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Cube roots of unity and their properties
The cube roots of unity:
Let a number x be the cube root of unity,

|
e x=0F
Solution :
or =
— x -1=0
(x) -(1) =0
(x=1)(x"+x+1)=0 [usinga‘~b’=(a—-b)(a:+ab+b:)]
Either x-1=0 or X¥+x+1=0
o aoi iy s

2(1)
-1+ f1-4 -1:J=3 -1+i3

N o — T ee——

2 2 2

Three cube roots of unity arc

). = +_:J§ and == '\6 . where i“ﬁ

2

.
Recognize complex cube roots of unity as ¢’ and @ :

-1+4-3 -1-4-3

The two complex cube roots of unity are 2 and 2

If we name anycne of these as w (pronounced as omega), then the other is @
Properties of cube roots of unity:
(a) Prove that each of the complex cube roots of unity is the square of the other.
Proof:

“1+4J-3 ~1-4/-3
The complex cube roots of unityare 2 and 2

Wwe prove that
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Solution :
-1:JF3) _=1=J=3 : -1-J3)  -144=3
2 2 o TJ 2
_I+J-—3.‘:-|+(*3)—2J3 _|_J__3- :_*l+(-—3)+2 -3
Ty | T ==
=2-2y/-3 C=2+24-3
4 4
2(-|-J3) 2(“'*‘/3,)
4 4
_ =l=y=3 C=l+4f-3
- s e

.- [

Thus, each of the complex cube root of unity is the square of the other, that is,

-144f-3 , =1=4f=3 -1-4/-3

if o= - Jhen @™ = and 1if @ = then

tJ

£ —

~14/-3

@ =- —
2

(b) Prove that the product of three cube roots of unity is one.

Proof:

Solution -

Three cube roots of unity are

l =1+4=3 =1-4=3
T .2- "

— il

f-l+’ﬁ][-—l—ﬁ)

The product of cube roots of unity =(1 )L s

L

_("):"('J"_:;):_-I—(—.?) 143
- 4 T4 4

S s
-

1e.. (l)(m)((uz ) =lorw =)

(c) Prove that each complex cube root of unity is reciprocal of the other.

Proof:
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We know that @ =1 — w.m =1.50
| s |
(1) = w— or () = =
() 0,

Thus, cach complex cube root of umity 1s reciprocal of the other.

(b) Prove that the sum of all the cube roots of unity is zero.

e |1+to+w® =0

Proof:

The cubce roots of unity arc

—l+ﬁ o =

2 ' 2
if = f.rhm Q) S

The sum o all the roots = 1+@w+®’

-I+J7 —l—-J—-—

ir

;4+JT¥|~J_ 0

. 2 =3
Thus 1+ete” =0
We can casily deducc the following results, that s
(7) It =~ (i) li+w=-0" (i) ote’ =-]

Exercise 2.2

1. Find the cube roofs of -1,8, -27,64.
(i) The three cube roofts of -1

Solution:
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Letx’ =-1
(x) +(1) =0
(x+1)(x =x+1)=0

Either x+1=0

XxX=~]

or X =-x+1=0

Herea=1.b=~l.c=1

Using quadratic formula

. ~b+Jb* - dac

(D) -4

' 2(1)

t__l:Jl—_d

T2

t_l-:ﬁ

T2

r-“ﬁ _!-E

X = 5 or X = 5

{253) {255
2 2

Three cube roots of -1 are -1.— @, —@"

(ii) The three cube roots of 8

Solution:

Letx’ =8
x —8=0
(x) =(2) =0

(x - 2)(‘.\"' +2x+4)=

0
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Either x-=2=10 or x> 4+2x+4=0
X=2 Herea=1b=2.c=4

Using quadratic formula

~-b+ b —4ac
T A —————
2a
~214/(2) - 4(1)(4)
I e —————————
2(1)
_2+44-16
A - >
_=224-12
T2
-2+ 243
A=
P

Three cube roots of 8 are 2.2m, 2"

(iii) The three cube roots of -27

Solution:
Let x* = =27
X +27=0

(x) +(3) =0
(x+3)(x° -3.\‘+9) =0

Either x+3=0 or X -3x+9=0
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Herea=1.b=-3.c=9

Using quadratic formula

~-b+ 'Jb: - 4ac

()23 -40)9)
2
L 3iﬂ-“)
.r=3i32J__3
2

== 3 = 3

Three cube roots of -27 are - 3.-3@. 3"

(iv) The three cube roofs of 64

Solution:

Letx' =64
X —64=0
(x) =(4) =0
(x—4)(x" +4x+16)=0
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Either x-4=1(
x=4a

or X +4x+16=0
I-Iere a= l.b = 4.C - |6

Using quadratic formula

) -b + \)b: - 4ac

X 20
. -(4)1J(4): - 4(1)(16)
o 2(1)
-4+J16-64
X = >
4+ 48
A = 2
. 41443
T2

<

{_f] ERL)

=4w = 4o’

Three cube roots of 64 are 4. 4w, 40’

2. Evaluate

(i)
Solution:

(l—a)—(o‘?)?

(l-a)—m:’ )T =[I ~(@+ e )]

:[I—(-l)]T w4 @
.-_-.(l+l)?

=2" =128
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- (l -3w-3w° )5

Solution:

(1-30-30") =[1-3(w+o’)]
=[1-3(-1)] v o+’ =-I
=(1+3)
=4 =1024

3

L

(m)(9+4w+4w3)

Solution:

O+ 4w+ 4ar 3: 0+4(w+ o ]
( ) =|
:[‘)+4(-l)]".' W+ =~

=(9-4)
=5' =125

(V) (2 +2w—-2w" )(3 —3w+3w" )

Solution:
(2 + 20 - 20 )(3 - 3w+ 30° )

2(l+ @) - 20" ][3(! + o' )= 3(0]

|
|
(

2( - ) - 2w’ ][3( - ) - 3(0] clvw=-
-2

‘¢ = 2o° )( -30 - 3w)
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= (—4(0: )(-60))

= (—4)(-6)((02 m)
=240

= 24(1) @ =1
=24

(1) +(1-4)
Solution:

(-l +J3)b +(—l—\/3)h
=(2m"’)~|~(.‘?.,m"")'5 '|+‘J-"_3

W )=

. =l=/=3
and o~ =

2 2
=2°'(w")+2°(w”) 2(0=-l+\/3 and 2(:):=—l—-l\[—-_3
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=w.+(w:)° '-"U=———-I+J:5 and w"z_____l-lﬁ
: 2

= +"

=(o) +(«)

:(l)""(l)h @ =1

=l+1=2

(V“) wJ? + st - 5
Solution:

34 )
w +w -5
=" +®" -5

-0 w+0".w -5

3y 12 2 s
=(w) -w+(w) -5

:(l)l:-(u+(l_)':.(u: -5 car =1
=@+ -5

=-—]-5 o+ = -]

=-6

i) "+

Solution:

b

13 |
“w +

=w”+a)”

-13-3 183
= + @

4% -.-=) 48 -2
—w " "w +o".w

= (w") "o+ ((u:l )'S o)

-
-
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=)'’ +(1) o~ o =1
0 v
I

—_ . —

w @

»° + . ,
, o+ =-land @ =1

)

3. Prove that X+ _}’3 - (I + })(1’ + (0}/‘)(.\' =+ (03_}"),

Solution:

1

X'+ =(x+y)(x+op) x+ w:)')

RHS =(x+y)(x+ w_v)( X+ m"}')

=(x+ _v)[x(r.\’ to'y)+oy(o+o’y))
=(x+y)| X + @'+ o+ 0’y |

=(x+ ,r)[*": G “’)"3"’“)"'2] Vvl

= (x4 y)| ¥ +(=1)ay+ 57 araes=l
=(x+y)(x —xy+))

3 3
=X +Y

=L.HS

Hence Proved.

4.Prove that X' + ) +2 =3xyz=(x+y+ :)(.r + @y + (03:)(.1' + @y + (u:) ,

Solution:
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X'ey #2-3nz=(x+yez)(xroyro’z)(x+ 0’y + 0x)

RHS =(x+y+z)(x+oy+0'z)(x+ 0’y +oz)
=(x+y+:z )[\'(\' o' yroz)roy(x+o yroz)ro’z(x+ o'y + w::)]
=(x+y+: )[.x: tOXVrOXTr Xyt Y o vz xz o' vz v o' ]
=(x+y+ :_)[x" + WXV OXZAOXYA @ Y A O VI A @O XA O WYz @z :]
=(x+y+= )[.r: twxyroxy+ e yz t()oyz + o’ xz+oxz+ (1) )y +( l):z] cor =1
=(x+y+ :)[x: 4 (m"t + w):qr + (w: + a))__r: + (a)z 4 w).r: +y° %z ]
=(x+y+ :)[x: (=D xy+(=1)yz+(=1)xz+y° +:2] W ==
=(x+y+z)| ¥ +y 27 -xy-yz - x|

=x+y +2' -3xz
=L

Hence Proved.

5 Prove that (l+(o)(l+(o )(l-t-(o )(|+(o ) ..... 2n factors=1

Solution:

LHS =(1+o)(1+e°)(1+o")(1+o")....2n factors
=(1+o)(1+o")(1+ " )1+ .o")....2n factors
=(1+0)(1+")(1+ " o)1+ " (') )....2n factors
=(1+ o)1+’ J(1+()o)(1+ @ (1)°)....2n factors - ' =1

=(|+(0)(l+(r) )(l+(r))(|+(t) )2[‘! faclors

= (""”: )(l + )(-—-wl )(I + m:) ..... 2n factors b= -0

[( - )(-m) [(-m )( m)] ..... n factors o

-
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=(1)(1).....n factors v =

Hence Proved.
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