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Chapter 4

Partial Fractions
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In this unit, students will learn how to:

e Define proper, mproper and rational fraction.
e Resolve an algebraic fraction into partial fractions when its denominator

consists of

o Non-repeated linear factors,

o Repected linear factors,

o Non-repected quadratic factors,

o Repected quadratic factors.

Fraction:

The quotient of two numbers or algebraic expressions is called a fraction. The
quotient is indicated by a bar (—). We write, the dividend on top of the bar and

Xr 42 : .
IS fractionwithx-2#0.lIfx=-2 =

the divisor below the bar. For example, =
> B

0. then the fraction is not defined because x -2 = 0 = x = 2 which mgake the

denominator of the fraction zero.

Rational Fraction:

N(x)

D(r) where N (x) and D (x) are polynomials in x with
X

An expression of the form

real coefficients, 1s called a rational fraction. The polynomial D (x) # O In the

X 4 2. . -
X +3 nd . are rational frochions.

expression. For example, .. a
(_x+l)‘ (_.‘l’+2) (.\’-I)(.\'+2)

Proper Fraction:
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N(x )

D(x)

A rationol froction

with D (x) # 0 is called a proper fraction if degree of the

polynomial N (x) in the numerator is less than the degree of the polynomial D (x)

D y L= 2
in the denominator. For example, —. = 2 and ——————
x+1 x+4  (x-1)(x+2)

are proper fractions.

Improper Fraction:

N(x)
D(x)

A rational fraction

with D (x) # O is called an improper fraction if degree of

the polynomial N(x) is greater or equal to the degree of the polynomial D (x).

Sx 3x° +2 6x'

- ,—— Qre improper fractions.
x+2 x+7x412 x 4]

e.g..

Every improper fraction can be reduced by division to the sum of a polynomial
and a proper fraction. This means that if degree of the numerator is greater or
equal to the degree of the denominator, then we con divide N (x) by D (x)
obtaining a guotient polynomial Q (x) and o remainder polynomial R(x), whose
degree is less than the degree of D (x).

.’\"(.r)= Q (x)+ R(:r?

D(x) D(x)

Thus with D (x) # 0. Where Q (x) is quotient polynomial and

R(x). : x o+
~1s ¢ proper fraction. For example,

IS an improper fraction.
D(x) x+1 S

x +1 2 . . . x4
= (x -1) + —, 1.e., an mproper fraction,
x+1 x+1 x+1

has been resolved to @

P,
quotient polynomial Q (x) = x - 1 and o proper fraction 'x;+l'
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Resolution of Fraction into Partial Fractions:

s SIS
Consider ! T "].i a set of three fractions each of which is prefixed by o
) G > of X

positive or negative sign. It is easy to find a single fraction. which is equal to the

sum of these fractions.

2 - 2xl x — - =
i e e e i Y x(x+1)-2x(x-1)+4(x-1)(x+1)
x=-1 x41 x x(x=1)(x+1)
CXTHX-2x +2x44x° -4
) x(x=1)(x+1)
B 3x° +3x-4
x(x=1)(x+1)
: . 3x“ +3x-4 . - , | |
The single fraction Y ])- is the simplified form of the given fractions and is
4 &= X+
: - : ] =2 4
known as resuvltant fraction. The given fractions E— and — ore called
X—1 X+ X

components or partial fraction.

N(x)

D(x) with D(x) # 0 can be resolved into an algebraic sum
A Y

Every proper fraction

of partial fractions as follows:

Resolution of an algebraic fraction into partial fractions, when D(x) consists of non-
repeated linear factors:

Rule I:
If inecr factor (ox + b) occurs as ¢ factor of D(x), then there is a portiol fraction of

.
L

the form where A is g constant to be found.

ax+ b

;\:(.\')
D(x)

In the polynomial D(x) may be wnitten as,
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D(x) = (aix + bi){ax+b2)....... (0n X + bn) with all factors distinct,

-!\; r - N L ¢
we have, ( ¥) = 4 + - + 4 | prrTr + i ;
D(x) ax+b a,x+b, a,x+b, ax+b,

where A\, Az, ... A, are constants to-be determined.

Note:
N ( .1') :

General method applicable to resolve all rational fractions of the form D(x) IS QS
X

follows:

(i) The numerator N(x) must be of lower degree than the denominator D(x).

(i) If degree of N(x) is greater than the degree of D(x), then division i1s used

and the remainder fraction R(x) can be broken into partial fractions.
(i) Make substitution of constants accordingly
(iv) Mulliply both the sides by L.C.M.
(v) Amange the terms on both sides in descending order,

(vi) Equate the coefficients of like powers of x on both sides, we get as many
as equations as there are constants in assumption,

(vii) Solving these equations, we can find the values of constants.
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