+1

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

n(~1)* Y(n+1)

23. 12-224+32—-4°+...4(-1)""'n* = :
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Solution
C-1
Put n=1
_at 3
(1)? = 1[~-1] z(un
0
1 = 1(-12) (2)
1 =
Its true for n=1
C-2
Suppose the statement is true for
n=KEN
12 -22 +32 — 4% 4+ - + (-1)* 1(K)?
- K(-1)% 1(k+1)
=
C-3
Put n=k+1
.e. 12 - 22 4 3% — 4% 4 o § (= 1K(K + 1)? = KRLEVCeD

Add (-1)*(k + 1)? both sides in eq. (1), we get

{12 +324+52 4+ -+ (—D*(k+ 1)} + (-D)*(k+1)* =

kK(k+1)(-1)¥*(k) ?

S—

k(-=1)*"'(k + 1)

2

_ (=1)¥(=1)k(k+1)

=(-1)*k+1) {-'5‘-4- (k + 1)}
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= ("'l)k(k +1) {-k+:k+2]

((=1)%(k+1)(k+2))

= 1)K k+2] _
-(1)(k+1){2} -
Truth for n=k implies the truth for n=k+1

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

24, 1°+3*+53+.-+(2n-1) =n*(2n*-1)
Solution
C-1
Put n=1

[1)° = 1%[2(1)* - 1]

1=1[2-1]
1=1
Its true for n=1
C-2
Suppose the statement is true for
n=keEN
1° 4+ 33 4+5 + -4+ (2k = 1)° = k?(2k* - 1) (1)
C-3
Put n=k+1

To prove that it 1s true for n=k+|
1’43745+ -4+ 2k = (k+1D)Q2k+ 1) -1

Add (2k + 1)® both sidesin eq. (1), we get
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143 +5%4+ -+ 2k=1)P+2k+ 1) =k*(2k* = 1)+ (2k+ 1)°
=2k* —k?*+8k*+ 12k + 6k + 1
= 2k* + 8k® + 11k’ + 6k + 1
= 2k* + 2k® + 6k® + 6k® + Sk* + Sk+ k + 1

=2k*(k+1)+6k*(k+ 1) +5Sk(k+ 1) +(k+
1)

= (k 4+ 1)[2k® + 6k* + S5k + 1]}
=(k+1)2k®+2k*+4k* +4k+ (k+1)]
=(k+1D[(2k*(k+ 1) +4k(k+ 1)+ (k+1)]
= (k+ 1)°[2k* + 4k + 1]

Truth for n=k iImplies the truth for n=k+|

Hence; by the principal of mathematical induction the formulo is true for all

positive integers n.

25. x+ 1lisafactorofx’®—1;(x% —1)
C-1 Put n=1
XN=1=xX)=-1=x+1x-1)

Clearly (x + 1) is @ factor of (x¢ - 1)

Thus statement is true for n =1
C-2 suppose statementistrueforn=keN
.e. (x+1)isafactorof (x** - 1)
= k* — k = 6(q), where "q’ is some quotient
C-3 now we want to prove that statementis trueforn=k + 1

e, (x4 1) is afactorof(x?%*% ~1)
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Consider x#**? -1 =x%x%*-1
={(x2=1)+ 1}.x2% =1
= (x%2 = 1).x2k 4 x?k - 1
= {(x + 1)(x — 1).x2K} + x2k -1
Now (x+ 1) isafactorof {(x + 1)(x — 1).x%k}
And (x+ 1) isafactorofx?* —1 (Q x*=-1=(x+1)
= (x+1) isafactorof {(x + 1)(x — 1).x**} + {x** — 1}
= (x+1) isafactor of {x***¢ - 1}

Truth for n=k implies the truth for n=k+]

Hence by the principle of mathematical induction the statement is true for
all positive integral values of n.

26. x-—yisafactorofx" —y";(x#y)
C-1 Put n=1
X" =y =xl =yl =(x~-y)

Clearly (x — y) is a factor of (x — y)

Thus statement is true for n=1
C-2 suppose statementistrueforn=ke N
.e. (x—=y)iscfactor of (x* — y*)
= xk —y¥ = (x = y)(q), where "q’is some quotient
C-3 now we want to prove that statement is true forn =k + 1
.e. (x—y)is afactor of (x**! — yk*1)

Consider  xK*! —yk*1 = x xk — y y¥
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=x.x*=x*y+xky—y.y*

= (x—y)x* 4+ (x*=-y")y
=(x—-y)x*+ (x—-y)gy
= (x—y)(x* —qy) where [x* — qy] is some quotient
kel _ ke

= (x—y) isa factor of {x

Truth for n=k implies the truth for n=k+1

Hence by the principle of mathematical induction the statement is frue for

all positive integral values of n.

27. x+ ylisafactorof x?"1 4 y?n=1;(x  —y)
C-1 Put n=1
X201 4yt = x271 4 g2 = (x 4 y)

Clearly (x + y) 1s a factor of (x +vy)

Thus statement is true for n =1
C-2 suppose statementistrueforn=ke N
e. (x+y)isafactor of (x3*°! 4 y2k1)
=  x**1 4yl = (x4 y)(q), where *q’ is some quotient
C-3 now we want to prove that statement is true forn =k + 1
.e. (x+y) is afactorof (x?¥*! + y2k+1)
Consider x3xHY g R0

= x2k+2-1 4 yZk+2-1

2k-1 _ 42 2k-1

= x2.x2%"1 4 x2y y2h-l goy2 g
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- (x.'{k—-l 4+ },'.’.k-l)_x’.{ ~ (x2 - y.'.!)y:k-l

= (X + y).x2q — (x + y)(x — y)y?*~!
= (X + }r)(xl‘q = (%= y)yzk--:)
= (x+y) isafactor of{x-”“‘l = y£k+1]

Truth for n=k implies the truth for n=k+|

Hence by the principle of mathematical induction the statement is true for
all positive integral values of n.

28. Use mathematical induction to show that
14+24+2°4 -4 (2)"= (2" - 1)forall non — negtive integers n.

29. If A and B are square matrices and AB=BA, then show by mathematical
induction that AB™ = B" A for any positive integer n.

30. Prove by the mathematical induction that n¢ — 1 is divisible by 8 when n is
an odd positive integer.

31. Use the principle of mathematical induction to prove that Inx” = n Inx for
any integer n= 0 if x is a positive integer.

28. Use mathematical induction to show that

1+2+2°4+--+(2)" = (2""!' —1)for all non — negtive integers n.

Solution
C-1
Put n=1
1 = [2° - 1]
1=1
Its true for n=1
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C-2
Suppose the statement is true for
=KkEN
14242244 (2 = (2% - 1) (1)
C-3

Now we want to prove that it is true for n=k+ |
1424224+ (2) =2K2 -
L.H.S. =14+2+2%+ -+ (2)*"!
={142+2%4 .+ 2¥}(2)*"!
— 2kH =l zkol
= 2.2%%1 — 1 = 2%*2 _ 1=R.H.S.
Truth for n=k iImplies the truth for n=k+|

Hence; by the principal of mathematical induction the formula is true for all

positive integers n.

29. If A and B are square matrices and AB=BA, then show by mathematical
induction that AB™ = B™ A for any positive integer n.

Solution
C-1
Put n=1
AB' = B'A i.e. AB=BA
Its true for n=1

C-2 Suppose the statementistrveforn=keN

AB* = BXA
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C-3 Now we want to prove that it is true for n=k+1
ABRH — BkﬂA
L.H.S. = ABKk*!
= AB¥B = (AB¥)B = (B*A)B
= B*(AB) = B*(BA) = (B*B)A
= B*¥*1A=R.H.S.
Truth for n=k implies the truth for n=k+1

Hence; by the prnncipal of mathematical induction the formulo is true for all

positive integers n.

30. Prove by the mathematical induction that n® — 1 is divisible by 8 when n is
an odd positive integer.

Solution
C-1 Put n=1
n—-1=(1)°*-1=0

Clearly O is divisible by '8'.

Thus statement is true for n =1
C-2 suppose statement is true forn = k € N where k 1s odd
.e. k#-=1isdivisible by 8
= k‘ — 1 = 8(q), where "q’is some quotient
C-3 now we wantto prove forn =k + 2
.e. (k+ 2)° — lis divisible by 8.
Consider (k+2)-1

=k“+4k+4-1
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=(k‘—=1)+4k+ 4
= 8(q) +4(k+ 1)(~ (k+ 1) isan even integer)
= 8q + 4(2m); where mis an even integer.
=8q+8m=8(q+m)

= (k+ 2)° =1 isdivisible by 8.

Truth for n=k iImplies the truth for n=k+1

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n.

31. Use the principle of mathematical induction to prove that In x" = n In x for
any integer n= 0 if x is a positive integer.

Solution
C-1 Put n=1
LH.S=Inx" = Inx"”
=In(1) =0
R.H.S = nilnx = Olnx
Clearly 0 = 0.
Thus statement is true for n=1
C-2 suppose statement is true forn =k
i@, Ink¥=lAnk 3z 0000 sscesssssssssssssieisiss (i)
= k? — 1 = 8(q), where 'q’is some quotient
C-3nowwewanttoproveforn=k+ 2
e, Inx**! = (k+ 1)nx

Adding ‘nx' on both sides of (i), we get
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Inx* 4+ nx = kinx + nx

Ln(xk.x) = (k + 1)Inx

Inx**? = (k + 1)Inx

Truth for n=k implies the truth for n=k+|

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n.

Use the principle of expended mathematical induction to prove that:

32. n!>2"-1forintegral value of n > 4
Solution
C-1 Put n=4
LHS n!l=4!
= 4.32.1 =24
R.H.S 2"—-1=2%-1
16—1=15
Thus stctement is true for n = 4
C-2 suppose statement is true forn =k
k! > 2% -1

C-3nowwewanttoproveforn=k + 1

LHS =(k+1)!
= (k + 1)k!
= (kd! 4 k!)
We know that = k12* -1
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= k(2% -1) + k!
= 2k*1 — 1 4 (k! — 1)2%*! =1

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n= 4.

33. n‘’>n+3forintegral value of n > 3

Solution

C-1 Put n=3
LH'S n*=3¢=0
R.H.S n+3=3+3=6

Thus statement is true for n = 3
C-2 suppose statement is true forn =k
kS Ek#3 0 essssssevess (i)

C-3nowwewanttoproveforn=k+1
(k+1)*>k+1+3
(k+ 1) >k+4

Adding (2k+1) both sides of (i)

We get
k24 (2k+ 1) > (k+ 3) + (2k + 1)
k+2k+1>k+3+2k+1
(k+1)>3k+4
(k+1)*>3(k+1)+1

Hence by the principle of mathemctical induction the stctement is true for all
positive integral values of n= 3.
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34. 3" >34 2" !forintegral value of n > 2
Solution
C-1 Put n=2
LHS 4n=42=16
R.H.S =i 3% 20"
=9%2'=942=11
Thus statement is true for n = 2

C-2 suppose statement is true forn =k

4553028t

Multiply eq. (i) by 4
4.4% > 4.3% 4 4.2%1
4k+1 5 (3 4 1)3k 4 22, 2k+1

4k+l > 3k+1 ik 2k+3 ok 3k

4R¥V 5 N1 5 2%+ {3 55 0 /as k 50]

4k+l > 3k+1 4 2k+3
4k+l > 3k+1 + 4' 2k+l
4k+1 > 3k+1 4 (3 T l)2k+1

4k+l ~> 3k+1 + 3' 2k+l + 2'(4'1

g+l 5 3k+1 4 ok41 4 [9k41 5 2Kfork = 2]

4|(+'l ~> 3k+1 + 2(1(0'1)-1

Mathematics

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n= 2.
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35. 3" < n!forintegral valueofn > 6
Solution

C-1 Put n=7

R.H.S = n!

= 7.65.4.3.2.1 = 5040
Thus statement is true for n=7
C-2 suppose statement is true forn = k
3" < n!
IEEK asssssasesss (i)
Multiply eq. (i) by 3

3K+« !

3k+1 < 3k! [3<k+1ask < 6]

3k < (k+ 1)

n3 < n! [it is true forn =k + 1

Mathematics

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n> 6

36. n! > n‘forintegral value of n = 4

Solution

Put n=4
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LHS n! =4
= 4.3.2.1 = 24
R.H.S n“=(4) =16
Thus stotement is true for n = 4
suppose statement is true forn = k
U O — (i)
multiply (1) by (k + 1), we get
(k+Dk!>Kk%k+1)>(k+1D(k+1) [ask!>k+1
(k+1)! > (k+1)°
It is true for n=k+1

Hence by the principle of mathematical induction the statement is true for

all positive integral values of n= 4.

37. 3+5+7+ +(2n+5)=(n+ 2)(n+4) for integral values of n > 1
Solution
Put n= -1

2(-1)+S=(-1+2)|-1+ 4]

-2+45=1(3)
3=3
Its true for n=-1
Let us suppose thot n=Kk
34+5+7+ -+ (2k+5)=(k+2)(k+4) (1)

Add (2k + 7) both sides in eq. (1), we get
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3+5+74+--+(2k+5)+|2k+7)=(k+2)(k+4)+ (2k+7)

=k?*+6k+8+2k+7

= k* + 8k + 15

= k® + 3k + 5k + 15

= k(k + 3) + 5(k + 3)

= (k + 3)(k + 5)

=[(k+1)+2][(k+ 1)+ 4]
It is true for n=k+1

Hence; by the principal of mathematical induction the formulo is true for all

positive integers n= 1.

38. for any positive number ‘x’ (1 + x)™ = 1 + nx for any positive integral n = 2

And x>-1
Solution
Put n=2
LHS (14 xX)"=(14x)> =142x+x*
And
R.H.S =14+nx=1+2x
Thus statement is true for n = 2
suppose statement is true for n = k
(l+x)kSTHkx  cssessssss (i)
Multiply eq. 1) by (1 + x)

(141 +x)=2(1+kx)(1+Xx)
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(14> 14 x4+ kx+kx?
(14+x)%*>14+(k+ 1)x+ kx?

(14 x)** > (k+ 1Dx + 1 4 kx?
(1+x)**!'>(k+ 1x+1 [askx? >0 for k > 2]
It is true for n=k+1

Hence by the principle of mathemcatical induction the statement is true for all
positive integral values of n= 2 and n>-1.
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